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Foreword 


In  the  present-day  world,  the  promotion  of  international  educational  and 
scientific  exchanges  provides  one  of  the  important  channels  for  scholars, 
scientists,  engineers,  and  educators  from  different  countries  to  become  friends 
and  to  benefit  from  each  other's  experiences,  thus  contributing  to  the  advan¬ 
cement  of  science  and  technology.  For  this  reason,  we  have  compiled  ‘‘Recent 
Selected  Papers  of  Northwestern  Poiytechnical  University,  in  Two  Parts, 
1979."  These  papers  are  offered  as  a  medium  of  scientific  exchange  and  for¬ 
eign  friends  are  invited  to  oblige  us  with  comments  and  suggestions. 

We  now  have  the  great  pleasure  of  availing  ourselves  of  this  opportunity 
to  put  before  foreign  scholars  and  friends  some  basic  facts  about  the  past 
and  present  of  Northwestern  poiytechnical  Univerity  (NPU)  in  order  to 
acquaint  them  with  NPU.  We  heartily  welcome  foreign  scholars  and  pro¬ 
fessionals  to  visit  NPU  and  deliver  lectures.  NPU,  which  is  among  the 
leading  institutions  of  higher  learning  approved  by  the  State  Council,  is  a 
poiytechnical  university  of  aeronautical  science  and  technology.  Her  campus 
is  located  at  Xi'an  (Sian),  a  city  with  thousands  of  years  of  history.  In 
1957;she  was  established  by  the  amalgamation  of  the  Northwestern  Institute 
of  Technology  and  the  Xi'an  Institute  of  Aeronautics.  The  Northwestern 
Institute  of  Technology  had  formed  originally  a  part  of  the  former  Northwest¬ 
ern  Associated  Universities  established  in  1938.  Xi'an  Institute  of  Aero¬ 
nautics  had  been  originally  the  East  China  Institute  of  Aeronautics,  which 
had  been  established  in  1952  by  the  amalgamation  of  the  three  Departments 
of  Aeronautics  in  Shanghai  Jiaotong  (Chiaoturg)  University,  Zhejiang  (Che¬ 
kiang)  University,  and  Nanjing  (Nanking)  University  (formerly  Central 
University).  In  1970,  the  Department  of  Aeronautics  of  the  Haerbin  (Harbin) 
Institute  of  Engineering  moved  to  Xi'an  to  amalgamate  with  NPU  and 
strengthened  her  personnel.  At  present,  NPU  has  an  instructional  staff  of 
over  1200,  among  which  more  than  250  are  vomen,  and  over  900  are  professors, 
associate  professors,  and  lecturers.  In  1979,  there  will  be  over  4000  under¬ 
graduate  students  and  nearly  200  graduate  students.  Since  the  founding  of 
the  People's  Republic  of  China  in  1949,  NPU  has  made  great  progress  in 
education,  research,  and  the  construction  of  buildings  and  facilities.  Over 
17000  men  and  women,  developed  in  an  all-round  way  (morally,  intellectually. 
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and  physically)  and  trained  in  science  and  technology*  have  graduated  from 
NPU.  Many  of  them  have  risen  to  responsible  positions  in  aeronautical  and 
astronautical  establishments.  But  as  compared  with  advanced  universities  and 
institutes  both  within  and  outside  China.  NPU  still  lags  considerably  behind. 

It  is  for  well  known  reasons  that  the  gap  between  China's  and  the 
advanced  world  scientific  and  technical  level  which  had  been  narrowing 
widened  again  in  the  decade  1966- 1976.  The  people  of  China  is  determined 
to  attain  at  the  end  of  this  century  the  goal  of  “four  modernizations**  i.e.* 
the  socialist  modernization  of  agriculture*  industry*  national  defence*  and 
science  and  technology.  This  requires  arduous  effort  on  our  part  to  take 
effective  measures  for  a  vigorous  upsurge  in  education.  Therefore*  we 
earnestly  hope  to  exchange  experiences  concerning  academic  programs  and 
scientific  research  with  friendly  foreign  educators  and  scientists.  With 
self-reliance  as  the  underlying  base*  we  will  study  conscientiously  the 
advanced  science  and  technology  of  foreign  countries  and  exert  every  effort 
to  turn  them  to  useful  account,  gradually  realizing  the  modernization  of 
research  facilities  and  teaching  aids.  We  will  do  all  these  in  order  to  trans* 
form  our  university  into  a  center  of  excellence  for  education  as  well  as 
for  research  as  quickly  as  possible  so  that  the  potential  of  our  university 
may  be  fully  tapped  for  training  the  largest  possible  number  of  high  quality 
graduates. 


The  Academic  and  Research  Council  of 
Northwestern  Polytechnical  University 

June  10.  1979 
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Summary 


Finite  Difference  Computation  of  the 
Steady  Transonic  Potential  Flow  around  Airplanes 

Luo  Shijun  ( Lo  Shih-Chun)t  Zheng  Yuwen . 

Qian  Hong <  and  fV ang  Dieqian 


The  velocity  potential  equation  is  approximated  by  assuming  that  the 
perturbation  velocity  component  in  the  transverse  plane  of  the  body  is  much 
smaller  than  the  undisturbed  flow  velocity!  while  the  perturbation  velocity 
component  in  the  longitudinal  direction  may  not  be  so.  It  is  then  solved  with 
the  mixed  schemes  of  finite  differenced  first  used  by  Murman'Cole.  The  boon, 
dary  conditions  on  wing  (tails)  and  its  wake  are  approximated  similarly. 
The  boundary  condition  on  fuselage  of  arbitrary  shape  is  satisfied  by  analy* 
tically  continuing  the  potential  field  inside  the  fuselage.  The  boundary  con¬ 
ditions  at  far  field  are  calculated  by  following  Klunker. 

The  finite  difference  equations  for  the  velocity  potential  are  solved  by  the 
line-relaxation  method.  The  influence  of  the  wing  on  the  horizontal  tail  is 
computed  with  an  approximate  consideration  of  the  deflection  of  the  wing 
wake  vortices.  The  pressure  coefficient  is  calculated  by  the  exact  Bernoulli's 
equation. 

Two  numerical  examples  are  included  and  the  results  agree  fairly  well  with 
known  wind  tunnel  test  results: 

(1)  a  wing-fuselage-horizontal  tail-vertical  tail  combination  of  NACA  TN 
4041,  Mach  number  Af«  =  0.25  and  0.95; 

.  (2)  the  wing-fuselage  combination  of  NASA  TN  D-830,  Af»=1.05»  angle 
of  attack  a  =  2. 2*. 

The  meshes  are  38x23x  17  and  25x19x19  respectively.  The  iterative  runs 
required  for  convergence  are  about  200  and  1500  respectively,  while  all  iterations 
are  initiated  from  zero  perturbation  potential. 

In  order  to  accelerate  the  convergence!  example  (2)  is  computed  with  the 
relaxation  factor  <»  =  1.7  (M^l)  and  1.5  <M>  1). 


FINITE  DIFFERENCE  COMPUTATION  OF  THE 

STEADY  TRANSONIC  POTENTIAL  FLOW  AROUND  AIRPLANES 
Luo  Shijun  (Lo  Shih-Chun),  Zheng  Yuwen, 

Qian  Hong  and  Wang  Deiqian 

Abstract 

The  velocity  potential  equation  is  approximated  by 
assuming  that  the  perturbation  velocity  component  in  the  trans¬ 
verse  plane  of  the  body  is  much  smaller  than  the  undisturbed 
flow  velocity,  while  the  perturbation  velocity  component  in 
the  longitudinal  direction  may  not  be  so.  It  is  then  aolved 
with  the  mixed  schemes  of  finite  differences  first  used  by 
Murman-Cole .  The  boundary  condition  on  wings (tails)  and  its 
wake  are  approximated  similarly.  The  boundary  condition  on  a 
fuselage  of  arbitrary  shape  is  satisfied  by  analytically  con¬ 
tinuing  the  potential  field  inside  the  fuselage.  The  boundary 
conditions  at  far  field  are  calculated  by  following  Klunker. 

The  finite  difference  equations  for  the  velocity  potential 
are  solved  by  the  line-relaxation  method.  The  Influence  of  the 
wing  on  the  horizontal  tail  is  computed  with  an  approximate 
consideration  of  the  deflection  of  the  wing  wake  vortices.  The 
pressure  coefficient  is  calculated  by  the  exact  Bernoulli 
equation . 

Two  numerical  examples  are  included,  and  the  results  agree 
fairly  well  with  known  wind  tunnel  test  results: 

(1)  a  wing-fuselage-horizontal  tail-vertical  tail  com¬ 
bination  of  NACA  TN  4041,  Mach  number  =0.25  and  0.95; 

(2)  the  wing-fuselage  combination  of  NASA  TN  D-830, 

M  =  1.05,  angle  of  attack  a=2.2°. 
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The  meshes  are  38x23x17  and  25x19x19,  respectively.  The 
iterative  runs  required  for  convergence  are  about  200  and 
1500,  respectively,  while  all  iterations  are  initiated  from 
zero  perturbation  potential. 

In  order  to  accelerate  the  convergence,  example  (2)  is 
computed  with  the  relaxation  factor  o>=1.7  (M  <1)  and  1.5 
(M>1). 


I.  INTRODUCTION 

The  numerical  computation  of  steady  transonic  potential 
flow  has  been  well  developed  since  Murman-Cole  [1]  proposed 
the  mixed  finite  difference  method.  However,  there  is  still 
a  lack  of  practical  computation  methods  for  flows  around  bod¬ 
ies  of  complex  combination  such  as  airplanes,  especially  when 
the  transonic  free  stream  Mach  number  M  >1. 

oo 

This  study  attempts  to  improve  the  accuracy  of  the  differ¬ 
ential  equation  for  the  perturbation  velocity  potential,  one 
corresponding  finite  difference  equation,  the  boundary  condi¬ 
tion  and  the  formula  for  the  pressure  coefficient,  without 
increasing  the  computation  time  significantly.  It  is  assumed 
that  the  potential  flow  is  perturbed  except  in  the  axial  direc¬ 
tion  . 


Due  to  the  arbitrary  profile  of  the  combination  body,  the 
mesh  for  the  finite  difference  calculation  is  directly  oaken 
from  the  orthogonal  coordinate  system  of  physical  space,  with¬ 
out  any  transformation  of  coordinates.  To  satisfy  the  boundary 
condition  on  the  surface  of  a  fuselage  of  arbitrary  shape,  a 
method  of  extending  the  velocity  potential  field  analytically 
inside  the  fuselage  is  proposed  here. 


The  computations  for  transonic  flow  field  with  both 
Moo<l  and  Moo>l  cases  are  presented  in  the  sample  calculations. 
To  accelerate  the  convergence  speed  of  the  iterations,  a  new 
investigation  of  the  relaxation  factor  at  certain  locally 
supersonic  points  is  made. 

II.  THE  VELOCITY  POTENTIAL  EQUATION  AND  THE  BOUNDARY 
CONDITIONS 

Taking  the  0-x  axis  as  the  longitudinal  axis  of  the  air¬ 
plane  (Figure  1),  and  assuming  the  perturbation  velocity  com¬ 
ponents  in  the  y  and  z  directions  are  much  less  than  the  free- 
stream  velocity,  the  perturbation  velocity  potential  equation 
is  obtained 


(l-Mt><P«  +  ?,»*  +  ’,~  =  0  (]_) 

where 

1  -  Mi -  ~  Ml<P.  -  ^MZPl 

1-M* - - y_i  ,  a  ~ 

l-C-±Mi<P.-~-rMi<Pl  (2) 

9-  M- 

M  and  q  are  the  Mach  number  and  velocity  of  the  free- 

00  ^oo 

stream,  respectively, 

M  is  the  local  Mach  number, 
and  y  is  the  adiabatic  exponent  of  air. 


Figure  1 


r 


the 

body 


The  exact  relation  is  used  for  the  boundary  condition  on 
fuselage,  that  is,  the  following  must  be  satisfied  on  the 
surface 


(?-cosa  +  9>,)F.  +  (g.ainar  +<P»)F„  +  <P.F,sQ 

(3) 

where  F(x,y,z)  =  0  is  the  equation  of  the  surface  of  the 
fuselage,  a  is  the  angle  of  attack,  defined  as  the  angle  between 
the  free-stream  velocity  and  the  x-axis. 


The  following  approximate  relations  are  applied  for  the 
body  surface  of  the  wings,  setting  y  =  y  for  the  wing  surface: 


9»*(*fy«  +  0,  2)  =  fo.cos  a +  y.,,  +  0,  -qmBina 

3x  ( 4a  ) 

<Pt(x,y9- 0,  2)  =  Zqmcoaa  +  <p.(x ,yw-  0,  z)2-&sL.  -qmghta 

(  ab  ) 

where  y  and  y  ,  are  the  y  coordinates  of  the  upoer  and  lower 

W  u.  tf  X 

surfaces  of  the  wing  respectively. 

The  approximate  expressions  of  the  Kutta  condition  for 
the  wing  vortex  are  given  below,  assuming  on  the  wing  vertex, 

y^y*. 


n X ,y„  +  o ,2)  -  <P( X ,yu -  0 )  =  <P( xKl,y„  +  0,2)  ~  g>( x« -  0 ,2) 
lP»(x,yw  +  0,2)  =  <ptl(x,ym-0,2) 


where  x  t  is  the  x  coordinate  of  the  trailing  edge  of  the  wing. 

The  boundary  conditions  for  the  horizontal  tail  body  sur¬ 
face  and  the  corresponding  vortex  are  the  same  as  those  for 
the  wing. 
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The  boundary  condition  at  the  body  surface  of  the  verti¬ 
cal  tail  is 

^>0) 3  Cg„cosar  +  p.(x,y,0)]-|j- 

(7) 

where  zv  is  the  z  coordinate  of  the  surface  of  the  vertical 
tail . 

The  boundary  condition  at  infinity  is  represented  by  the 
far  field  boundary  condition.  According  to  [2], 


<P=<Pf+<Pv+<Pk  +  <Pw,+<Pu  (3) 

where  is  the  far  field  contribution  of  the  fuselage  alone 
produced  by  the  angle  of  attack, 

4>  ,  d>.  are  the  far  field  contributions  of  the  wing  and  hcri- 
w*  h 

zontal  tail  produced  by  the  lift  forces, 

<t>wf  4>hI-  are  the  additional  far  field  contributions  produced 
by  the  fuselage  due  to  the  lift  interference  of  the  wing  and 
horizontal  tail. 

(1)  M  <1 
00 


(9) 

where  R(x)  =  1 /4  (the  maximum  height  plus  the  maximum  width  of 
the  fuselage  at  the  location  x). 

At  the  frontal  far  field  boundary  x=  x^, 

<P*=<Pk-v«=<PumQ  (1° 


2’ 


At  the  rear  far  field  boundary  x  =  x 


*.«■ 


4<P*(z) 


y*y.+ 0 

y*y«-0 


*<*<T 


y-y. 

2» 


T.,[  <y-y.),1+<*-C)t  +  (y-y^+u+o*]  WMCt 


elsewhere 


«  _  R'(x)y  {'"AVALIm 

9mt  *<>»  +  **)  J.,  £»  at 


where 


)  =  <P(  *«  ,y„  +  0  ,z)  y„-  0,*)» 


(11) 


(12) 


“f  13  fc^e  2  coordinate  of  the  joint  between  the  wing  and 
fuselage , 

is  the  span  of  the  wing 

At  the  upper,  the  lower  and  the  left  far  field  boundaries 


<P. 


y  —  y  f 

2»C <y'-y«)*  +  2!'3  (  *  t(*-  *w)*  +  m*(y-  +  ,  , 


*«,  =  ■ 


where  m  =n/|1-m1I. 


RHx)y  _r'*4<pj£)  f  L  1  ~  J’  *" 

2^(y*  +  ^)  J.#~ ?— ic,)r 


f1  +-^J*  *-*•><> 


(1U) 


Xw  x  coordinate  of  the  mid-point  of  the  mean  aero¬ 

dynamic  chord  of  the  wing. 

(2)  M^l 
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The  <P expression  at  the  frontal  and  rear  far  field  is 
the  same  as  before,  but  R(x)  is  converted  into  R(x-mv/ >*  +  **>•  . 
At  the  upper,  lower  and  left  far  field  boundaries, 


r 

p.-j  _ 


y-y* 


f  (  y-  y«)*  +  z1]  C<*“  *»)*  -  m*(y-  y«>*- 


x-x*>my/(y  -ym>'  +  z* 


(15) 


0  » 


(  ‘  2^(7  +  ^)  L 1 


*  -  xw^my/(y-  y„)1  +  zl 

x-x„- 

+  *»-  *«>-  *ny/(.y- y«)i  +  21JJ.r  £* 

jc-  JC,.>m\/(y- yM)*  +  z* 


(16) 


<f>h,  are  similar  to  bw,  <Pwf>  except  that  the  wing 

quantities  in  the  expressions  must  be  replaced  by  the  corres¬ 
ponding  quantities  of  the  horizontal  tail.  Notice  that  the 

expression  for  Aq,  when  y  *  y,  is  different  from  that  when 

h  w  n 

yw  *  v 

J(p  (2)-(  ?<*m.y»+0,2>-?(*»*»y»-0,.z>»  y*+y* 

(  'P(xkt,yk  +  Q,x)-<P(xk„yk-Q,z)-  y»-y»  (17) 


III.  THE  FINITE  DIFFERENCE  SCHEME 


Due  to  the  nature  of  differential  equation  (1),  the  mixed 
finite  difference  scheme  is  utilized  for  the  derivatives  in 
the  x  direction  -  that  Is,  for  locally  subsonic  (M<1)  points, 
the  central  finite  difference  form  is  used. 


_  _  Vt+HhkdXj^l  +<PtiUk(4Xj  -  dx*-j)-  <Pl-\,h\u4x\  +{}( Jx*) 

Jx^iJxAJXi- i  +  Jxt) 


(18) 


_  (Pt+i,itk4xi„l-VUi,k(Jx,.l  +  Jxt)  +  <Pi-ifi,k4xi 

V"*2  jxjjxjjxlt  +  jxo  (19) 
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and  for  locally  supersonic  (M>1)  points,  the  backward  finite 
difference  form  is  used: 


tpm  -  JPi,hkZ(dXj-l  +  Jxt. ,  )*  -  Jxj-ll  -  +  JXj-t  )*  +  <P[.tthk.dxt,.t 

■dXt-i4Xi-i(.*dXt-i  + (20) 

a  -  o  JPiihidX^i  —  ?!-!,/, ti^JXj.x  4-  )  +  Vt-Uitk/dXj. I  . 

jx^x^jx^+jx,.,)  +CKJX-)  (21) 

where  i,  j,  k  are  the  mesh  indices  in  the  x,  y,  z  directions, 
respectively,  and  Jxt  =  -  x, 

The  central  finite  difference  form  is  always  used  for  the  der¬ 
ivatives  in  the  y  and  z  directions,  similar  to  expressions  (18) 
and  (19)-  Hence  implicit  finite  difference  equations  are  for¬ 
med  at  locally  supersonic  or  sonic  points,  ensuring  stability 
in  the  course  of  finite  difference  calculations. 

The  rules  for  determining  local  velocities  are  listed  in. 
Table  1. 


Table  1 

2  2 

1  -  NT  1  -  IVr 

c  s 


Result 


>  0 

<■  0 


No  effect  Subsonic  points 


<  0  Supersonic  points 


>  0  Sonic  points 


In  the  table,  1  -  M2  and  1  -  M2  express  1  -  M2, 

c  s 

are  calculated  by  the  central  finite  difference 
backward  finite  difference  form,  respectively, 
point,  M  -  1,  equation  (1)  becomes 


the  0  of  which 

X 

form  and  the 
At  the  sonic 
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?»»  +  P*.  =  0 


(22) 


According  to  Table  1,  the  finite  difference  form  of 
equation  (1)  is  non-conservative  at  the  shock  wave.  The  shock 
intensities  obtained  are  weaker  than  those  obtained  by  the 
exact  shock  wave  relation,  but  agree  quire  well  with  experi¬ 
mental  results  [3].  Hence  in  the  present  study,  the  non¬ 
conservative  finite  difference  equations  given  above  are  applied. 

IV.  THE  INTRODUCTION  OP  BOUNDARY  CONDITIONS 

For  a  better  simulation  of  transonic  flow,  it  is  required 
that  both  the  boundary  conditions  and  the  velocity  potential 
equation  must  be  satisfied  at  the  body  surface  and  at  the  vor¬ 
tex  sheet. 

At  the  wing  surface  (or  horizontal  tail  surface)  and  at 
the  upper  surface  of  its  vortex  sheet,  the  boundary  conditions 
are  introduced  into  the  velocity  potential  equation  through 
the  following  finite  difference  form  of  4>yy: 

(?„>«,/♦»,*  =  -£-[  ~  (?,)., /♦«,*]  +  Ouy) 

4yjL  dyi  J  (23) 

where  J  +  0  indicates  the  wing  surface  and  the  upper  surface 
of  the  vortex  sheet, 

(by)  i,  j,  +0,  k  at  the  wing  surface  is  substituted  by  boundary 
condition  (4a),  in  which  (<}>  )  i,  j  +  0,  k  has  to  be  calculated 
by  the  mixed  finite  difference  scheme  (18)  and  (20).  At  the 
vortex  sheet  (by)  i,  j  +  0,  k  is  an  unknown  quantity. 
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At  the  mesh  point  A  (i,  j,  k)  of  the  upper  surface  of  the 
fuselage  (Figure  2),  Equation  (23)  is  also  used  for  $  ,  in 

which  (<J>  )  i,  j,  k  is  calculated  by  boundary  condition  (3),  that 

J 

Is 


T'  (21) 

In  the  above  equation,  the  mixed  finite  difference  form  is  used 
for  (<j>  )  i,  j,  k,  while  the  central  finite  difference  form  is 

X 

used  for  (<j>  )  i,  j,  k.  In  the  course  of  calculating  (q  )  i, 
z  z 

j,  k,  the  mesh  point  3’  inside  the  fuselage  is  reached  (Figure 
2).  The  mesh  points  inside  the  fuselage  are  outside  the  flow 
field,  but  it  is  assumed  that  there  is  also  a  perturbation 
velocity  potential.  It  is  the  analytical  extension  of  the  per¬ 
turbation  velocity  potential.  Generally,  (<j>x)  i,  j,  k  must  be 
computed  by  means  of  the  extended  values  too. 

At  the  fuselage,  wing  surface  and  the  lower  surface  of  its 
vortex  sheet,  the  boundary  conditions  can  be  Inserted  into  the 
velocity  potential  equation  similarly. 

At  the  mesh  point  A^  (i,  j,  k)  at  the  left  of  the  fuselage 

surface  (Figure  2),  the  boundary  condition  is  introduced  into 

the  velocity  potential  equation  with  the  following  finite 

difference  form  of  <J>  : 

zz 

(?„>«„,*=« -^-f  +0(^*> 

Jzti  zlZk  J  (25) 

where  (<J>  )  i,  j,  k  is  calculated  by  boundary  condition  (3), 
that  is. 


(<P.)„hk »  -  +  .+, Cg-ging ± 

F . 


(26) 
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y<i) 


Figure  2 


in  which  the  mixed  finite  difference  form  is  used  for  (o..)  i,j,k 

while  the  central  difference  form  is  used  for  (a  )  i,  j  ,  k. 

»/ 

Generally  the  extended  values  are  used.  If  the  mesh  points  of 
the  left  surface  of  the  fuselage  fall  on  the  wing  or  its  vertex 
sheet,  then  (<J>  )  i,  j,  k  should  be  replaced  by  boundary  condi- 

J  ~ 

tion  (4)  or  the  values  at  the  vortex  sheet. 

At  the  plane  of  symmetry  Oxy  and  the  vertical  tail  surface, 
the  finite  difference  equation  can  be  set  up  similarly. 

V.  THE  EXTENSION  TOWARD  THE  INTERNAL  SPACE  OF  THE  FUSELAGE 


The  imaginary  perturbation  velocity  potential  inside  the 
fuselage  is  obtained  from  the  boundary  conditions  at  the  body 
surface.  The  point  A(i,  j,  k)  in  Figure  2  is  the  mesh  point  on 
the  upper  surface,  the  perturbation  velocity  at  the  point 
B(i,  j-1,  k)  immediately  inside  is  solved  by  the  central  finite 
difference  form  of  (<j>  )  i,  j,  k: 
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in  which  ($  )  ^  j  ^  is  replaced  by  Equation  (24). 

The  internal  extension  of  the  upper  surface  of  the  fuselage 
is  initiated  from  the  highest  point,  for  instance,  the  point 
A'  in  Figure  2.  For  that  point,  both  (<£  )  ,  .  .  and  ( <p  )  . 

X  1  ,  J  ,  K  Zlj 

j  ^  could  be  calculated  by  the  velocity  potential  values  of 
the  flow  field.  In  this  way,  the  imaginary  perturbation  velo¬ 
city  potential  of  point  B1  is  determined.  Since  the  perturbation 
velocity  potential  at  B’  is  now  known,  the  perturbation  velocity 
potential  or  point  B  can  be  determined  similarly  and  so  forth. 

The  internal  extension  at  the  lower  surface  of  the  fuselage  can 
be  done  in  the  same  manner. 


Consider  the  mesh  point  A^(i,  j,  k)  at  the  left  surface  of 
the  fuselage  in  Figure  2.  The  imaginary  perturbation  velocity 
of  its  internal  point  B,(i,  j,  k-1)  is  obtained  by  the  central 
difference  form  of  (<j>  ),  ,  ,  : 


4*1 


+  0(4  **) 


where  (d  ),  ,  .  is  calculated  by  Equation  (26). 

Z  1  J  J  y  K 

The  internal  extension  from  the  left  surface  of  the  fuse¬ 
lage  is  initiated  from  the  greatest  width  of  the  fuselage. 


The  extension  toward  the  internal  of  the  fuselage  is  made 
for  two  layers  of  mesh  points.  Hence  it  is  required  that  at 
the  diverging  section  of  the  fuselage,  the  difference  in  j 
between  the  adjacent  mesh  points  of  the  body  surface  should  not 
exceed  2,  and  the  difference  in  k  should  not  exceed  2  also.  At 
the  converging  section  of  the  fuselage,  the  difference  in  j 
between  the  adjacent  mesh  points  of  the  body  surface  should  not 
exceed  1,  and  the  difference  in  k  should  not  exceed  1  also. 
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When  internal  extensions  are  made  from  the  upper,  lower, 
and  left  surfaces  of  the  fuselage,  they  might  be  overlapping 
each  other.  Hence  the  following  rules  are  set:  When  the 
second  layer  points  of  the  upper  and  lower  extensions  overlap 
with  the  first  layer  points,  the  second  layer  extension  is 
omitted.  When  the  points  of  the  same  layer  of  the  upper  and 
lower  extensions  overlap,  the  lower  extension  is  omitted. 

When  the  points  of  the  left  extension  overlap  with  the  points 
of  the  upper  and  lower  extensions,  the  left  extension  is 
omitted . 

Due  to  the  singularity  of  the  perturbation  velocity 
potential  on  the  Ox  axis,  the  analytical  extension  is  not  appli 
cable  when  the  extension  points  fall  on  the  body  axis  Ox. 

Here,  the  average  of  the  velocity  potential  of  the  upper  and 
lower  adjacent  points  is  taken. 

VI.  THE  TREATMENT  OF  THE  LEADING  EDGE 

The  treatment  at  the  leading  edge  is  the  same  as  the 
points  on  the  wing  surface.  The  leading  edge  is  divided  into 
an  upper  and  a  lower  point,  and  the  boundary  conditions  at  the 
upper  and  the  lower  surfaces  are  introduced  into  the  velocity 
potential  equation  respectively.  Tw.o  problems  arise: 

(1)  The  slopes  of  the  upper  and  lower  wing  surfaces  at  the 

blunt  leading  edge.  By,  $y±.-*jfoo  •  It  is  known  that 

ax  *  dx  ±  • 

(29) 

where  x^  and  x^  are  the  x  coordinates  of  the  leading  edge  and 
the  trailing  edge. 
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The  integral  on  the  left  hand  side  is  calculated  according  to 
the  finite  difference  mesh  point  values.  The  value  of 

8x 

at  the  leading  edge  found  this  way  is  finite.  The  value 

of  3y,  at  the  leading  edge  is  determined  in  the  same  manner. 

dx 

(2)  The  perturbation  velocity  potential  at  the  leading  edge 
is  double-valued.  Whenever  the  velocity  potential  at  the  lead¬ 
ing  edge  is  needed  during  the  calculation  of  the  velocity 
potential  upstream  of  the  leading  edge  (single  valued),  the 
mean  value  of  the  upper  surface  value  and  the  lower  surface 
value  is  taken.  At  the  side  edges  of  the  wing  and  its  wake 
vortex,  the  perturbation  velocity  potential  is  also  double- 
valued  and  is  treated  in  the  same  manner. 

The  vortex  of  the  fuselage  nose  is  treated  as  an  internal 
point  of  the  flow  field. 

'll.  LIME  RELAXATION  AMD  ITERATION 

The  finite  difference  eauation  established  above  is  non- 
linear.  The  coefficient  1  -  M  of  equation  (1)  (which  is  also 
the  determinant  for  velocity)  is  calculated  by  the  values  of 
the  velocity  potential  of  the  frontal  field,  that  is,  by 
Jacobian  iteration.  The  set  of  linearized  equations  is  solved 
by  line-relaxed  iteration  along  the  y  axis.  The  relaxation 

line  proceeds  forward  according  to  the  order  k  =  1,  2,  3,  . 

on  the  planes  normal  to  the  x  axis,  and  then  proceeds  from  one 
plane  to  the  other  according  to  the  order  i  =  1,  2,  3,  •••• 
During  the  line-relaxation  process,  the  newest  value  of  velo¬ 
city  potential  is  always  taken,  that  is,  Gauss-Seidel  iteration 
is  employed. 

The  unknown  quantities  of  the  relaxation  along  the  y-axis 
are  the  perturbation  velocity  potential  at  the  internal  points 


of  the  flow  field,  the  body  surface  points,  and  the  vortex 

points  on  the  line,  the  upwash  velocity  (<t>  ),  .  .at  the 

y  i,  j 5 

vortex  points.  The  internal  points  of  the  fuselage  and  the 
far  field  boundary  points  are  excluded.  These  points  are  cal¬ 
culated  by  iterations  of  the  extension  formula  and  the  far 
field  formula,  respectively. 

Along  each  relaxation  line  in  the  y  direction,  the  unknown 

quantities  are  arranged  according  to  the  order  of  j .  Whenever 

the  upwash  velocity  of  the  vortex  sheet  (b  ).  .  ,  appears, 

y  —  j  j  >  ^ 

it  is  placed  between  b.  ,  ,  and  <p  .  The 

coefficient  matrices  obtained  are  tri-diagonal.  The  set  of 
equations  is  solved  by  the  predictor-corrector  method.  To 
accelerate  the  convergence  speed  of  the  linearly  relaxed  itera¬ 
tion,  the  method  of  over-relaxation  is  employed.  Whenever 
solutions  of  the  equations  are  obtained,  the  following  operation 
is  done: 


?«';/,*  =  + ( 1  -  o  >  <p&,*  ( 

where  is  the  n  th  iteration  solution  of  the  linearly 

relaxed  equation  set,  m  is  the  relaxation  factor. 


The  undisturbed  field  is  taken  as  the  initial  field  of 
the  iteration,  that  is. 


<P\ 


<M 

lit* 


Let  i 9l£  1J|  for  all  maximum  values  of  i,  j ,  k. 

When  the  initial  field  is  zero,  Ab^  indicates  the  order  of 
magnitude  of  the  perturbation  velocity  potential.  Hence 


J*(m> 
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indicates  the  relative  increment  of  the  order  of  magnitude 
from  the  (n-1)^  iteration  to  the  n  ^  iteration.  Por  the 
engineering  calculation,  the  convergence  criterion  is  defined  as 

VIII.  THE  DISTURBANCE  OF  THE  WING  ON  THE  HORIZONTAL  TAIL 

The  free  vortex  of  the  wing  undergoes  a  deflection  after 
leaving  the  wing.  To  simulate  the  disturbance  of  the  wing  on 
the  horizontal  tail,  the  wing  is  traversed  along  the  y-axis 
such  that  its  vortex  sheet  is  at  the  same  level  as  the  horizon¬ 
tal  tail,  as  shown  in  Figure  3.  The  y-coordinate  of  the  wing 
vortex  at  the  mid-point  of  the  mean  aerodynamic  chord  sk)  ;f  the 
exposed  horizontal  tail  is  defined  as  the  y-coordinate  of  the 
entire  vortex  sheet,  and  is  symbolized  as  y. 

*«,(*»>  (31) 

where  the  value  of  <p  at  the  location  X  .  is  determined  by  the 

y  wt 

velocity  tangential  to  the  airfoil. 


Figure  3 

Replacing  yw  with  yy  and  repeating  the  calculation  of  the 
entire  flow  field,  the  aerodynamic  force  on  the  horizontal  tail 
of  the  body  of  combination  is  obtained.  The  aerodynamic  force 
on  the  wing,  however,  should  be  taken  from  the  calculated 


* 
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results  before  the  translation  (that  is,  when  it  was  at  the 
position  y  ) . 

IX.  THE  EXPRESSION  FOR  PRESSURE  COEFFICIENT 


The  exact  form  of  the  Bernoulli  equation  is  applied  to  cal¬ 
culate  the  pressure  coefficient: 


cos'2 


<Pl 

2?T 


<Pysma 


(32) 


In  the  above  expression,  all  the  derivatives  are  calculated  by 
the  central  finite  difference  form  ( 18 ) .  On  the  body  surface, 
they  are  computed  by  means  of  the  boundary  conditions. 

The  lift  coefficient  c^,  drag  coefficient  c^  due  to  pressure 
difference  and  the  pitching  moment  coefficient  m^  are  calculated 
from  the  pressure  distribution  on  the  body  surface  by  the 
elliptical  integral  method. 

X.  SAMPLE  CALCULATIONS 


Example  (1)  is  a  combination  of  fuselage-wing-horizontal 
tail-vertical  tail  taken  from  reference  [4],  For  the  sake  cf 
enabling  the  wing  of  the  model  to  meet  the  requiremnt  of  cal¬ 
culating  the  disturbance  on  the  horizontal  tail  without  separat¬ 
ing  the  wing  from  the  fuselage  after  an  upward  translation, 
both  the  wing  and  horizontal  tail  are  translated  dcv:r.warbs  f:r 
a  distance  of  1.51,  under  the  condition  of  a  fixed  relative 
position  between  the  two.  It  is  assumed  that  the  aerodynamic 
effect  on  the  entire  combination  caused  by  this  treatment  is 
small.  The  end  of  the  fuselage  is  connected  to  an  infinitely 
long  cylinder  to  simulate  the  effect  of  the  supporting  rod. 
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A  38x23x17  mesh  system  is  employed.  The  origin  is  taken 
at  the  41.5*  point  of  the  mean  aerodynamic  chord  (19.48)  of 
the  wing.  The  far  field  boundaries  are: 


frontal,  rear 
upper,  lower 
left 


xx  =  -30.32,  x 2  -  76.95 
y  =  +  275 
z  =  49.4 


The  exposed  semi-span  of  the  wing  takes  on  11  meshes,  the  root 
chord  of  the  wing  occupies  14  meshes,  the  semi-span  of  the 
horizontal  tail  takes  on  7  meshes,  its  root  chord' spans  9  mes¬ 
hes,  the  span  of  the  vertical  tail  takes  on  4  meshes,  its  root 
chord  occupies  13  meshes,  the  semi -width  of  the  fuselage  takes 
on  4  meshes,  its  length  spans  33  meshes. 

The  cases  of  =  0.25  with  an  angle  of  attack  of  2.865° 
and  A  =  C.9c  with  an  angle  of  attack  of  5.7  3°  are  calculated. 
197  and  150  iterations  are  required  respectively  to  reach 

~^iy  =  SxlO-^  and  4xl0-^ 

The  two  sets  of  computed  results  indicate  that  the  upward 
translation  along  the  y-axis  of  the  wing  vortex  at  the  mid¬ 
point  of  the  mean  aerodynamic  chord  of  the  horizontal  tail  is 
less  than  half  of  the  local  step  Ay  =  0.91.  Therefore,  the 
effect  due  to  the  deflection  of  the  wing  vortex  can  be  neglected 
The  comparison  between  the  calculated  results  of  the  lift 
coefficient  c  and  the  oitchins  moment  coefficient  m  and  the 

y  '  z  , 

corresponding  experimental  data  [4]  is  shown  in  Figure  a . 


Example  (2)  involves  a  fuselage-wing  combination  taken  from 
[5].  The  end  of  the  fuselage  is  connected  to  an  infinitely  long 
cylindrical  rod. 
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o  c* 

o 


2  4  6  a* 

=  0.95, 

&  experiment 
o  calculation 


M.  =  0.25 


Figure  4 

The  mesh  system  is  25x19x19.  The  origin  is  taken  near  the 
mid-point  of  the  mean  aerodynamic  chord  (30.23).  The  far  field 
boundaries  are: 

frontal,  rear 
upper,  lower 
left 
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=  -200,  x 2  =  200 

y  =  +  250 
z  =  90 


The  exposed  semi-span  of  the  wing  occupies  11  meshes  and 
its  root  chord  takes  on  12  meshes.  The  semi-width  of  the  fuse¬ 
lage  occupies  6  meshes  and  its  length  spans  21  meshes. 

The  case  *  1.05,  a=  2.20°  is  calculated,  and  the  con¬ 
vergence  is  reached  after  1500  iterations: 

J<PCl>>  =  io"4 

The  calculated  pressure  distribution  on  the  wing  and  fuse¬ 
lage  is  quite  close  to  the  experimental  result  [5],  see  Figure 
5.  Note  that  the  calculated  angle  of  attack  of  the  fuselage  is 
different  from  the  experimental  value.  The  calculated  |p  | 
value  is  relatively  low  at  the  upper  surface  of  the  wing  close 
to  the  leading  edge. 

For  example  (2),  the  relaxation  factors  are: 

a,  =  f  1'1’  *<> 

<  1.5,  M>  1 

The  latter  is  selected  according  to  the  test  computation  intro¬ 
duced  in  section  XI. 


Upper  surface 
lower  surface 
Calculation 
Experiment  a  si  or. 


Figure  5a 

XI.  THE  TEST  COMPUTATION  FOR  THE  RELAXATION  FACTOR 

To  reduce  the  computing  time  of  the  test  run,  only  the 
exposed  wing  of  the  combination  is  considered  during  the  trial. 
It  is  assumed  that  the  relaxation  factor  selected  for  the  wing 
alone  is  also  appropriate  for  the  wing-fuselage  combination. 

For  the  exposed  wing  of  example  (2),  an  18x17x13  mesh 
system  is  taken.  The  origin  Is  at  the  same  point  given  above. 
The  far  field  boundaries  are: 

frontal,  rear  x1  =  -65-38,  x2  =  73-68 

upper,  lower  y  =  +  256 

left  z  =  5^-33 

The  mesh  position  of  the  wing  surface  is  the  same  as  given 
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above.  Different  relaxation  factors  are  employed  to  calculate 
for  the  case  M  »  1.05,  a  =  2.2°. 

The  convergence  of  the  relaxation  iteration  can  be  indicated 
by  .  All  the  trial  computations  show  that  as  n  increases, 

the  value  of  A$  n  fluctuates  at  the  beginning.  The  fluctuation 

/  n  \ 

stops  at  a  certain  value  of  n  and  A<t>  '  becomes  monotonicaily 
iecreasing.  The  comparison  between  the  converging  process  ar.d 
the  result  is  shown  in  Table  2.  The  convergence  criterion  is 
defined  universally  as 

10‘* 


Table  2 


CO 

XU 

■m 

■a 

1.0 

1.7 

1  1.7 

1  i.o 

M>1 

■ 

worn 

1.0 

1.0 

1.3 

!  1-3 

J9W 

0.1390 

j  0.1390 

E 

ma 

Iffil 

0.3050 

I 

1  0.4192 

l  . 

347 

340 

230 

190 

183 

149 

69 

tt  &  »  n 

465 

459 

365 

338 

335 

218 

153 

0.06293 

0.06292 

— 

wm 

0.06553 

0.08359 

m,  ; 

-0.002729 

— 

—  0.002741) 

-0.00278 

§3231 

— 

-0.002802 

C*  i 

0.004533 

0.004534 

— 

0.004496  j 

0.00448 

0.004341 

0.004459 

Key:  1.  When  fluctuation  stops,  n  =  ,  2.  convergence  n  =  . 
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As  a  verification  of  the  accuracy  of  table  2,  w  =  1.7 
(M  <  1)  and  1.0  (M  >  1)  are  taken  and  the  calculations  is 
repeated  until  A<j/n^<  10~^,  for  which  n  =  972  The  aerodynamic 
coefficients  are 

c  ■  0.06371,  m  =  -0.002826,  c  =  0.004950 
y  z  x 

which  are  close  to  the  results  given  in  the  table  above.  The 
pressure  distribution  also  agrees  with  that  from  the  previous 
calculations.  This  indicates  that  the  convergence  criterion 
for  the  table  above  is  accurate  enough. 

Prom  Table  2,  it  is  easily  seen  that  for  locally  supersonic 
points  the  convergence  is  the  fastest  if  u  =  1.5  is  taken, 
while  it  is  the  slowest  if  u  =  0.7  is  used.  Hence,  this  sample 
calculation  shows  that  convergence  can  be  accelerated  if  a 
relaxation  factor  of  value  greater  than  1  is  taken  for  the 
locally  supersonic  points.  This  principle,  however,  is  contra¬ 
dictory  to  reference  [1]. 

XII.  CONCLUSION 

This  study  presents  a  finite  difference  computation  method 
for  steady  transonic  perturbation  potential  flow,  which  is  able 
to  calculate  airplanes  consisting  of  an  ordinary  combination 
of  fuselage,  wing,  horizontal  tail  and  vertical  tail.  The 
pressure  distribution  and  aerodynamic  coefficients  thus  obtained 
agree  with  the  experimental  date. 

In  the  sample  calculations,  transonic  flows  of  both 
M  <1  and  M  >1  are  involved.  When  M  >1,  the  number  of  iterations 

OO  00  oo 

increases  dramatically.  To  accelerate  the  convergence,  relaxa¬ 
tion  factor  of  values  greater  than  1  are  taken  for  locally 
supersonic  points. 
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Appendix 

The  computations  done  for  this  study  are  executed  on  the 
655  machine  at  the  Hautung  Research  Institute  for  Computation 
Techniques,  Shanghai. 
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Second  Order  Approximation  'fheory  o/  an 
Arbitrary  Aerofoil  in  Incompressible  Potential  Flow 


Lin  Chaoqiang 


This  paper  presents  a  new  method  for  calculating  incompressible  potential 
flow  around  an  aerofoil.  The  region  outside  an  arbitrary  aerofoil  is  conformally 
transformed  into  the  region  outside  a  unit  circle.  The  transformation  functions 
are  expanded  into  ascending  power  series  and  then  only  those  terms  up  to 
and  including  the  second  order  are  retained.  The  resulting  formulae  are  given 
analytically. 

Although  there  exist  several  methods11-"  for  dealing  with  this  classical 
problem*  the  present  method  manifests  some  important  advantages. 

The  present  method  is  nearly  an  exact  solution  from  the  engineering  point 
of  view,  even  for  an  aerofoil  with  thickness  as  much  as  30%  of  the  chord 
and  with  maximum  camber  as  much  as  10%  of  the  chord. 

Compared  with  the  well-known  Theodorsen's  method,  the  computations 
involved  can  be  carried  out  much  more  quickly  and  easily,  without  incurring 
any  penalty  on  accuracy.  Compared  with  Weber's  method,  the  present  method 
takes  up  nearly  twice  as  much  time  for  computation,  but  its  accuracy  is 
much  better.  In  fact,  it  is  shown  by  the  author111'  that  if  only  the  first 
order  terms  are  retained  in  the  present  method,  the  resulting  formula  is  of  the 
same  form  as  that  given  by  Weber's  method.  In  other  words.  Weber's  method 
has  only  a  first  order  accuracy  from  the  point  of  view  of  conformal  transfor¬ 
mation.  and  an  additional  term  naturally  and  logically  improves  the  accuracy 
of  Weber's  formula. 

The  present  method,  which  is  based  on  the  smallness  of  thickness  and 
maximum  camber  of  the  aerofoil  (though  it  was  mentioned  above  that  the  present 
method  is  none  the  less  quite  satisfactory  even  for  those  aerofoils  having 
•..-it  ‘xr-Si  relative  thickness  and  large  maximum  relative  camber),  gives  second 
t-  s-t-siun  solutions  which  are  uniformly  valid  throughout  the  flow 
wx-rexs  in  some  other  methods  such  as  references  [4][8],  which  are  based 
r  its  tmillueis  of  perturbed  velocity,  the  solutions  break  down  in  a  region 
^  -  -»  ue'acse  the  assumption  of  small  velocity  perturbation 

ues  sot  hold  true  there,  and  some  techniques  are  needed  as  remedies. 
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SECOND  ORDER  APPROXIMATION  THEORY  OP  AN 
ARBITRARY  AEROFOIL  IN  INCOMPRESSIBLE  POTENTIAL  FLOW 


Lin  Chaoqiang 


SECOND  ORDER  APPROXIMATION  THEORY  OF  AN 
ARBITRARY  AEROFOIL  IN  INCOMPRESSIBLE  POTENTIAL  FLOW 

I .  INTRODUCTION 

This  paper  presents  a  second  order  approximation  theory 
for  calculating  incompressible  potential  flow  around  the  air¬ 
foil.  The  advantages  of  the  method  are  simplicity  of  the 
calculation,  high  accuracy  and  its  wide  range  of  applications. 

There  exist  several  methods  for  dealing  with  this  problem 
already,  see  references  [1]  -  [8],  Theodorsen's  method  [1]  can 
provide  accurate  solutions.  Its  key  is  to  transform  the  region 
around  the  airfoil  conformally  into  a  region  around  a  circle. 

The  main  purpose  of  the  Theodorsen  method  is  to  obtain  solu¬ 
tions  by  means  of  an  implicit  integral  equation.  Hence,  mul¬ 
tiple  iterations  are  needed  during  the  numerical  computation, 

' eading  to  an' excessive  computing  time.  The  linearized  thin 
airfoil  theory  [2]  is  simple  to  calculate  but  its  accuracy  is 
poor.  Moreover,  since  the  assumption  of  a  small  perturbation 
is  not  valid  near  the  leading  edge,  the  solution  obtained  for 
the  entire  flow  field  is  not  converging  uniformly. 

Goldstein  [3]  proposed  an  approximation  theory  on  the  basis 
of  Theodorsen's  method.  For  common  airfoils,  an  approximation 
up  to  third  order  is  usually  required  to  obtain  accurate  results. 

To  improve  the  results  from  linearized  thin  airfoil  theory, 
Lighthill  [k]  and  Van  Dyke,  et .  al.  [8]  introduced  high  order 
terms.  Again,  since  the  assumption  of  small  perturbations  is 
invalid  near  the  leading  edge,  the  solutions  for  higher  order 
terms  near  the  leading  edge  are  found  to  diverge  even  faster 
than  the  first  order  terms.  The  authors  of  these  two  papers 
employed  appropriate  methods  to  modify  the  unreasonable  results 


near  the  leading  edge. 


Weber's  method  [5],  [6]  employs  a  conformal  transformation 
of  the  region  around  the  airfoil  to  a  region  around  the  branch 
cut,  and  obtains  relatively  simple  calculation  formulas  after 
an  appropriate  simplifying  assumption.  In  the  Weber  method, 
the  airfoil  is  assumed  to  be  thin  and  slightly  cambered.  But 
note  that  it  does  not  demand  a  small  angle  of  attack,  while 
the  methods  presented  by  references  [2],  [4],  [3]  generally 
do  prescribe  a  small  angle  of  attack.  That  is  why  the  Weber 
method  is  widely  applied.  • 

Similar  to  Weber's  method,  the  method  proposed  by  Spence 
et .  al.  [7]  is  also  based  on  a  conformal  transformation  of  the 
region  around  the  airfoil  to  a  region  around  the  branch  out. 

The  thickness  ratio  of  the  airfoil  is  also  assumed  to  be  a  minor 
factor.  Spence  et.  al.  expanded  the  conformal  transformation 
relation  with  respect  to  the  minor  factors  and  preserved  the 
terms  up  to  the  second  order.  Results  with  satisfactory 
accuracy  were  obtained.  However,  the  Spence  method  is  only 
limited  to  symmetrical  airfoils. 

The  present  method  considers  any  arbitrary  airfoil  with 
camber,  but  it  is  assumed  that  the  thickness  ratio  and  the  cam¬ 
ber  ratio  of  the  airfoil  are  small.  The  region  around  the  air¬ 
foil  is  first  transformed  conformally  to  a  region  around  a  unit 
circle.  The  transformation  relation  Is  then  expanded  with 
respect  to  a  small  factor  and  the  terms  up  to  the  second  order 
are  preserved.  Finally,  explicit  computation  formulae  are 
obtained.  It  is  called  the  second  order  approximation  theory. 

The  advantages  of  this  method  are: 

(1)  Simplicity  of  calculation:  On  the  TO.  -  16  digital  computer, 
the  execution  time  required  for  the  computation  of  each  indivi- 


dual  airfoil  is  only  2.5  seconds. 

(2)  The  results  obtained  are  uniformly  valid  throughout  the 
entire  flow  field.  Modifications  such  as  those  given  by  ref¬ 
erence  [4]  and  [8]  are  not  required. 

(3)  Wide  range  of  applications.  The  theory  itself  demands 
small  thickness  and  small  camber  of  the  airfoil.  However,  the 
sample  calculations  indicate  that  the  accuracy  of  the  computed 
results  is  still  very  satisfactory  even  for  symmetric  airfoils 
of  50%  relative  thickness  and  Zhukovskiy  airfoil  of  30%  thick¬ 
ness  ratio  and  10%  camber  ratio.  Also  the  angle  of  attack  is 
not  limited  to  being  small. 

By  means  of  the  common  expression  of  the  conformal  trans¬ 
formation,  this  paper  also  presents  simple  formulae  for  the 
calculation  of  the  zero-lift  angle  of  attack,  the  slope  of  -he 
lift  coefficient,  the  pressure  centre  and  the  moment  coeffic¬ 
ient  with  respect  to  the  pressure  centre. 

The  Weber  method  is  usually  called  non-linear  theory.  It 
has  been  proved  in  reference  [11]  that  from  the  point  of  view 
of  expanding  the  conformal  transformation  relation  with  respect 
to  the  small  thickness  and  the  small  camber,  the  Weber  method 
is  actually  an  equivalence  of  the  first  order  approximation 
theory.  In  that  paper,  we  have  pointed  out  that  a  term  related 
to  the  camber  distribution  of  the  airfoil  is  practically  miss¬ 
ing  in  the  Weber  method.  If  this  term  is  supplemented,  the 
accuracy  of  Weber ' s  method  can  be  improved. 

Since  the  Weber  method  is  equivalent  to  the  first  order 
approximation  theory  of  the  conformal  transformation,  the 
accuracy  of  the  method  presented  here  is  better  than  the  Weber 
method.  The  sample  calculations  show  that  the  accuracy  of 
this  method  is  apparently  much  better  than  that  of  the  Weber 
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method,  especially  for  those  airfoils  with  camber. 


II.  THE  SECOND  ORDER  APPROXIMATION  EXPANSION  OF  THE 
CONFORMAL  TRANSFORMATION 


Let  the  airfoil  to  be  of  unit  length,  with  the  leading  edge 
located  at  the  origin  z  =  0  of  the  z-plane  (z  =  x  +  iy )  and 
the  trailing  edge  located  at  x  =  1 .  Let  the  function 


2 


6. 


*=/<£)  s=*£+*«  + 


(l) 


transform  conformally  the  region  around  the  airfoil  in  the 
z-plane  to  a  region  around  a  unit  circle  with  its  center  located 
at  the  origin  in  the  ?  -plane,  k  is  a  positive  real  number. 
According  to  Riemann's  theorem,  transformation  (1)  exists  and 
Is  unique. 


On  the  unit  circle  £  =  e‘*.  Consider  the  function 

•  It:  approaches  zero  as  ,  and  the  real 

part  on  the  unit  circle  is  -y  +  ksin  0  +  kQj,  where  y  is  the 
longitudinal  coordinate  of  the  airfoil  surface,  k  ^  is  the 
imaginary  part  of  k  .  From  Schwarz's  formula: 

that  is 


-y  +  fcsinfl'  +  kox  )'|~£7'  *  £'  * 


where  k  B  is  the  real  oart  of  k  . 
or!  *  o 

In  equation  (2),  the  airfoil  surface  coordinate  y  is  an 
unknown  function  of  c  before  the  conformal  transformation  is 
determined.  Hence  equation  (2)  cannot  be  treated  as  the 
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explicit  relation  for  the  transformation  f  (?). 


The  auxiliary  coordinate  <J>  is  now  introduced.  Let 


*=Y<l  +  cos^), 

Assuming  that  the  airfoil  is  thin  and  slightly  cambered,  then 

y  ^  ) 

where  e  is  of  the  same  order  of  the  magnitude  of  the  thickness 
ratio  and  the  camber  ratio  of  the  airfoil,  while  ih  ( <p )  -  0(1). 

As  e-*-  0,  the  airfoil  reduces  to  a  flat  plate,  and  equation  (1) 
reduces  to  the  well  known  Zhukovskiy  transformation 


Apparently  we  have  9=<j)  .  Hence  it  can  be  assumed  that 

+  +e1'F,(<fi)  + . ,  (5) 

Also,  the  following  assumptions  are  made  correspondingly: 


=  +  +«*•*<»  +  ••••-,  1 

koie  =  k<0V'  +  e-kW  +  c'-k%Vt  + ,  )  (6) 

The  real  part  on  the  unit  circle  in  equation  (2)  is  used. 
Making  use  of  equations  (5)  and  (6),  both  sides  of  equation 
(2)  are  expanded  as  power  series  of  e  up  to  the  second  order 
terras.  Then  equating  the  terms  of  the  same  power  on  both  sides, 
the  fundamental  equations  of  the  zeroth  order,  first  order  and 
second  order  approximations  are  obtained.  They  are: 
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(i)  zeroth  order  approximation  equation: 


i-  (  1  +■ COS  <f) )  -  2# 05  COS  -  k C<$  a  0 , 

it 

(ii)  first  order  approximation  equation: 


-  2A(1  W  +  2k“»FM)sin<t>~  =  -^-P  cot , 


(iii)  second  order  approximation  equation: 


-  2fcC25eoa  <f>  +  2klliFl(.<f>)am<p  +  26C0,Ft(^>sintf  +  6<0>Ff  (<£)  c oa<f> 


cot^jt-dP, 


t  O; 


The  ?  preceding  the  integral  signs  in  equations  (8a)  and  (9a) 
means  that  the  principal  value  of  the  Cauchy  integral  should 
be  taken. 


Another  auxiliary  plane  r =£+rt  is  introduced.  Its 
relation  with  the  ? -plane  is 


It  transforms  the  region  around  the  unit  circle  of  the  c-plane 
into  a  region  above  a  branch  cut  [0,  a]  on  the  real  axis 
&  axis)  in  the  x-plane.  a  =  4k.  Comparing  equations  (  1 '  and 
(10),  it  can  be  seen  that  ^^7)  =  £  =  e<#  is  taken 

in  equation  (1),  then 


|  =  ya(l  +  oosfl). 


( 11 
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Applying  a  =  4k  and  equations  (5)  and  (6),  the  above 
equation  can  be  written  as 

£  =  *  +  e./,(0)+e*./,<0)  + . , 

where 

/,(tf )  =  2&C1,(1  +  cos<£)  -  2*C0>F,(^)sixi^» 

/t(^)  =  +  cos <f>)  -  2Acl>F,(^)8in^ 

-  2A<0)Fl(^)sin^-  AC0>FJ(^)cO3<£. 


Employing  equations  (13)  and  (14),  equations  (3a)  and  (9a) 
can  be  rewritten  as 

- *»-  /■«•>  - * jj  W>  ( 3 1 ; 


III.  THE  SOLUTION  OF  THE  ZEROTH  ORDER  APPROXIMATION 
EQUATION 


Equation  (7)  is  the  zeroth  order  approximation  equation. 

Its  solution  is  obvious: 

*<0,=j,  *83— j-  (15) 

IV.  THE  SOLUTION  OF  THE  FIRST  ORDER  APPROXIMATION  EQUATED' 


The  first  order  approximation  equation  is  given  by  equa¬ 
tion  ( Sa )  or  ( 9b ) . 

To  s  clve  this  equation,  that  is,  to  find  the  function 
f^  (<J>)  or  F^  (<p),  it  is  assumed  that  the  coordinate  of  the  air¬ 
foil  surface  can  be  approximated  by  the  following  trigonometric 
polynomial : 
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M-l 


—  =  $($)  =  a0+  ]£(a,coan^  +  &ll8inn0)  +  aw<x>aN<fi, 


•-i 


(16) 


in  which  N  is  an  even  number.  For  the  sample  calculations 
presented  by  this  paper,  N  =  18 .  The  coefficients  an  (n  =  0, 
1,  2  N)  and  b  (n  =  1,  2,  ...  ,  N-l)  are  determined  by  the 

corresponding  value  of  the  trigonometric  polynomial  ( 16 )  and 
the  y  value  of  the  airfoil  when  <j>  =  <J>^  =  p  tt/N  (p  =  0,  1,  2, 

2N-1).  Following  common  practice,  the  coordinate  of  the 
airfoil  is  decomposed  into  two  parts,  that  is,  the  thickness 
distribution  and  the  camber  distribution: 


thickness  distribution  ~  2  ^  ~ 

camber  distribution  =  +  ^( 

L 


(17) 


according  to  reference  [7],  the  values  of  the  coefficients  in 
equation  (16)  are 

1  *-»  .  *-1 


r-1 

*-1 


r-1 


a"  =]y^^r(^,)a)9n^r. 


rs  1 
*-x 


b«  =  77lU^<^r)sinnfl5r  , 


|(n=  1»2* . ,N- 


1) 


! 


(18) 


r-1 


Substituting  equation  (16)  into  (8b),  the  following  equa¬ 
tion  is  obtained: 


2&C1>- kffi- /i(^)  =  Yl(a*sinn<t- b.cosnj),  (b„  =  0) 

•-X 


(19) 


Substituting  $  =  0  and  into  the  above  equation  separa¬ 

tely  and  getting  f,  (0)  *  4  k^  and  f.  (tt)  =  0  from  equation  (13) 

1  1  ( 1 )  ( 1 ) 
a  set  of  simultaneous  equations  to  determine  k  and  kQp 

is  obtained.  Solving  this  set  of  equations,  it  is  found  that 


*'”=T 


*“l, 


b„  W*  £  6. 


A' 


(20a) 
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Solving  f^(<t>)  from  equation  (19)  and  then  substituting  it 
into  (13) ,  the  solution  for  F^(4>)  is  obtained: 

f  U)  -  -2(feo/]  +  2fea>cos<£)  _ 2 

1  v  sin^ 


sin< 


TT  £  (a„9in  n<f>  -  6,cosn^), 

^  •ml 

Substituting  (20a)  into  the  above  equation,  it  becomes 


r-i 


Fi(4)  =  Xj(c,cogn^  +  d.sinnj), 

•  Cl 


(21: 


where 


ffjr-i  a  4a»» 

*  4o»-i* 

ff.  =  4a,*i  +  e,+i  =  4(a.*i  +a.»i  + . >. 

(n=iV-3»A-4» . ,2,1) 

=0, 

=  46jr-i, 

<^w-i  =  4b/,-tt 

dm  ~  46.  »i  +  —  4(6. +i  +  6,+J  + . ) . 

.  .  . . ,2,1) 


(22a) 


(22b) 


Let 


=  2(6[  +  6j  + . +  6y-i), 


(23) 


Then  from  equations  (22b)  and  23),  equation  (20a)  can  be  written 
as : 


(20b) 


Substituting  (20b)  into  equation  (19),  the  following: 
equation  is  obtained: 


/,<*>  = 


(a.sion^-  b,aoan<j>) 


(24) 
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V.  THE  SOLUTION  OP  THE  SECOND  ORDER  APPROXIMATION  EQUATION 


To  solve  the  second  order  approximation  basic  equation 
(9b),  the  integral  at  the  right  hand  side  of  equation  (9b)  must 
be  found  first.  This  can  be  done  by  substituting  the  i|>(<J>)  of 
equation  (1 6)  and  the  F^(4>)  of  equation  (21)  into  the  integral, 
and  then  integrating  term  by  term.  The  integral  at  the  right 
hand  side  of  equation  (9b)  is  thus  determined. 


where 


brp  t 

w  /r-i 

^  /n(  hiir^  bmd  *Kmim  f 


1  f*a  &  —  4>' 

~2^PJ0  coamt't  coant  -  coanP)  cot — ^ — W 


J  Q,  m>« 

“  I- sia(«- «>#»  *<• 


(25) 


(26) 


Jm ~~^TP^0  sin.-B^'(sinn^-  sinn^')  co X^-^-dp 

-  t 


(27) 


^m,*~  ~2x~  Pf0  003 ”•$' ( s^n  ”0  ~  sin nP>  cot~-~2*  dp 

0 ,  m>n 

m  =  n 

coa(n- m)#,  m<n 

1  (tm  d-d* 

l’ »’*  *  PJ  o  sinmj'feoartt-  ooanP)Cot^-~-dp 

m  ~  Kmn  • 


I 


'  dS  ' 


(29) 


^2 


Substituting  equations  (26)  -  (29)  into  (25),  then  into 
equation  (9b),  and  manipulating,  the  following  equation  is 
obtained : 

2ktn  r  -  /»< i >  *  2  ( «.«os n#  +  /.Bin «#  ), 

•»  '  (30) 

in  which 


(33) 


According  to  equation  (21),  it  is  apparent  that  in  the 
above  equations, 

*\< 0)*  f:  ,  F,0 r)=E  (  -  1  )*e, 

•-1  •-!  (  3  A  ) 

Substituting  equation  (33)  into  equation  (30),  the  follow¬ 
ing  expression  can  be  obtained: 

.V-*  .V-* 

/,<$})  =  +  13  (e*cosn0+/„sinr;0) 

4  -•  -°  (35) 

VI.  VELOCITY  DISTRIBUTION  ON  THE  AIRFOIL  SURFACE 


Cnee  the  conformal  transformation  between  the  region  aroun 
the  airfoil  and  the  region  around  the  unit  circle  is  found,  the 
velocity  distribution  on  the  airfoil  surface  can  be  determined 
without  much  difficulty. 


Firstly  the  0  values  on  the  unit  circle  in  the  c -plane 
corresponding  to  the  points  on  the  airfoil  should  be  deter¬ 
mined.  The  procedure:  f^(<j>)  and  f  ^  ( b )  are  solved  from  equa¬ 
tions  (24)  and  (35)  and  are  substituted  into  equation  (12!1  to 


solve  for  £ .  Substituting  £  into  equation  (11)  and  employing 
the  inverse  trigonometric  relations,  the  value  of  8  is  found. 
(Note  than  in  equation  (11),  a  =  4k,  and  the  value  of  k  can 
be  determined  by  equations  (6),  (15),  (2Cb)  and  (33)).  Th^ 
value  of  the  Inverse  trigonometric  function  should  be  deter- 


when 


mined  by  the  sign  of  :  when  0  ,  9  should  assume 

dp  dp  jt 

values  in  the  I,  II  quadrants,  whereas  when  >0  ,  9  should 

fall  in  the  III,  IV  quadrants.  The  formula  for  calculating 


can  be  obtained  by  substituting  equations  (3),  (24) 


and  (35)  Into  equation  (12)  and  differentiating  once. 


From  equation  (1),  it  Is  found  that  ( d£  )e^m“ 

Hence  if  the  free  stream  velocity  in  the  physical  plane  is  Vw, 
then  the  free  stream  velocity  in  the  s-plane  is  kV^.  Let  a 
be  the  angle  of  attack.  According  to  the  solution  of  the  flow 
around  a  circular  cylinder,  the  velocity  on  the  unit  circle  in 
the  c-plane  is  (without  loss  of  generality,  =  1  is  taken): 

•  (36) 

where  aQ  is  the  0  value  at  the  trailing  edge,  that  is,  the  zero 
lift  angle  of  attack  of  the  airfoil.  The  velocity  on  the  air¬ 
foil  surface  in  the  physical  plane  is 

»W!-3rl  !37) 


where 


dz 

dz 

di 

/I  «  1 

dt 

di 

• 

d0 

/I  d<f,  ! 

In  equation  (38),  the  evaluation  of  JlL- 

d<p 

for  before.  From  equation  (11), 


(38) 

has  been  accounted 


Also , 


In  equation  (40),  the  expressions  for  -4?-  and  4^- 

d<p 

are  found  by  differentiating  equations  (3)  and  (16)  with 
respect  to  <i>. 


(39) 


(40) 
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In  the  above  manipulations,  an  exceptional  case  must  also 
be  considered,  that  is,  when  sin  9=  0  or  its  absolute  value 
is  very  small,  the  absolute  values  of  -g|-  and  are  also 
zero  or  very  small.  •  Hence  equation  (38)  is  indeterminate.  For 
such  a  situation,  the  L'Hospital  rule  must  be  applied,  and  the 
following  limit  is  obtained: 


(41) 


The  value  of  jjr  in  the  above  equation  can  be  obtained 
by  differentiating  twice  the  functional  relation  found  pre¬ 

viously  . 


VII.  SOME  AERODYNAMIC  CHARACTERISTICS  OF  THE  AIRFOIL 


The  zero  lift  angle  of  attack  is  exactly  the  a  ar.zle 

corresponding  to  the  trailing  edge  of  the  airfoil.  It  has  been 

discussed  already.  According  to  the  theory  of  incompressible 

potential  flow  around  rn  airfoil  (for  example,  reference  [10], 

only  the  first  three  coefficients  k,  k  ,  k.  of  the  Laurent 

o  1 

expansion  series  of  transformation  (1)  need  to  be  known  for  the 

c«  9 

determination  of  the  slope  of  the  lift  coefficient ,  the  position 
of  the  pressure  centre  Xp  and  yp,  and  the  moment  coefficient  C*r» 
relative  to  the  pressure  centre.  The  relations  among  them  are 


«*  j 

Xp  =  kiM-lxcoa(at  +  n),  I 

y*  —  k*z  +f*sia  (<*#  +  /*),  I  (42) 

Cmr  -  4»/*&sin  (  2«»  +  M)*  ' 

*t  —  kit  1  —  km  +  i4jj  —  hi* 
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where 


1 


The  expressions  for  k  and  kQr  are  derived  previously  (see 
equations  (6),  (15),  (20b)  and  (33)).  Here  the  expressions 
for  kQl,  k^  are  supplemented. 


From  equation  (1), 


Equating  the  imaginary  parts  on  both  sides. 


k 


81  “ 


dd 

d<f> 


d<j> 


Substituting  equations  (5),  ( 16 )  and  (21)  into  the  above 
equation,  the  second  order  approximate  solution  of  k  is 
found : 


ktt  =«»a,  +  «*•/, 


(43) 


Similarly  from  equation  (1), 

kt  =  2 


Equating  the  real  parts  and  imaginary  parts  on  both  sides 
respectively , 

1  f** 

=  (^cosff- yainff)dfff 

1 

x  =  — 2jTJ  o  iXBiD^  +  yoos6^  • 

For  the  two  integral  equations  in  (44),  explicit  expressions 
of  second  order  accuracy  could  be  obtained  by  means  of  the 
relations  given  previously.  But  the  final  forms  are  quite 


(44) 
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complicated.  Hence  direct  approximation  integration  is  rec¬ 
ommended.  The  accuracy  of  the  results  is  even  better. 

VIII.  NUMERICAL  EXAMPLES  AND  DISCUSSION 

For  evaluating  of  the  accuracy  of  this  method,  calcula¬ 
tions  are  executed  for  four  different  airfoils,  and  the  results 
are  compared  with  the  exact  solutions.  The  four  airfoils  are: 

(1)  Piercy  symmetric  airfoil  of  50%  thickness  ratio. 

Its  exact  solution  is  given  by  reference  [7]. 

(2)  Zhukovskiy  symmetric  airfoil  of  20%  thickness  ratio. 

(3)  Zhukovskiy  airfoil  of  10%  thickness  ratio  and  4% 
camber . 

(4)  Zhukovskiy  airfoil  of  30%  thickness  ratio  and  10% 
camber  ratio. 

The  exact  solutions  of  the  three  Zhukovskiy  airfoils  are 
also  evaluated  by  the  present  author. 
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The  velocity  distribution  on  the  surface  of  the 
Zhukovskiy  airfoil  with  30%  thickness  ratio  and 
10%  camber  ratio. 

The  figure  above  shows  the  calculated  results  and  the  com¬ 
parison  with  the  exact  solution  of  the  fourth  airfoil.  From 
the  figure,  it  is  apparent  that  even  for  airfoils  of  such  large 
thickness  ratio  and  camber  ratio,  the  accuracy  of  the  second 
order  approximation  theory  is  still  quite  satisfactory.  It  is 
obviously  even  better  than  the  Weber's  method.  For  the  first 
three  airfoils,  the  accuracy  of  the  calculated  results  from 
the  second  order  approximation  theory  almost  coincide  perfectly 
with  the  exact  solutions. 

Finally,  it  is  also  noted  that  vie  compressibility  modifi¬ 
cation  can  be  easily  introduced,  as  in  reference  [9],  into 


U9 


both  the  second  order  approximation  theory  presented  by  this 
paper  and  the  formulae  given  by  the  improved  Weber's  method 
of  reference  [11]  to  calculate  the  velocity  and  the  pressure 
distribution  on  an  airfoil  surface  in  a  flow  field  of  sub- 
critical  free  stream  velocity.  The  author  has  been  working  on 
this  problem  and  has  already  obtained  some  encouraging  results. 
Hopefully  the  results  will  be  presented  in  the  near  future  for 
the  readers'  reference. 
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Aerodynamic  Calculations  and  Design 
of  Subcritical  Aerofoils 


Lin  Chaoqiang 


The  present  paper  deals  with  both  the  direct  problem  (predicting  pres¬ 
sure  distribution  for  a  given  aerofoil  at  given  angle  of  attack)  and  the  inverse 
problem  (finding  aerofoil  geometry  and  angle  of  attack  for  given  pressure 
distribution)  of  aerofoils  in  subcritical  potential  flow.  The  emphasis  is  placed 
on  the  inverse  problem!  which  is  attacked  perhaps  somewhat  more  success 
fully  than  by  existing  methods. 

The  direct  problem  is  considered  first.  Starting  from  the  second  order  ap¬ 
proximation  theory  previously  obtained  for  calculating  velocity  distribution 
around  an  arbitrary  aerofoil  in  incompressible  potential  flow1",  the  author 
suggests  the  compressibility  correction,  which  is  similar  to  that  of  reference 
[13]  and  predicts  the  aerodynamic  character  of  aerofoils  in  subcritical  poten¬ 
tial  flow.  Compared  with  the  solution  of  a  specific  aerofoil  at  critical  Mach 
number,  for  which  the  exact  solution  exists,  the  accuracy  of  the  formula  is 
quite  satisfactory  and  is  better  than  that  of  Tsien's""  and  Lock's."*1 

The  accuracy  and  fairly  short  computing  time  of  the  above  obtained 
formula  for  the  direct  problem  make  it,  when  used  in  combination  with  the 
Newton  iteration  method,  successfully  applicable  to  the  inverse  problem,  i.e., 
to  the  designing  of  an  aerofoil  with  given  pressure  distribution  along  the  chord 
at  subcritical  speed.  The  difference  quotients  are  used  to  substitute  for  the 
partial  derivatives  which  are  needed  in  the  iteration  scheme.  It  is  emphasized 
that  these  substitutions  can  be  successfully  used  because  the  above  mentioned 
formula  can  give  not  only  accurate  velocity  distribution  for  direct  problem 
itself,  but  also  quite  accurate  difference  of  the  velocity  distributions  of  two 
aerofoils  having  sufficiently  small  difference  in  only  one  of  the  independent 
variables  in  the  direct  problem.  As  to  convergence,  it  takes  only  5~10  itera¬ 
tions  to  design  an  aerofoil  with  given  pressure  distribution. 

Another  interesting  advantage  of  the  present  aerofoil  design  technique 
is  that  it  can  also  be  used,  without  additional  difficulty,  in  the  so-called  mixed 
design  problems,  such  as  the  design  of  an  aerofoil  with  given  thickness 
distribution  and  upper  surface  pressure  distribution, 
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I.  INTRODUCTION 


Based  on  the  previous  works  by  the  author,  references  [1] 
and  [2],  this  paper  proposes  a  method  of  calculating  the  velocity 
and  pressure  distribution  on  an  airfoil  of  given  geometrical  pro¬ 
file  at  a  given  angle  of  attack  in  subcritical  potential  flow  and, 
inversely,  designing  appropriate  airfoil  geometry  and  the  corres¬ 
ponding  angle  of  attack  for  a  given  pressure  distribution. 

There  already  exist  a  number  of  methods  for  the  calculation 
of  the  pressure  distribution  on  an  airfoil  in  incompressible  flow, 
for  instance,  references  [33— [10] .  The  author  proposed  an  approx¬ 
imation  method  in  reference  [1]  which  is  relatively  simple.  >r.  the 
other  hand,  it  produces  rather  satisfactory  results  within  practi¬ 
cal  ranges  of  thickness  ratio  and  camber  ratio  of  common  airfoils. 

It  practically  coincides  with  the  exact  solution.  Based  on  the 
second  order  approximation  theory  of  reference  [1],  reference  [2] 
further  shows  that,  if  only  the  first  order  term  is  maintained  and 
the  higher  order  terms  are  neglected,  then  results  similar  to  those 
given  by  Weber's  method  [7],  [8]  are  obtained.  Hence,  this  method 
can  be  referred  to  as  the  improved  Weber's  method  or,  from  the 
above  point  of  view,  the  first  order  approximation  theory.  The 
numerical  examples  in  reference  [2]  indicate  that  it  provides  the 
same  degree  of  accuracy  as  the  Weber  method,  but  is  slightly  improved 
compared  with  the  Weber  method.  Hence,  we  suggest  that  for  all 
calculations  proposed  by  the  Weber  method,  the  method  given  by 
reference  [2]  can  be  employed  as  a  substitute. 

For  the  compressibility  correction,  there  exists  the  early 
well  known  Kerman-Tsien  correction  formula  [11],  [12].  Discussions 
by  many  papers  appeared  later,  for  instance,  references  [13 D— [15] • 

The  results  given  by  reference  [13]  indicated  that  using  Equation 
(4c)  of  that  paper  as  a  compressibility  correction,  the  pressure 
distribution  of  the  airfoil  thus  obtained  agrees  well  with  the 
exact  solution,  except  in  the  vicinity  of  the  leading  edge  where 
the  error  is  quite  significant.  In  reference  [13],  the  Weber  method 


was  employed  for  the  calculation  of  the  corresponding  incompress¬ 
ible  flow.  The  paper  suggests  that  the  significant  error  near  the 
leading  edge  is  due  to  the  fact  that  the  Weber  method  is  inaccurate 
near  the  leading  edge  of  the  airfoil  under  the  condition  of  in¬ 
compressible  flow.  In  this  paper,  we  will  apply  the  second  order 
approximation  [1]  instead  of  Weber's  method  in  reference  [13], 
while  the  method  for  compressibility  correction  given  by  reference 
[13]  is  adopted.  The  results  obtained  from  these  calculation  pro¬ 
cedures  show  that  the  accuracy  is  greatly  improved,  especially  in 
the  vicinity  of  the  leading  edge. 

For  the  design  of  airfoils,  Lighthill  [16]  publicized  an 
important  paper  proposing  a  very  good  design  method  in  19^5.  Its 
fundamental  concept  was  employed  by  many  authors  afterwards,  for 
instance,  references  [17]-[19l.  The  method  of  airfoil  design  pre¬ 
sented  here  is  very  simple  and  direct  in  principle.  Based  on  the 
solution  of  the  direct  problem  (that  is,  predicting  velocity  and 
pressure  distribution  on  an  airfoil  surface  for  a  given  profile 
and  an  angle  of  attack),  the  solution  can  be  sought  by  means  of 
the  Newton  iteration  method.  In  the  Newton  method,  the  partial 
differentials  are  approximated  by  the  quotient  of  the  corresponding 
finite  differences.  The  calculation  time  required  to  design  an 
airfoil  with  such  an  iteration  method  solving  a  set  of  simulta¬ 
neous  non-linear  equations  is  much  longer  for  calculating  a  direct 
problem,  since  each  iteration  is  equivalent  to  calculating  tens 
of  direct  problems  (depending  upon  the  number  of  discrete  points 
of  the  airfoil  coordinates).  However,  this  disadvantage  does  not 
cause  any  difficulties  at  all  because  the  solution  for  the  direct 
problem  obtained  previously  is  very  accurate  and  requires  only  a 
very  short  calculation  time.  Generally,  only  5-10  iterations  are 
sufficient  to  obtain  convergent  solutions.  Another  important 
characteristic  of  the  solution  of  the  direct  problem  is:  besides 
being  accurate  in  itself,  the  coresponding  difference  in  surface 
velocity  due  to  a  slight  difference  of  any  independent  variable  of 
the  direct  problem  is  also  accurate.  Hence,  it  is  reasonable  to 
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approximate  partial  differentials  by  the  quotients  of  finite 
differences . 

The  other  advantage  of  this  method  is  that  it  can  be  applied 
to  the  mixed  design  problems  of  the  airfoil  conveniently — that  is, 
design  problems  for  which  the  geometrical  profile  is  given  par¬ 
tially  and  the  velocity  profile  is  given  partially.  For  example, 
one  design  problem  is  obtaining  the  camber  distribution  of  the 
airfoil  and  the  corresponding  angle  of  attack  given  the  thickness 
distribution  of  the  airfoil  and  the  surface  velocity  distribution. 
Such  a  problem  is*  of  practical  use  since  a  certain  thickness  should 
be  prescribed  to  satisfy  strength  and  structural  requirements, 
while,  on  the  other  hand,  the  main  purpose  of  airfoil  design  in 
general  is  to  ensure  a  certain  velocity  on  the  upper  surface. 

In  the  second  section  of  this  paper,  the  compressibility  cor¬ 
rection  based  on  the  methods  given  by  references  [1]  and  [2]  (that 
is,  the  calculation  method  for  velocity  distribution  on  the  upper 
surface  in  subcritical  flow)  is  discussed.  In  the  third  section, 
the  airfoil  design  procedure  by  means  of  the  Newton  method  for  a 
given  surface  velocity  or  pressure  distribution  will  be  discussed. 
The  fourth  section  deals  with  the  mixed  design  problem,  that  is, 
the  method  of  designing  an  airfoil  for  a  given  thickness  distribu¬ 
tion  and  a  prescribed  velocity  distribution  on  the  upper  surface. 
The  fifth  section  is  a  conclusion. 

II.  AERODYNAMIC  CALCULATIONS  OF  SUBCRITICAL  AIRFOILS 

Here  the  method  of  calculating  the  velocity  distribution  on 
the  surface  of  an  airfoil  in  subcritical  flow  for  a  given  geomet¬ 
rical  profile  and  an  angle  of  attack  is  discussed. 

First  the  formula  for  calculating  the  velocity  distribution 
on  the  surface  of  an  airfoil  in  incompressible  flow  given  by 
references  Cl]  and  [2]  should  be  introduced. 


The  coordinate  system  is  taken  as  shown  in  Figure  1.  The 
chord  length  of  the  airfoil  is  set  at  unity.  The  leading  edge  falls 
on  the  origin  and  the  trailing  edge  is  found  at  the  point  (1,0). 

V 


-  x 

(1.0) 


Figure  1.  Coordinate  system  of  the  airfoil 


jet 


X  =  -|-(  1  +  costf). 


in  which  the  upper  surface  corresponds  to  a  variation  of 


(2.1) 

from 


0  to  it,  while  the  lower  surface  corresponds  to  a  variation  of  $ 
from  7t  to  2tt.  The  profile  of  the  airfoil  is  assumed  to  be  given 
by  the  (x,y)  coordinates  of  2N  discrete  points  on  the  airfoil  sur¬ 
face,  that  is,  by  taking  the  following  values  of  the  x  coordinate: 


V,  -  \  <  1  </«0,l»2,—  ,2JV- l,2iV)  (2.2) 

and  then  the  corresponding  values  of  the  y.  coordinates.  For  the 

J  - 

numerical  examples  in  this  paper,  we  take  N  =  13. 


It  is  now  assumed  that  the  profile  of  the  airfoil  can  be 
approximated  by  the  following  trigonometric  polynomial: 

f  N~1  ) 

y -e^a0  +  ^(aBcosn$ +b,Binn$) +  ayCoa  N<j>  j,  (2-3) 

where  e  is  a  small  quantity  of  the  same  order  of  magnitude  as  the 
thickness  ratio  and  the  camber  ratio,  and  the  coefficients  a  and 
bn  can  be  determined  by  equating  the  y  values  of  the  discrete  points 
defined  by  equation  (2.3)  and  the  given  values. 


The  formula  for  calculating  the  velocity  distribution  on  an 
airfoil  surface  in  incompressible  flow  given  by  reference  [1]  is 
(setting  the  free-stream  velocity  equal  to  unity) 
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(2.4) 


4  A  sin-  ^ 

(<■-- 
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where  0  is  the  angular  position  of  the  point  on  the  unit  circle 
corresponding  to  a  point  on  the  airfoil  after  transformation,  a 
is  the  angle  of  attack,  aQ  is  the  constant  zero-lift  angle  of 
attack,  and  the  meanings  of  k  and  £  are  defined  in  reference  [1], 
All  the  quantities  in  the  above  expression  can  be  computed  one  by 
one  with  the  values  of  the  coordinates  at  the  given  discrete  points 
and  the  formulae  given  in  reference  [1]. 

If  only  the  first  order  of  e  is  preserved  in  Equation  (2.4), 
the  following  result  is  obtained  according  to  the  derivation  given 
by  reference  [2].  It  is  similar  to  the  results  obtained  by  Weber's 
method,  and  hence  it  is  also  called  the  first  order  approximation 
method  or  the  improved  Weber  method: 

v  _  coaa{±sixi^±r<u<Jt)  +  C<4’(*))  +  sin<*((  1  -  cos<£)  +  Ttl,(x)i:C,*,(*)V 

■y  sin  V  +  lT'"(x)±0'>(xn 1  ’ 

\  C.  •  J  ) 

in  which  r0>(*),  rf,,0 c),  T<s’(x),  Cu>( x),  Cf'’<x)and  Cu,(.x)  are  all  linear 
functions  of  the  thickness  ratio  and  the  camber  ratio  of  the  air¬ 
foil. 


Mow  the  compressibility  correction  is  made  according  to 
Equation  (4c)  of  reference  [13]. 

When  the  velocity  distribution  on  the  surface  of  the  airfoil 
in  incompressible  flow  is  calculated  according  to  Equation  (2.4), 
the  following  expression  is  employed  for  the  compressibility  cor¬ 
rection: 


isin*+i! 

[  4k  sis  ^  2  ’*  008 1 
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where  (2.7) 

B  *  V\  -  Ml(l-  M-Cn), 

M  is  the  free  stream  Mach  number,  and  C  .  is  the  local  pressure 
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V. 


coefficient  of  the  incompressible  flow. 


When  Equation  (2.5)  is  used  to  calculate  the  velocity  dis¬ 
tribution  on  the  airfoil  in  incompressible  flow,  the  following 
expression  is  applied  for  compressibility  correction: 


coaa  j±sin<ft  +  ^±r(1)(^)  +  C,4,(x)  j  j  +  ~  coa^)  + 

yj  sin V+ 


-p-Bin  + 


Pressure  distribution 
Profile  of  the  airfoil 


•  ttr.fflECMIfcttil' 

W  nmiMMVL 

Figure  2.  The  pressure  distribution  and  the  profile  design  of 
NLR  subcritical  airfoil,  M  =  0.7032,  a  =  0° 

- exact  solution  (see  reference  [20],  no.  6) 

o  second  order  approximation.  Equation  (2.6) 
o  first  order  approximation,  Equation  (2.8) 

A  second  order  approximation  +  Karman-Tsien  correction 

•  design  according  to  the  second  order  approximation  thoery 
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III.  DESIGN  OF  THE  AIRFOIL 

In  this  section,  the  design  of  the  geometrical  profile  of 
the  airfoil  and  the  angle  of  attack  for  given  velocity  distribu¬ 
tion  and  pressure  distribution  on  the  airfoil  surface  is  discussed. 

It  is  assumed  that  the  values  of  the  velocity  on  the  upper 
and  the  lower  surface  are  given  at  the  2N-1  points  (j  =  1,2,..., 
2N-1)  according  to  Equation  (2.2),  and  the  Newton  iteration  method 
is  used  to  determine  the  thickness  ratio  of  the  airfoil,  the  cam¬ 
ber  ratio  of  the  airfoil  and  the  angle  of  attack.  The  procedure 
is  discussed  briefly  as  below. 

The  problem  consists  of  2N-1  unknowns,  that  is,  N-l  thickness 
ratio  values,  N-l  camber  ratio  values  and  the  angle  of  attack  a. 

Let  y^,  y2,...,  y2N  ^  represent  these  2N-1  unknowns.  Then  the  velo 
city  on  the  airfoil  surface  U  can  be  expressed  as  functions  of 

yi*  y 2*  *  *  *  *  y 2N-i ’ 

U,=f{(ytt  y„  . ,  0  =  1,2,  . ,  2AT-1)  (3.1) 

The  selection  of  the  initial  values  of  the  iteration  can  be 
quite  arbitrary,  for  example,  a  =  0°  and  an  ellipse  of  10%  thick¬ 
ness  ratio  can  be  taken.  The  iteration  must  finally  satisfy 

IC/|-Fj|<€»  (3.2) 

where  e  is  the  control  error  of  the  iteration.  For  the  numerical 

-k 

examples  in  this  paper,  e  *  10  is  assumed. 

Assuming  that  the  unknown  of  the  kth  iteration  is  y.'K) , 

(i  =  1,2, . . . ,2N-1) ,  and  by  letting 

y*<t*l)  =  yt(k>  +  AySk\  o  =  i,2,-,2tf-i>  (3>3) 

(k) 

then  the  value  of  Ay^  is  determined  by  the  following  system  of 
linear  algebraic  equations  according  to  the  Newton  method: 

Ur  +  *£  j^AyS"  -  r»  (  ;  =  1 .2, -  ,2N  -  1 )  (3.4) 
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The  values  of  the  partial  derivatives  in  the  above  equation  are 
calculated  approximately  by  the  finite  difference  forms: 

hi  (3.5) 

-//<y i»  y*,— ]» 

For  the  numerical  examples  presented  in  this  paper,  h  =  0.5x10 
is  taken.  Generally,  only  5-10  iterations  are  required  to  achieve 
convergence . 

Figure  2,(b)  shows  the  design  result  for  the  sixth  airfoil 
shape  of  reference  [20]  by  the  second  order  approximation  theory 
presented  in  this  paper.  The  free  stream  Mach  number  is  M  = 

0.7032.  The  pressure  coefficient  at  the  point  of  minimum  pressure 
is  just  equal  to  the  critical  pressure  coefficient.  It  can  be 
observed  from  the  figure  that,  for  the  condition  of  symmetrical  sub- 
critical  airfoil,  the  airfoil  profile  designed  by  the  second  order 
approximation  theory  is  very  accurate.  Even  the  design  result  by 
the  first  order  approximation  theory  (not  shown  In  the  figure)  is 
still  quite  satisfactory,  although  it  is  less  accurate  than  that 
produced  by  the  second  order  approximation  theory. 

Figure  3  is  an  example  of  a  low  drag-high  lift  airfoil  adopted 
from  Figure  10  of  reference  [17].  The  pressure  coefficient  distri¬ 
bution  in  Figure  3  is  sketched  according  to  Figure  10  of  [17]. 

Hence,  there  might  be  a  slight  deviation  from  the  original  distri¬ 
bution.  The  airfoil  profiles  in  Figure  3  are  designed  by  the  second 
order  and  first  order  approximation  theories,  accordingly.  Figure 
10  of  reference  [17]  indicates  that  the  thickness  ratio  of  the  air¬ 
foil  is  18%,  and  the  angle  of  attack  is  a  =  11.2°.  According  to 
the  result  computed  by  the  second  order  approximation  theory,  the 
thickness  ratio  is  18.5%  and  the  angle  of  attack  is  a  =  11.5°. 
Furthermore,  it  can  be  observ  ed  directly  that  the  second  order 
approximation  airfoil  profile  given  in  Figure  3  resembles  very 
closely  the  one  shown  in  Figure  10  of  reference  [17].  Considering 
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Figure  3-  Design  of  low  drag-high  lift  airfoil 

- design  according  to  the  second  order  approximation  theory 

- desi6n  according  to  the  first  order  approximation  theory 

that  there  is  a  certain  unavoidable  error  of  the  data  for  the 
pressure  coefficient  distribution,  we  assume  that  the  result  given 
by  the  second  order  approximation  theory  is  more  satisfactory. 

The  first  order  approximation  theory  predicts  a  thickness  ratio 
of  22%  and  an  angle  of  attack  of  a  =  11.8°  and  has  a  greater  error. 
Similar  to  the  airfoil  computation,  problem  1,  there  is  a  greater 
^rrcr  in  the  results  provided  by  the  first  order  approximation 
theory  for  airfoils  with  relatively  large  camber. 

IV.  THE  MIXED  DESIGN  PROBLEM  FOR  THE  AIRFOIL 

The  so-called  mixed  design  problem  is  characterized  by  par¬ 
tially  specifying  the  geometrical  shape  of  the  airfoil  and  the 
velocity  distribution  on  the  airfoil  surface,  and  then  determining 
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the  remaining  geometrical  profile,  velocity  distribution  and  the 
angle  of  attack.  For  example,  assuming  that  the  thickness  ratio 
of  the  airfoil  and  the  velocity  distribution  on  the  upper  surface 
are  given,  the  camber  distribution  of  the  airfoil  and  the  angle 
of  attack  is  to  be  determined.  This  problem  can  be  treated  almost 
in  the  same  way  as  proposed  in  the  previous  section.  The  only 
difference  is  that  the  number  of  unknowns  is  fewer  (by  N-l  thick¬ 
ness  values).  Figure  4  is  the  design  result  according  to  the 
exact  solution  data  of  a  10#  thickness  ratio,  4#  camber  ratio 
Zhukovskiy . airfoil  at  M  =0. 

For  the  exact  solution,  the  camber  ratio  of  the  airfoil  is 
given  as  4#,  and  the  angle  of  attack  is  a  =  10°.  According  to 
the  result  from  second  order  approximation  computations,  the  cam¬ 
ber  ratio  is  3-93*  and  the  angle  of  attack  is  a  =  9.97°,  which  are 
very  close  to  the  exact  solution.  From  the  result  of  the  first 
order  approximation  computation,  the  camber  ratio  is  found  to  be 
4.41#,  and  the  angle  of  attack  is  a  -  10.24°.  The  solid  line  in 
Figure  4  shows  the  'xact  airfoil  profile,  while  the  dots  are  the 
results  of  the  second  order  approximation.  The  results  of  the 
first  order  approximation  are  not  shown. 


Figure  4.  Mixea  design  of  the  airfoil  for  given  thickness  ratio 
and  given  pressure  distribution  on  the  upper  surface. 


V.  CONCLUSION 


Based  on  the  second  order  approximation  theory  of  reference 
[1]  and  the  first  order  approximation  theory  of  reference  [2],  and 
adopting  the  compressibility  correction  method  of  reference  [13], 
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this  paper  has  proposed  a  method  of  computing  the  velocity  dis¬ 
tribution  on  an  airfoil  in  subcritical  flow  according  to  the 
second  order  approximation  theory  of  Equation  (2.6)  or  the  first 
order  approximation  theory  of  Equation  (2.8).  Comparison  with 
the  results  from  the  exact  solution  shows  that  these  two  methods, 
especially  the  second  order  approximation  Equation  (2.6),  are  very 
accurate  and  reliable  for  subcritical  Mach  numbers. 

Based  on  the  Equations  (2.6)  or  (2.8),  this  paper  proposes 
using  the  Newton  iteration  method  to  design  the  profile  of  the 
airfoil  and  to  find  the  corresponding  angle  of  attack  for  given 
chordwise  velocity  distribution  on  the  airfoil  surface.  For  air¬ 
foils  with  small  camber,  both  the  first  order  approximation  and  the 
second  order  approximation  design  methods  are  fairly  accurate.  For 
airfoils  with  relacively  larger  camber,  the  error  of  the  first 
order  approximation  method  is  relatively  greater.  However,  the 
second  order  approximation  method  still  has  satisfactory  accuracy. 

The  methods  presented  in  this  paper  can  also  be  applied  to 
the  mixed  design  problem  of  the  airfoil,  for  example,  the  problem 
of  airfoil  design  for  given  thickness  distribution  of  the  airfoil 
and  given  velocity  distribution  on  the  upper  surface. 
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An  Aerodynamic  Design  Method  for 
Transonic  Axial  Flow  Compressor  Stage 


Zhu  Fangyuan,  Zhou  Xinhai, 
Liu  Songling,  and  Fan  Feida 


A  three  dimensional  aerodynamic  design  method  for  transonic  axial  flow 
compressor  stage  is  described  in  detail’  in  this  paper  in  order  to  make  it 
easier  to  apply  and  more  widely  used.  The  method  comprises  three  main  parts: 
the  mean  St  streamsurface  calculation,  the  approximate  calculation  of  •S 
streamsurface  of  revolution,  and  defining  the  blade  element  on  the  conical 
surface  and  stacking  the  blade  airfoil  sections.  The  method  is  unusual  in  that 
the  calculation  stations  for  making  the  St  streamsurface  computations  are 
curves,  and  particularly  in  that  the  airfoil  parameters  of  blade  are  calculated 
on  a  plane  tangent  to  the  approximate  streamsurface  of  revolution.  On  this 
tangential  plane,  two  dimensional  flow  is  used  as  a  basic  model  to  calculate 
the  Mach  wave  system  on  the  suction  surface  of  cascade  entrance  region. 

The  streamline  curvature  method  is  used  to  calculate  the  flow  field  on 
mean  St  streamsurface.  The  projections  on  meridional  planes,  of  the  blade 
leading  and  trailng  edges,  are  selected  as  calculation  stations.  Along  curved 
calculation  stations,  the  principal  equations,  in  which  the  streamline  curva¬ 
ture  and  the  gradients  of  enthalpy  and  entropy  are  taken  into  account,  are 
derived  from  the  fundamental  equations  of  non-viscoUs  axisymmetric  flow.  The 
Runge-Kutta  method  is  used  to  solve  the  principal  equations.  The  slope  and 
curvature  of  the  streamline  are  found  by  means  of  the  spline  and  double 
spline  functions  respectively. 

The  approximate  calculation  of  •S'i  streamsurface  of  revolution  consists  of 
the  free  stream  calculation  and  the  blade  airfoil  parameters  calculation.  The 
free  stream  in  cascade  entrance  region  is  calculated  for  the  purpose  of 
performing  the  calculation  of  unique  incidence  angle  and  the  analysis  of 
choking  margin  of  blade  channel.  In  the  free  stream  calculation,  the  continuity 
equation  is  used  to  obtain  the  flow  parameters,  and  the  basic  assumption 
adopted  is  that  the  entropy  and  V #r  are  constant  on  each  streamline. 

The  multiple-circular-arc  (MCA)  airfoils  are  used  for  both  the  rotor  and 
the  stator.  The  parameters  of  MCA  airfoils  are  calculated  on  a  plane  which 
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is  tangent  to  the  approximate  conical  streamsurface.  On  the  tangential  plane 
the  airfoil  section  is  defined  by  specifying  the  following  parameters:  the 
blade  setting  angle.  the  length  of  the  front  chord,  the  length  of  the  total 
chord,  the  front  camber,  the  total  camber,  the  maximum  thickness  and  its  loca¬ 
tion,  and  the  radii  of  the  leading  and  the  trailing  edge.  These  parameters 
should  be  so  adjusted  as  to  be  compatible  with  the  required  values  of  the 
incidence  angle,  of  the  blade  channel  choking  margin,  and  of  the  distance 
from  the  leading  edge  to  the  assumed  normal  shock  impinging  point  on  the 
suction  surface. 

In  the  third  part  of  the  present  method,  the  previously  obtained  MCA 
airfoils  are  transferred  from  the  tangential  plane  to  the  developed  con’cal 
streamsurface,  on  which  the  circular  arc  is  approximated  by  the  constant 
turning  rate  curve.  The  calculation  methods  used  in  this  step  and  used  to 
stack  the  designed  airfoil  sections  are  the  same  as  those  in  referenceC8], 

The  calculated  results  of  the  present  method  are  compared  with  those 
of  referencesC23C3]  and  found  in  satisfactory  agreement.  Therefore,  the 
present  method  appears  to  be  a  useful  tool  for  the  aerodynamic  design  of 
transonic  axial  flow  compressor  stage. 
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AN  AERODYNAMIC  DESIGN  METHOD  FOR  TRANSONIC  AXIAL  FLOW 
COMPRESSOR  STAGES 


Zbu  Fanyuan,  Zhou  Xinhai,  Liu  Songling  and  Fan  Feida 
i.  INTRODUCTION 

At  the  end  of  the  1950’s,  Professor  Wu  Zhone  Jiao  put  for¬ 
ward  a  theory  of  the  aerodynamics  of  cbree  oimens  i:  r.al  flvw  ir. 
a  turbine  wheel  mechanism  and  by  going  through  successive  solu¬ 
tions,  for  S^  and  S2  stream  surfaces,  he  was  able  to  solve  for 
the  three  dimensional  flow  field;  this  laid  the  theoretical  found 
ation  for  the  use  of  three  dimensional  aerodynamic  models  it  the 
aerodynamic  design  of  turbine  machinery. 

By  the  end  of  the  19bC's,  there  was  a  continuous  stream  of 
reports  published  outside  China  —  cb-s-  included  reports  — 

which  introduced  the  use  of  three-dimensional  theory  for  the 
design  of  transonic  compressor  stages  and  the  results  of  calcula¬ 
tions  and  experiments  using  this  procedure.  These  transonic  stag 
all  made  use  of  multiple-circular-arc  airfoils  (MCA).  According 
to  the  data  which  was  published  in  these  reports,  it  was  possible 
to  see  that  there  was  a  relatively  good  agreement  between  the 
experimental  values  and  the  design  values  for  the  average  capa¬ 
bilities  as  well  as  the  distribution  cf  aerodynamic  parameters 
along  the  radial  direction.  This  demonstrated  that,  in  the  desig 
ing  cf 'transonic  compressor  stages,  the  u-«e  of  the  three-dimen¬ 
sional  theory  was  capable  cf  achieving  excellent  results.  This 
also  demonstrated  that  the  multiple  circular  arc  airfoil  is  one 
type  of  airfoil  which  is  available  for  use  in  the  designing  of 
transonic  stages. 

On  the  basis  of  analytical  research  in  the  references  stated 
above,  we  created  an  actual  aerodynamic  design  method  for  use  in 
the  case  of  transonic  axial  flow  compressor  stages;  moreover,  we 
also  wrote  a  computor  program  based  on  this  method. 


This  computational  method  includes: 


(1)  Average  S2  stream  surface  calculation — blade  leading 
edge  and  trailing  edge  flow  field  calculation. 

If  we  make  use  of  the  flow  line  rate  of  curvature  method, 
place  the  calculation  stations  on  the  leading  and  trailing  edges 
of  blades,  and  take  the  projection  of  the  calculation  stations 
on  the  meridional  planes,  these  projections  define  a  certain, 
curve.  In  these  calculations,  we  have  taken  into  account  the 
influences  of  enthalpy,  entropy  and  the  rate  of  curvature  of  the 
flow  lines.  The  result  of  these  calculations  are  the  aerodynani 
parameters  for  the  average  S2  stream  surface  on  the  leading  and 
trailing  edges  of  blades  involved  in  the  measurements. 

(2)  The  approximate  calculation  of  the  stream  surface  of 
revolution  S, . 

At  present,  the  actual  procedure  which  is  used  in  design  is 
to  make  use  of,  under  selected  conditions  of  airfoil  shape,  an 
approximate  calculation  of  the  stream  surface;  che  purpose  of 
this  is  to  make  use  of  the  approximate  calculation  of  in  crde 
to  check  out  the  aerodynamic  characteristics  of  the  airfoil  type 
selected.  When  one  employs  this  method,  the  approximate  calcula 
tion  of  the  stream  surface  includes: 

A.  Free  stream  calculation 

The  free  stream  calculations  are  a  component  part  of  the 
approximate  calculation  of  the  cascade  entrance  flow  field  of 
the  stream  surface.  What  this  means  is  that  one  takes  a 
reference  position  at  which  the  stream  surface  and  the  lead¬ 
ing  edge  aerodynamic  parameters  are  already  known,  and  then, 
under  conditions  in  which  there  is  equal  entropy  and  the  values 
for  O  do  not  vary,  one  calculates,  from  positions  of  the 


leading  edge,  the  distribution  of  parameters  along  the  flow  lines. 
This  is  done  so  that  when  one  is  calculating  the  airfoil  para¬ 
meters,  it  will  be  possible  to  check  out  the  original  data  for 
unique  incidence  angles  and  the  choke  margins  of  the  blade  chan¬ 
nels.  In  such  calculations,  the  effects  of  changes  in  position 
of  flow  lines  in  a  radial  direction  as  well  as  changes  in  the 
stream  surface  thickness  as  they  impact  on  aerodynamic  parameters 
are  taken  into  account . 

B.  Calculation  of  parameters  of  multiple  arc  airfoils. 

In  this  type  of  calculation,  one  makes  use  of  an  approximate¬ 
ly  conic  surface  in  order  to  replace  the  surface  of  rotation  of 
S-,  .  Then  one  calculates  the  multiple  arc  airfoil  parameters  on 
a  plane  which  intersects  this  conic  surface.  One  must  distinguish 
how  they  relate  to  angle  of  incidence  (unique  angle  of  incidence  or 
leading  edge  angles  of  incidence ), the  locations  of  points  of 
intersection  between  the  trough  shock  wave  and  the  back  edge  of 
the  airfoils  and  the  choking  margin  of  the  blade  cascade  passage¬ 
way;  these  quantities  are  requirements  for  the  precise  determina¬ 
tion  of  the  angle  of  incidence  of  the  center  line  of  the  multiple 
arc  airfoil,  the  trailing  angle,  the  ratio  between  the  front  chord 
length  and  the  total  length,  and  the  ratio  between  the  front  camber 
and  the  total  camber.  If  we  add  some  other  given  conditions, 
then  it  is  possible  to  make  precise  determinations  for  a  multiple 
arc  airfoil.  In  these  calculations,  changes  along  the  flow  lines 
of  the  blockage  parameters  which  correspond  to  various  flows  as 
well  as  changes  in  the  thickness  of  the  stream  surface  were  con¬ 
sidered  . 

(3)  Blade  configuration  and  successive  integration 

On  the  basis  of  the  multiple  arc  airfoil  parameters  which 
have  already  been  obtained  through  calculations,  the  blade  type 
under  consideration  can  be  configured  on  a  developed  conical 
surface.  In  order  to  be  able  to  maintain  the  characteristics  of 
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the  multiple  arc  body  as  a  plane  figure  on  the  conical  surface 
we  have  mentioned,  use  can  be  made  of  a  constant  turning  rate 
curve  in  order  to  simulate  the  multiple  arcs.  After  configura¬ 
tions  have  been  completed  for  the  various  high  blade  stream 
surfaces,  then  on  the  basis  of  definite  requirements,  one  can 
take  the  various  integrations  of  the  airfoil  form  and  use  them 
to  form  the  blade  in  question;  moreover,  in  the  same  fashion,  one 
can  obtain  the  coordinates  for  the  surface  shapes  of  the  various 
cro ss-sect ions  of  the  construction.  The  principles  behind  this 
dividing  operation  as  well  as  the  computational  sequence  involved 
are  both  completely  the  same  as  [9]. 

2.  THE  CALCULATION  OF  THE  FLOW  FIELDS  OF  THE  LEADING  AND 
TRAILING  EDGES  OF  BLADES 


On  the  basis  of  the  continuity  equations  for  non-viscous 
fluids  as  well  as  their  momentum  equations  and  state  equations, 
if  one  works  according  to  the  related  equations  (Figure  1): 

~§T  ~  coa^~dT  +  sin*~§T 


then  it  is  possible  to  deduce  the  primary  equation  for  the  com¬ 
putational  station,  1,  on  a  curve  by  using  the  flow  line  rate  of 
curvature  method,  that  is, 


ac, 

hi 
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(2.2) 


In  this  equation  a  =  .  A  is  the  amount  of  heat  which 

corresponds  to  the  power  involved. 
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In  the  computational  program  involved  here,  use  is  made  of 
the  Runge-Kutta  method  for  solving  the  set  of  equations  (2-1) 
and  (2-2);  by  this  solution  it  is  possible  to  obtain  the  merid¬ 
ional  speed,  C  ,  along  the  calculation  stations  as  well  as  the 
distribution  of  amounts  of  flow  between  the  computational  points 
and  the  base  section. 

If  we  first  make  use  of  the  double  spline  function  to  deal 
with  the  projection  of  flow  lines  on  the  meridional  plane  and  we 
then  make  initial  use  of  the  single  spline  function  to  deal  with 
the  points  representing  equal  amounts  of  flow,  then  one  can  solve 
for  the  rate  of  slope  of  the  flow  lines  involved,  1 S'?  ,  and 

make  a  second  use  of  the  single  spline  function  in  order  to  deal 
with  the  rate  of  slope  of  these  flow  lines  and  solve  for  the  rate 
of  curvature  of  the  flow  lines  as  well. 

Concerning  the  estimation  of  losses  due  to  the  blades,  in 
the  computational  sequence  which  we  are  using  there  are  two  types 
of  methods  which  offer  a  way  for  selecting  good  blade  arrange¬ 
ments.  One  method  is,  on  the  basis  of  data  which  is  already  on 
hand,  to  determine  the  radial  distributions  for  stator  pressure 
recovery  coefficients  and  rates  of  equal  entropy  for  rotors; 
the  other  method  is,  on  the  basis  of  the  relationship  between 
given  diffusion  factors  and  loss  coefficients,  to  estimate  the 
airfoil  losses  and,  at  this  time,  to  resubstitute  into  the  cal¬ 
culations  aerodynamic  coefficients  which  have  already  been  ob¬ 
tained;  as  far  as  the  diffusion  factors  and  loss  coefficients 
which  are  substituted  into  these  calculations  go,  •when  the  flow 
fields  converge,  then  the  aerodynamic  parameters  and  loss  coeffi¬ 
cients  should  also  be  the  same  Cwithin  a  range  of  permissible 
deviation) . 

Tables  1  and  2  show  the  results  of  these  calculations;  more¬ 
over,  [2]  and  [3 j carry  out  a  comparison  of  the  data  given. 
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3.  FREE  FLOW  CALCULATIONS 


The  problem  which  must  be  solved 
when  one  is  doing  free  flow  calcula¬ 
tions  is  this.  When  one  is  calculat¬ 
ing  airfoil  parameters,  one  must  find 
the  neutral  point  on  the  back  of  the 
blades  involved  which  is  related  to 
the  unique  angle  of  incidence  to  the 
blade  cascade  as  well  as  having  to 
calculate  shock  wave  losses  in  order 
to  supply  basic  data. 

What  is  meant  by  the  term  free  flow  is  this.  From  a  posi¬ 
tion  on  the  leading  edge  of  a  blade,  when  there  is  no  effect 
from  blades  and  there  is  only  the  influence  of  the  shortening 
of  the  flow  rouse  in  the  meridional  plane,  then  the  only  flow 
is  due  to  this  shortening  in  the  meridional  plane.  Because  of 
this  fact,  free  flows  should  be  able  to  satisfy  the  following  con¬ 
ditions  : 

(1)  the  C,r  values  for  free  flows  should  be  the  same  as 
those  for  aerodynamic  flows  at  places  on  the  leading  edges  of 
blades  when  those  places  are  on  the  same  flow  lines  as  the  free 
flows ; 

(2)  there  should  be  equal  entropies  of  flow  and 

(3)  the  flows  should  be  axisymmetrical . 

When  one  is  dealing  with  the  existence  of  blades,  in  the  area 
between  the  entrance  to  the  cascade  and  the  first  covered  sur¬ 
face  of  the  trough  (the  neutral  point  on  the  back  of  the  blades 
involved  as  well  as  the  trough  shock  waves  are  all  located  in 
the  intake  area),  due  to  the  mutually  offsetting  functions  of 
the  shock  waves  and  the  expansion  waves  on  leading  edges  and  due 
the  fact  that  before  gas  flow  has  entered  the  cascade  troughs  the 
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control  which  is  exerted  by  the  blades  is  relatively  small, ana 
also  due  to  the  fact  that  when  one  is  dealing  with  supersonic 
speeds  of  oncoming  flow  the  forward  section  of  multiple  arc 
airfoils  is  relatively  flat,  it  is  still  possible  to  say  that 
the  average  circumferential  parameters  of  airflow  closely  satis¬ 
fy  the  three  conditions  stated  above. 


Calculations  of  free  flows  are  carried  out 
of  average  S0  stream  surface  calculations  along 
streamlines  according  to  the  conditions  set  out 
use  of  continuity  equations. 


on  the  foundation 
f lev/  lines  or 
above  and  by  the 


In  this  calculation  process,  the  important  formulas  are: 
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P  *  / .  K  —  1  C2  +  Ct  NjfX 
2  KgRT •)  • 


dG 

From  these  calculations,  we  can  obtain  values  for  PS*  ~g~t 

and  these  values  are  useful  when  calculating  airfoil  parameters. 


4.  THE  CALCULATION  OF  MULTIPLE  ARC  AIRFOIL  PARAMETERS 


Using  these  types  of  design  methods,  the  configuration  for 
blades  is  worked  out  on  a  developed  conical  plane.  The  function 
of  airfoil  parameter  calculations  is  to  supply  needed  data  for 
the  configuration  and  successive  integration  of  blades. 

Let  us  now  take  several  of  the  important  questions  which 
come  up  when  one  is  doing  airfoil  parameter  calculations  and 
discuss  them  below. 

(1)  On  what  kind  of  plane  should  one  calculate  airfoil 
parameters? 
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We  recognize  the  fact  that  there  are  two  workable  methods 
of  making  this  decision.  One  method  is  to  make  the  decision 
using  a  tangential  plane  to  a  conic  surface.  The  other  method 
is  to  make  the  decision  using  a  developed  conic  surface.  The 
first  of  these  methods  is  composed  of  two  sections  of  arcs,  one 
for  the  dish-shaped  face  of  the  blade  and  one  for  the  suction 
surface  or  the  back  of  the  blade.  The  second  of  the  two  methods 
is  made  up  of  two  sections  of  curve  with  equal  rates  of  rotation, 
one  for  the  dish-shaped  side  of  the  blade  involved  and  one  for 
the  suction  side  on  the  back  (see  Figure  2). 

When  the  oncoming  flow  corresponds  to  an  M  number  in  excess 
of  1.0,  then  when  one  is  working  on  the  basis  of  the  principle  of 
a  unique  angle  of  incidence,  it  is  necessary  to  do  calculations 
of  the  Mach  system  in  the  intake  area  of  the  cascade.  When  one 
does  these  calculations  on  a  tangent  plane  to  the  conic  surface, 
it  is  necessary  to  obtain  the  calculations  for  this  Mach  system  by 
the  use  of  a  method  which  makes  use  of  a  two-dimensional  flow 
model  and  then  makes  adjustment  to  compensate  for  the  introduc¬ 
tion  of  three  dimensions. 


If  one  is  not  calculating  tbe  design  of  the  airfoil  on  the 
basis  of  the  principle  of  a  unique  angle  of  incidence,  but  is  mak 
ing  these  calculations  on  the  basis  of  tbe  idea  that  the  angles 
of  incidence  for  the  leading  edges  of  the  suction  faces  of  the 
blades  involved  are  chosen  at  a  certain  size,  then  it  is  not 
necessary  to  calculate  tbe  Mach  system  for  the  intake  of  the 
cascade.  It  is  also  possible  to  make  use  of  the  second  method 
mentioned  above  and  (9)  is  done  in  this  way. 

The  computational  sequence  which  we  have  been  talking  about 
makes  use  of  the  first  'method.  Moreover,  when  one  is  making  a 
check  of  the  situation  which  exists  when  the  cascade  is  blocked, 
then  one  considers  changes  in  the  cascade  distance  along  the  con¬ 
ical  plane,  to  changes  in  the  blockage  parameters  which  corres¬ 
pond  to  different  airflows,  and  to  changes  in  the  thickness  of  tb 
stream  surfaces  involved.  These  calculations  demonstrate  that 
the  various  airfoil  parameters  which  are  obtained  by  this  sort  cf 
procedure  are  relatively  reasonable.  The  results  of  these  calcu¬ 
lations  and  the  data  from  [31  are  both  set  out  in  Table  3. 

(2)  The  calculation  of  the  lag  angle 

Theoretically  speaking,  the  calculations  for  lag  angles  are 
all  based  on  the  Kutta  Formula  and  then  adjustments  are  made  to 
take  the  factor  of  a  three-dimensional  flow  field  into  considera¬ 
tion.  Generally  speaking,  there  are  two  types  of  methods  which 
can  be  used.  One  method  is  to  make  use  of  the  flapping  angle  in 
order  to  do  calculations  such  as  (2)  and  (3).  The  ~tl  method  i 
to  make  use  of  the  equivalent  flapping  angle  to  maw  &■  caicala 
tions  as  (5 )  and  ( 9) . 

A.  Calculations  made  by  the  use  of  the  airfoil  flapping 

angle . 

The  formula  for  the  calculations  is: 
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In  this  formula  ”*  =  0.92^^  +  0. 002(90 -0im)  ;  X  is  the 
experimental  amount  after  consideration  is  given  to 
of  a  three-dimensional  flow  on  the  calculations. 


adj  usted 
the  effect 


B.  Calculations  using  the  airfoil  equivalent  flapping  angle. 


It  is  assumed  in  [10]  that,  if  one  takes  the  velocity  tri¬ 
angle  in  the  intake  of  the  cascade  on  the  stream  surface  and 
transforms  it  into  an  equivalent  velocity  triangle,  then  the  con¬ 
ditions  of  the  transformation  are  as  follows:  the  radial  coordi¬ 
nates  for  the  meridional  velocity  in  the  exhaust  are  the  same  as 
those  for  the  intake,  and  the  value  of  CV  is  the  same  as  the 
original  exhaust  velocity  triangle.  On  the  basis  of  these  condi¬ 
tions,  the  equivalent  exhaust  aerodynamic  angle  is 


0* 


The  formula  for  the  calculation  of  the  lag  angle  is 

a  ~  sis*  ~  0im  ~  i 

m 

(5)  is  the  configuration  of  the  projection  on  the  plane 
of  the  cascade;  moreover,  in  this  planar  surface,  in  order  to  find 
the  equivalent  exhaust  flow  angle 

&»= ctg-*[^  )J»  (a  • a } 

when  one  is  calculating  the  lag  angle,  one  must  make  use  of  the 
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equivalent  angle  of  flapping  of  the  airfoil  as  it  is  projected 
on  the  plane  of  the  cascade. 

This  program  of  calculations  makes  use  of  an  airfoil  lag 
angle  which  is  calculated  by  using  (4-1). 

(3)  The  calculation  of  the  neutral  point  on  the  suction 
face  of  the  blade  as  well  as  the  unique  angle  of  incidence. 

When  one  is  designing  an  airfoil  on  the  basis  of  the  prin¬ 
ciple  of  a  unique  angle  of  incidence,  then  it  is  necessary  to  find 
che  neutral  point  on  the  suction  side  of  the  blades  involved.  '2j 
points  out  chat  the  use  of  the  center  point  of  all  the  start  points 
for  the  Mach  waves  from  the  seals  on  the  leading  edges  of  the 
blades  involved  to  the  suction  side  of  the  blades  gives  a  good 
approximation  of  the  neutral  poir.c.  This  assumpcion  has  been  veri¬ 
fied  by  relatively  detailed  mapping  ouc  of  the  flows  involved. 

The  calculations  of  this  sequence  are  as  follows.  First,  go 
through  the  calculation  of  the  free  flows  and,  in  this  way,  obtain 
the  distribution  of  streamline  flows  which  correspond  to  Mach  num¬ 
bers  M  and  flow  angles  3m-  After  this,  one  can.  make  use  of  the 
Prandtl-Meyer  formula  and  figure  out  the  Mach  number  when  the  angle 
of  flow  deviation  from  a  free  flow  stream  reaches  a  parallel  state 
to  the  tangential  direction  at  the  point  on  the  suction  surface  of 
the  blade  being  considered.  -In  this  way,  it  is  possible  to  obtain 
che  distribution  of  the  M  numbers  along  the  suction  surfaces  of  the 
blades  concerned  and,  from  this,  it  is  possible  to  find  the  neutral 
point.  As  far  as  tbree-dimentional  flows  are  concerned,  this  sort  -f 
set  up  should  cause  the  tangent  line  to  the  surface  of  the  blade  at 
the  neutral  point  and  the  direction  of  free  flow  at  that  point  to 
be  the  same;  however,  when  one  takes  into  consideration  the  blocking 
function  of  the  blades  Involved  as  well  as  the  boundary  layers  on 
these  blades  [2]  ,  then  one  can  assume  that  there  should  be  an  angle 
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of  incidence  of  ±1.5°  left  or  right  between  the  tangent  to  the 
neutral  point  on  a  surface  and  the  free  flow  at  that  point. 

The  angles  of  incidence  for  the  leading  edge  mid-lines  and 
the  suctions  surfaces  of  blades  as  they  were  obtained  by  the  use 
of  the  calculation  methods  outlined  above  are  set  out  in  Table  3 
The  data  from  [3]  is  also  set  out  in  the  table. 

(4)  Shock  wave  position  and  shock  wave  losses 

The  model  for  the  shock  wave  passage  through  the  cascade  i 
as  shown  in  Figure  3.  If  we  take  a  perpendicular  to  the  mid-lin 
of  a  passage  at  point  A  on  the  leading  edge  of  a  blade  and  drop 
so  that  it  interesects  with  the  suction  surface  of  another  blade 
then  the  perpendicular  A3  is  a  normal  shock.  In  ‘2^  and  ~2l,  oh 
methods  for  figuring  the  M  numbers  in  front  of  the  shock  waves 
■were  different.  We  chose  tc  make  use  of  the  method  from  refer®:: 
[3],  that  is,  we  found  out  the  critical  area  ratio  in  front  of  c 
shock  wave,  (-—*)  ,  and  from  this,  we  obtain  the  M  number  in  frc 

of  the  shock  wave. 

From  the  distribution  of  critical  area  ratios,  ,  it 

free  flows,  we  obtain  a  critical  area  ratio  in  front  of  the  shoe 
wave  as  follows: 

(zp)n  =  (a*),  fii ffm 

=  (lp),  nr  sin 

In  this  formula,  t,  r,  pm  are  respectively  the  cascade  distance 
which  corresponds  to  point  C,  the  radial  coordinates  and  angle  c 
free  flow;  r^  is  the  tangent  radius  inside  the  trough  with  C  as 
center . 

The  relationship  between  (jp)^  and  the  Mach  number  in 
front  of  a  shock  wave,  Msh,  is  as  follows: 
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Ir.  Figure  3,  the  positions  of  t 
shock  V/3.V0  s.ri'd.  ths  i.ntssi’s^cPi.cr*  pci ut 
with  the  suction  surface  of  the  blade 
have  definite  requirements  associated 
with  them.  In  (3)>  it  was  required 
that  che  distance  from  a  point  near 
the  vicinity  of  the  tip  of  the  blade 

to  the  forward  edge  of  the  blade  be  approximately  1.25  b^.  With 
different  radii,  this  numerical  value  will  differ  and  one  should, 
on  the  basis  of  this  requirement,  adjust  the  chord  length  ratio 
parameter,  b/b^,  for  multiple  arc  airfoils. 

(5)  Checking  on  trough  blockage 

The  cascade  trough  passage  for  the  tangential  plane  to  the 
conical  surface  is  as  shown  in  Figure  4 .  With  the  exception  of  a 
standard  blade,  in  the  opposite  direction  to  the  direction  of  the 
turning  and,  on  the  basis  of  the  cascade  distance  of  the  conical 
surface,  one  gets  the  formation  of  the  blade  dish,  and  the  blade 
cascade  trough  passage  is  formed  from  the  back  of  the  blade  (the 
suction  surface)  of  a  standard  blade.  Due  to  changes  in  the  cas¬ 
cade  distance  of  the  conical  surfaces  involved,  the  blade  dishes 
will  be  different  from  th'-'se  of  straight  standard  blades. 

Shock  wave  losses  make  use  of  the  methods  which  have  been 

discussed  above  for  their  computation.  In  the  calculations  of  t'-e 

leading  and  trailing  edge  flow  fields  of  blades,  one  obtains  the 

total  loss  coefficient  wfc .  If  one  subtracts  the  shock  wave  loss 

coefficient,  w  ,  from  this  total,  then  one  gets  the  airfoil  loss 
s 

coefficient,  w  .  We  may  accept  the  fact  that  in  front  of  the  point 
P 

at  which  the  shock  wave  contacts  the  back  of  a  blade  (the  suction 
surface)  there  are  no  losses.  We  can  further  assume  that  from  that 
point  to  the  trailing  edge  of  the  blade  the  values  of  the  loss 
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It  Is  required  that  the  smallest  values  of  A/A*  be  1.02-1.05. 
If  this  range  is  exceeded,  it  is  possible  to  adjust  the  camber 
ratio  parameter  for  the  airfoil  F  .  The  computations  demonstrate 
that,  in  the  vicinity  of  the  blade  tips,  the  influence  which  an 
adjustment  of  the  camber  ratio  has  on  the  smallest  values  of  A/A* 
is  not  great.  In  the  vicinity  of  the  base  of  a  blade,  the  camber 
ratio  does  have  an  influence  on  the  minimum  values  of  A/A*. 

The  results  of  the  calculations  are  shown  in  Table  2. 

5.  CONCLUSIONS 

Concerning  the  design  methods  and  computer  program  sequences 
which  have  been  presented  in  this  article,  it  is  possible,  on  the 
basis  of  given  original  conditions  and  design  requirements,  and  by 
going  through  the  three  successive  stages  of  computation — the  cal¬ 
culation  of  flow  fields  for  the  leading  and  trailing  edges  of  a 
blade,  the  approximate  calculation  of  the  stream  surface  of 
revolution,  and  the  configuration  and  successive  integrations  of 
the  blades  involved — it  is  possible  to  obtain  the  airfoil  coordi¬ 
nates  required  for  the  manufacture  of  blades  as  well  as  the  necess¬ 
ary  data  for  computing  strengths.  Sample  calculations  clearly 
shew  that  the  results  from  these  methods  are  quite  good.  Because 
of  this,  the  methods  which  have  been  discussed  in  this  article  as 
well  as  the  computational  sequences  presented  have  contributed  an 
effective  tool  to  the  work  of  doing  the  aerodynamic  designs  for 
transsonic  axial  flow  compressor  stages  as  currently  in  use. 
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Lass  I  rotors 


A  comparison  of  air  flow  parameters  for 
TABLE  1.  the  leading  and  trailing  edges  of  blades 
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NOTiS :  Table  1  is  a  disclav  of  the  results  cf  computations 
based  on  the  sequence  put  out  in  this  article. 

Table  2  is  a  display  of  the  data  given  in  reference  [3] 
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A  comparison  of  calculated  values  for  the 
TABLE  3.  oarameters  of  the  airfoils  of  a  first  stage 
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■ICfE:  Table  1  is  a  display  of  calculated  values  gotten  from 

an  application  of  the  sequence  put  out  in  this  artici 
Table  2  is  a  display  of  the  values  put  out  in  refer¬ 
ence  (3). 
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Summary 


Analytical  and  Experimental  Investigation  of 
Performance  of  Supersonic  Ejector  Nozzle 


Shen  Huiti  and  Chen  Zhongqing 


This  paper  presents  an  analytical  method  for  calculating  the  flow  field 
and  performance  of  supersonic  ejector  nozzle.  The  calculations  involve  the  real 
sonic  line  at  the  exit  of  the  primary  nozzlei  the  inviscid  primary  flow  field, 
the  correction  for  viscosity  effect  and  the  pumping,  and  thrust  characteristics. 

In  order  to  bring  calculated  results  into  agreement  with  experimental 
data,  the  real  sonic  line,  instead  of  the  plane  sonic  line,  is  taken  as  the 
initial  base  line  of  calculation.  The  real  sonic  line  is  obtained  by  joining  the 
points  of  intersection  of  constant  flow  angle  lines  in  the  throat  region  with 
Mach  lines  at  the  lip  of  the  primary  nozzle. 

First,  the  inviscid  primary  flow  field  of  the  nozzle  is  calculated  and  then 
corrected  to  account  for  the  viscosity  effect.  The  method  of  correction  for 
viscosity  effect  proposed  in  this  paper  replaces  the  original  geometric  co¬ 
ordinates  of  the  ejector  shroud  with  corrected  geometric  coordinates,  which 
are  obtained  by  superimposing  on  the  original  geometric  coordinates  the 
displacements  of  the  mixed  region  and  the  boundary  layer.  On  the  basis  of 
the  corrected  coordinates,  the  actual  primary  flow  field  and  pumping  perfor¬ 
mance  of  the  nozzle  are  then  calculated.  The  proposed  method  proves  to  be 
quite  simple  and  accurate. 

Calculations  were  performed  on  a  “320”  digital  computer,  and  model  tests 
on  a  ground  test  facility.  The  analytical  and  experimental  results  are  found 
to  be  in  fairly  satisfactory  agreement. 
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ANALYTICAL  AND  EXPERIMENTAL  INVESTIGATION  OF  PERFORMANCE 
OF  SUPERSONIC  EJECTOR  NOZZLE 

Sben  Kuili  and  Chen  Zhongqing 

SUMMARY 

This  article  introduces  a  theoretical  calculation  method  to 
be  applied  to  the  performance  and  flow  fields  of  supersonic  ejec¬ 
tor  nozzles.  It  includes  calculations  such  as  these:  the  actual 
sonic  line  in  the  exhaust  of  a  main  jet  tube,  non-viscous  pri¬ 
mary  flow  fields,  corrections  for  the  influences  of  viscosity 
and  pumping  and  thrust  characteristics. 

In  order  to  make  the  results  of  calculations  agree  even 
better  with  data  gathered  through  experimentation,  we  have  made 
use  of  the  real  sonic  line  and  not  the  planar  sonic  line  as  the 
initial  base  line  for  calculation  purposes.  The  real  sonic  line 
is  obtained  by  linking  together  the  points  of  intersection  between 
the  constant  flow  angle  lines  in  the  throat  region  of  the  main  jet 
nozzle  and  the  Mach  lines  in  the  lip  region  of  the  main  jet  nozzle. 

First  of  all,  one  must  calculate  the  non-viscous  primary 

flow  field  of  the  jet  nozzle.  After  this  is  done,  then  one 
must  consider  necessary  corrections  for  the  effects  of  viscosity. 
The  method  which  is  used  in  this  article  for  correcting  to  compen¬ 
sate  for  the  effects  of  viscosity  is  to  correct  the  geometric  coor¬ 
dinates  of  the  ejector  shroud  and  replace  the  original  coordinates 
with  the  corrected  ones.  These  new  coordinates  are  obtained  by 
adding  the  displacement  thicknesses  of  the  mixed  region  and  bound¬ 
ary  layer  to  the  original  geometrical  shroud  coordinates.  One  can 
then  compute  the  real  jet  nozzle  flow  field,  pumping  performance 
and  other  related  characteristics  on  the  basis  of  the  corrected 
coordinates.  This  correction  method  is  quite  simple  and  adequately 
accurate . 


Calculations  were  completed  on  a  "320"  digital  computer  and 
model  tests  were  run  at  a  ground  facility.  The  theoretical  and 
experimental  results  obtained  were  basically  identical. 

FLOW  GRAPHS  [1,  2] 

1 

RfcmfcZ)  <  m  i  ) 


Figure  1.  A  flow  chart  for  high  harmonic  flow  in  jet  ejector 
nozzles . 

Key:  l--bigber  harmonic  flow  (Figure  1);  2 — harmonic; 

3 — primary 


When  the  amount  of  harmonic  flow  is  relatively  large,  the 
primary  flow  continuously  expands  and  increases  in  speed  in  the 
expansion  section  between  the  exhaust  of  the  jet  nozzle  and  the 
"fluid  wall";  the  harmonic  flow  then  increases  in  speed  in  the 
passage  formed  by  the  shroud  wall  and  the  "fluid  wall".  Cn  the 
basis  of  the  dimensions  of  the  ejector  nozzle  and  aerodynamic  con¬ 
ditions,  there  are  three  possible  situations: 
harmonic  flow  maintains  a  subsonic  speed; 
the  harmonic  flow  is  at  sonic  speed  at  the  end  of  the  jet 
nozzle  exhaust; 

the  harmonic  flow  is  supersonic  at  the  end  of  the  jet 
nozzle  exhaust. 
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Due  to  the  effect  of  gas  viscosity,  the  area  between  the 
primary  and  harmonic  flows  forms  a  mixed  layer  of  unequal  press¬ 
ures.  The  shroud  wall  forms  a  boundary  layer.  However,  when 
one  is  dealing  with  a  situation  in  which  there  is  high  harmonic 
flow,  the  influence  of  viscosity  is  relatively  small. 

lower  harmonic  flow  (Figure  2). 

When  the  amount  of  harmonic  flow  is  very  small  (or  approaches 
zero),  the  primary  flow  takes  the  free  flow  form  and  expands  it 
into  an  area  of  equal  pressure.  The  viscosity  of  this  jet  adheres 
to  the  wall  surface  of  the  expansion  section  and,  after  a  violent 
recompression, one  gets  the  formation  of  a  shock  wave.  In  the 
upper  reaches  of  this  section,  the  low  speed  isobaric  gases  which 
are  sealed  in  by  the  isobaric  boundaries  form  a  dead  space.  Along 
the  boundaries  of  the  main  flow,  due  to  the  effects  of  the  visco¬ 
sity  of  the  gases  concerned,  there  is  also  a  mixed  region.  This 
region  separates  the  main  flow  and  the  dead  space.  In  this  mixed 
region,  there  is  a  momentum  and  energy  transfer  between  the  pri¬ 
mary  and  harmonic  flows.  Due  to  the  effects  of  viscosity,  the 
primary  flow  continuously  pulls  out  a  certain  amount  of  the  har¬ 
monic  flow  from  the  dead  space  and  the  amount  of  the  harmonic 
flow  which  is  delayed  in  its  flowing  is  then  replaced  by  the  sys¬ 
tem  which  supplies  the  harmonic  flow. 

METHOD  OF  CALCULATION 

1.  Calculation  of  the  real  sonic  line  i_3] 

The  real  sonic  line  is  determined  after  calculating  the  flow 
angles  in  the  transsonic  throat  area  of  the  main  jet  nozzle  and 
the  Mach  lines  in  the  lip  area  of  the  main  jet  nozzle  (Figure  3). 
Let  us  assume  that  the  airflow  is  stable,  non-vortical ,  of  equal 
entropy  and  two-dimensional.  This  type  of  flow  can  be  described 
by  using  flow  function  equations,  that  Is, 
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Figure  2.  Chart  of  lower  harmonic  flow  in  jet  ejector 
Key:  1 — harmonic;  2--prim.ary 


nozzle 


In  these  equations,  the  main  thing  is  to  take  the  partial  deri- 
vative  of  x  or  y.  We  can  then  substitute  the  speed  variables 
defined  below,  that  is, 

q  =(ul  +  y1)7  - 


9  -  arc  tg  (-J-) 

When  we.  do  this,  then  equation  (1)  becomes 


Jl 

dq 


If  we  resub 


itute , 


then  the  definition  becomes 


dq 

9 


1  ) 


There  is  a  transformation  of  speeds  and  the  equation  above  sim¬ 
plifies  to  become 


0  +  K(An|£=O, 


(6) 


In  this  equation, 


tf(Jtf)  =(-£-)’(  1  -M1) 


(7) 


After  substituting  the  "tangent  gas  assumption"  K(M)  =  1, 
it  is  possible  to  simplify  equation  (6).  The  reason  for  this 
is  that  the  speed  graph  relationships  can  be  simplified  to  the 
form  of  Cauchy-Riemann  equations.  Because  of  this  fact,  it  is 
possible  to  solve  for  the  flow  fields  involved  by  making  use  of 
complex  variables.  Compressible  and  non-compressibie  flows  are 
linked  by  the  equation 


do  = 


P  dq 
P0  q 


When  this  is  integrated,  then  we  can  obtain 


In  this  equation,  rmar.z\im  represent  the  speed  parameters  ana  Mash 
numbers  for  matched  states.  Because  of  the  fact  that  f-e  condi¬ 
tions  of  the  Cauchy-Riemann  relationships  are  met  and  because  the 
boundary  conditions  of  the  problems  being  studied  are  also  satis¬ 
fied,  it  is  possible  to  make  use  of  original  and  congruent  complex 
functions  in  a  set  which  satisfies  the  required  boundary  condi¬ 
tions,  that  is, 

COS  A—  (CJ-  c osh\~yjo] 

F(o-  iff)  =  In  - 5 - - - i* - L 

cosA— (o-  iff-o,)-  1  ^ 


In  this  equation,  jo=Oj-o)a  .  If  we  carry  out  a  differentiation 
cf  the  equation  above,  then  we  obtain  the  complex  velocity 


dF 

d(o-iff) 


x  .  ,  n 

— sin  A— (o  - 10-  Oj) 
coah^io- iff-o,)-  eoah^~-Jo'j 


(10) 


n  .  ,  n 

— sinA— (  o  -i0  -  a,) 

,1 r 

cosA—  (o-iff-o,)-  1 


(10) 
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After  we  make  use  of  this  of  this  solution  to  substitute  into 
the  complex  variable  z  =  x  +  iy  as  it  pertains  to  the  limited 
edges  of  a  jet  nozzle,  the  graphic  solution  for  speed  can  be  trans 
ferred  to  the  physical  plane.  When  this  is  done,  then 

1  dF  dF 

d2=  7=*' d(co-iO)  * d(<0 ~  i0) - T  *  dim- if)  ‘  d(a  ~  «’*>  (ID 

In  this  equation  one  has  the  last  quantity  in  the  horizontal  line 
representing  the  complex  conjugate  value.  If  one  integrates  equa¬ 
tion  (11),  then  it  is  possible  to  obtain  the  points  (x,  y)  on  the 
speed  plane.  The  numerical  constants  in  the  equation  can  be 
adjusted  in  this  way.  Let  the  position  of  the  lip  of  the  exhaust 
of  the  jet  nozzle  on  the  speed  plane,  (w, ,  a),  correspond  to  the 

U 

point  (0.1)  on  the  physical  plane.  In  this  sort  of  analysis,  what 
is  particularly  useful  for  cur  purposes  is  the  distribution  of  the 
angles  of  flow  in  the  threat  region  of  the  nozzle  being  consi¬ 
dered.  lines  along  which  the  angles  of  flow  are  equal  are  called 
"iscgcral  lines".  In  order  co  obtain  the  equation  for  an  iscgor.ai 
line,  we  must  carry  out  a  numerical  value  integration  of  the  inter 

val  ;  f  flow  angles  from  0  to  a  as  against  w  fro.;  u  to  u  . 

a 

We  can  use  the  characteristic  line  method  in  order  tc  calcu¬ 
late  the  Mach  line  for  the  lip  of  the  jet  nozzle  being  considered. 
The  main  equations  which  are  employed  in  this  process  are 

;  i  g  ; 


In  these  equations,  u  is  the  .Mach  angle  for  the  place  being  consi¬ 
dered.  We  choose  the  static  pressure  p  and  the  flow  angle  0  to  be 
the  basic  variables.  In  the  lip  region  of  the  jet  nozzle  being 
considered,  the  expansion  takes  the  form  of  a  central  wave  and 
it  satisfies  a  Prandtl-Meyer  function.  When  the  flow  through  the 


d  v 

~dx~- 16<  9  ±  I*  > 

-  a-ao  b|p0  *  sin**  dy  _ 

Pgltg A  sin (0±M>  *  y  0 


dy 

ds=  o  wuer.  ——  =  tg  0  Bfr 
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lip  region  of  a  nozzle  rotates  through  a  certain  angle,  the 
expansion  process  can  be  divided  into  two  finite  numerical  separ 
ation  processes.  The  first  point  of  the  sonic  line  is  the  point 
of  intersection  between  the  Mach  line  of  the  lip  region  of  the 
jet  nozzle  being  studied  and  the  isogonal  line  for  the  angle  a 
(Figure  3)-  The  other  points  on  the  sonic  line  can  be  found 
using  a  similar  method. 


Figure  3.  The  actual  ser.ij  line 
Key:  1 — isogonal  lines;  2 —  sonic  line;  3 — jet  boundary 

2.  High  harmonic  non-viscous  flew  fields  and  character¬ 
istic  calculations 

(1)  Stages 

The  harmonic  flow  is  a  one-dimensional  equientrcpic 
flow,*  each  set  of  corresponding  points  along  the 
boundary  between  the  primary  and  the  harmonic  flows 
is  a  point  of  equal  static  pressure;  the  primary 
flow  is  non-viscous  and  is  controlled  by  the  charac¬ 
teristic  line. 

(2)  Conditions  already  known 

Initial  conditions  of  the  primary  flow — total  pressure 
total  temperature  and  amount  of  flow;  total  pressure 
and  total  temperature  of  harmonic  flow,  external  bound 
ary  atmospheric  pressure;  geometrical  dimensions  of 
ejector  nozzle. 


(3)  The  primary  formulae  utilized  [6]: 
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G  = 
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MR  8n 

dp  yMM  . , 

P  KM 4 

sini 
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i  c  ' 

Figure  Calculation  graph 
for  ejector  nozzle 

Key:  1 — already  known  point; 

2 — characteristic  line;  3 — 
streamline;  4 — calculation 
point;  5 — line  of  rotational 
axis 


(4)  Calculation  procedure.  First,  decide  on  a  certain 
amount  of  harmonic  flow.  On  the  basis  of  the  condition  that  the 
static  pressures  of  the  primary  ana  harmonic  flows  are  equal, 
determine  the  expansion  which  the  exhaust  of  the  main  Jet  nozzle 
handles.  The  determination  of  the  points  on  the  boundary  between 
the  two  airflows  is  done  by  the  use  of  the  successive  substitu¬ 
tion  method.  As  far  as  the  static  pressure  of  the  harmonic  flow 
is  concerned,  one  writes  the  continuity  equations  for  the  harmonic 
flow  between  two  different  cross-sections  of  it.  In  connection 
with  another  aspect  of  the  problem,  one  writes  the  equation  for 

the  characteristic  lines  which  appear  in  the  vicinity  of  these 

.1 

points.  These  calculations  are  carried  right  out  to  thejet  nozzle 
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exhaust.  If  one  is  dealing  with  a  case  in  which  the  speed  of 
the  harmonic  flow  is  subsonic,  then  the  determined  condition  is 
that  the  static  pressure  of  the  harmonic  flow  in  the  exhaust  of 
the  jet  nozzle  is  equal  to  the  surrounding  atmospheric  pressure. 
When  the  harmonic  flow  is  supersonic  in  the  plane  of  the  exhaust, 
then  the  harmonic  flow  has  a  throat  section  in  which  the  M  num¬ 
ber  for  that  cross-section  is  1.  At  such  a  time,  the  determined 
condition  is  that  the  amount  of  flow  which  was  chosen  and  the 
amount  of  flow  which  can  go  through  the  throat  area  of  the  nozzle 
are  the  same. 

3-  Correction  for  the  influence  of  viscosity  [4,3,7] 

In  its  consideration  of  the  influence  of  viscosity,  reference 
[4]  is  concerned  with  the  form  of  the  cross-sectional  area  of  the 
harmonic  flow  through  the  throat  region  and  the  correction  of  it. 
Reference  [3]  then  deals  with  the  correction  of  the  boundary  lines 
of  the  primary  and  harmonic  flows  and  considers  the  influences  of 
the  boundary  layers  on  the  outside  walls.  The  first  method  is 
simple;  however,  the  accuracy  of  it  is  somewhat  less  than  excell¬ 
ent.  The  latter  method  for  correction  is  relatively  complicated. 
The  method  which  this  article  puts  forward  is  the  external  shroud 
coordinate  correction  method.  The  procedure  for  this  method  is 
as  follows: 

(1)  first,  on  the  basis  of  the  dimensions  of  the  original 
external  shroud,  calculate  the  non-viscous  flow  field; 

(2)  calculate  the  displacement  thicknesses  of  the  mixture 
layers  of  the  primary  and  harmonic  flows; 

(3)  calculate  the  displacement  thickness  of  the  boundary 
layer  on  the  interior  walls  of  the  shroud; 

(4)  subtract  the  displacement  thicknesses  of  the  boundary 
layers  from  the  dimensions  of  the  passage  cross-sections  for  the 
harmonic  flow  as  these  were  obtained  from  the  calculations  of  the 
non-viscous  flow  field.  Then,  add  the  displacement  thickness  of 
the  mixture  layer,  that  is  to  say,  the  dimensions  of  the  passage 


cross-section  of  the  harmonic  flow  as  it  was  obtained  after  cor¬ 
rection  , 

(5)  on  the  basis  of  the  shroud  wall  coordinates  after  cor¬ 
rection,  reutilize  the  calculation  method  which  was  used  to  figure 
the  non-viscous  flow  field  in  order  to  figure  out  the  entire  flow 
field.  The  details  of  these  calculations  are  as  presented  below. 

(1)  the  calculation  of  the  displacement  thickness  6?,  of 
the  mixed  layer  harmonic  flow. 

If  we  recognize  the  fact  that  the  mixed  layer  is  an  iscbaric 
one,  then  the  speed  graph  for  the  interior  of  the  mixed  layer 
(Figure  5)  will  be  capable  of  being  obtained  from  the  various 
equations  presented  below  [4]: 
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l  +<p» 
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1+<P» 
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1  -<P> 
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erf  *7 
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In  these  equations,  <p„=— ,  u„— 

ua 

harmonic  flow  speed  ««— . 
main  flow  speed', u — velocity  compo¬ 
nent  in  the  x  direction 

crf»7  =■  e-al rj  =  ct  a  — 

Jo  x 

similarity  parameter  obtained 
from  a  semi-empirical  formula  ; 
y,x — the  coordinates  in  the 
coordinate  system  of  the  inter¬ 
ior  cf  the  mixed  region, the  air- 
sceed  at  t’r.~  point  where  y=C 


Figure  5.  The  speed  chart 
for  the  interior  of  the  mixed 
layer . 
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n  is  a  similar  coordinate,  that  is  to  say,  that  it  is  only 
necessary  for  the  value  of  y/x  to  be  the  same,  and  the  value  of 
u/u  will  also  be  the  same.  To  say  it  another  way,  the  speed 

cL 

graphs  for  the  various  cross-sections  of  the  mixed  region  are  all 
similar . 
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If  we  take  the  Prandtl  number  for  disturbed  flow  to  be  1, 
Ignore  -^-i  ,  and  assume  that  cp  is  a  constant,  then  it  is  poss¬ 

ible  to  obtain  the  temperature  graph  directly  from  the  speed 
graphs,  that  is  to  say, 


In  this  equation 

T* — the  total  temperature  inside  the  mixed  region 

T* — the  total  temoerature  of  the  main  flow 

3. 

T* — the  total  temperature  of  the  harmonic  flow. 

We  already  know  the  speeds  for  the  various  points  in  the 
interior  of  the  mixed  layer,  the  total  temperature  ^nd  the  sta¬ 
tic  pressure  (equal  to  the  static  pressures  of  the  main  and  har¬ 
monic  flows  on  the  boundaries  of  the  mixed  layer).  Knowing  this, 
we  can  then  solve  for  the  displacement  thickness  of  the  mixed 
layer . 

The  speed  graphs  and  temperature  graphs  of  the  mixed  layer, 
which  we  talked  about  above.,  are  all  given  in  terms  of  the  coordi¬ 
nates  x,y  of  the  internal  coordinate  system.  The  relationship 
between  these  coordinates  and  the  coordinates,  X,T,  which  are 
found  in  the  coordinate  systems  used  in  the  reference  for  this 
article,  is 

y  =  y  - 

The  jet  boundary  lines  of  the  mixed  layer  use  j  for  their 

representation  (see  Figure  5).  The  point  at  which  y=y .  is  appro- 

J 

priate  to  take  as  the  point  at  which  the  mixed  layer  is  divided 
into  two  parts.  From  *1 1  to  >?*,  ,  the  amount  of  flow  which  goes 

through  this  range  can  be  exactly  equated  with  the  amount  of 
flow  which  enters  the  mixed  layer  from  the  main  flow.  From  r>, 
to  the  amount  of  flow  which  goes  through  this  range  is  just 

equal  to  the  amount  of  flow  which  enters  the  mixed  layer  from  the 
harmonic  flow. 
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On  the  basis  of  the  n,  which  is  solved  by  the  use  of  the 
principle  of  the  conservation  of  momentum  and  mass  both  before 

and  after  mixing, 


/.(i?,)  *  C/iC^)  -  A<  Wl/<  1  -  **> 

/*('7)_  (Tt/TV  -  cl<Pl  +}r)Rt  A  -ci<P‘ 

Cl  -  cDVaVun  f  <.l-cl)V\dn 
L.W)-  -  c-<Pl  )*„>  A -civ1  u 


(22) 
r  5  “ 


In  these  equations,  c  is  the  Clark  number  and 

A/* 


c*  = 


y  i3  also  solved  for  by  the  use  of  the  principle  of  the  cons, 
vation  of  momentum  and  mass.  If  one  uses  oiinila^  coo.^..v..-j 
to  give  this,  then 


CACW-^AC^/w)! 


_  -22” -r,  l— 

n*~  x  -nM  t 

On  the  basis  of  the  concept  of  the  displacement  thicxne; 
boundary  layers,  the  displacement  thickness  5*  mixing 
given  for  the  mixing  layer  is 

T 


rhich 


5*  mixing  avt  (  Tj)~c*?Lr  (TJ 
-  o  —  =  —  -  Tw5jT/l(V  Vm' 
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In  this. 


°  =[~ot]  'a”  ^ 

2.758  « C«, 


a,  =  12  + 
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(1  — harmonic  2 — main) 
q  _  i+<p» 
o,  =  1-<p* 

„  _  C2(i-<pJ) 

" TSa- 0.>l  +  (i-cr> 


(29) 


(30) 
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(2)  The  calculation  of  the  displacement  thickness  6*boundary 
of  the  boundary,  layers  on  the  interior  walls  of  the  exterior 
shroud . 


Concerning  the  matter  of  using  the  displacement  thickness, 
6*boundary  to  calculate  the  influence  which  the  boundary  layers 
on  the  interior  walls  of  the  exterior  shroud  have  on  the  amount  of 
the  harmonic  flow,  the  properties  of  the  boundary  layers  are  cal¬ 
culated  on  a  base  of  equivalent  length  and  the  equivalent  length 
is  defined  to  be 

X  =  )-» f\Gy‘)Jx  (31) 

In  this  equation 

G  3  (t+'o72A/s) 

3  can  be  taken  to  be  1.20  or  1.25;  the  choice  of  its  value  depends 
on  the  Reynolds  number.  The  Reynolds  number  of  the  place  where  the 
equivalent  length  for  the  solution  of  the  equation  above  is  located, 
R»  ,  is  calculated  with  the  use  of. total  cressure  and. total  tem¬ 
perature,  that  is  to  say. 


R.  =  1  +  0 . 2\n  (32) 

In  this  equation, 

V*  =  9.8I  T9RJ~rJ- 

Concerning  the  matter  of  using  the  Reynolds  number  for  a  certain 
place,  R*  in  order  to  calculate  the  displacement  thickness,  ?* 
boundary,  and  the  momentum  thickness  9,  when  the  order  of  ?.  is 
10',  one  can  use  the  equations  below: 

c*  boundary®  0.046*  *•(  1  +0.8  Ml  )°’u.  i?70-10  (.3a) 

9  =0.036**  •(  1  +0.1  Mi  13  5) 


When  the  order  of  R  is  10  ,  then  one  can  use  the  equations  below: 

A 


6*  boundary  =0.028*  **<1.0  +  0. 8M2)0-44  •  R?’"1 

0  =0.022*  *•<!. 0  +  0.  IMl •  jV;jw’7 
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The  equations  above  are  accurate  for  K=1.4. 

Due  to  the  fact  that  we  recognize  the  static  pressure  in 
the  boundary  layers  to  be  constant,  the  pressure  which  we  calcu¬ 
late  off  the  surface,  6*,  can  be  taken  as  being  the  surface  press¬ 
ure.  This  pressure  performs  thefunction  of  an  iterative  base. 

Because  of  this,  the  calculations  can  be  carried  out  repeatedly 
on  a  standard  form  which  is  the  same  as  being  on  the  surface. 

4.  Thrust  performance  calculations  [5] 

The  thrust  of  the  engine  is  given  by  the  relationship  set  out 
below: 

R  =  y  V.  +  P'A. -  p„A,  -  GgV,  =  Ru--gV,  {  < ) 

R  in  eauation  (38)  is  the  total  thrust,  that  is 

R<:  —  Fr}~  pll  •  A,  \  ■; 

On  the  basis  of  the  principles  of  momentum,  the  equation 
above  can  ce  changed  to  become 

Ra  —  F,  +  Fi>  +  Rg/f  —  pH  At  -  1 


and 


Ft  +  •  Cr  •  Mie)Aa  •  p5'(when  M^c=  L)  ( 

Ft  ~  pc  •  Ast(  1 . 0  +  Kt  •  M*t)Cn  \ 

Rg„  a  j  L(p*  •  2 *y  •  tg (<£»*)  +  C,  •  *  •  y  •  K »•/>*•  M *  v/1  +  tg2(^/u/)d-* 


In  these  equations 

— coefficient  of  friction  of  the  wall  surface  of  the 
outside  shroud 

C^, — coefficient  of  the  amount  of  flow  in  the  main  jet 
nozzle 

Cv — the  coefficient  of  velocity  in  the  main  jet  nozzle 
y  — the  radius  of  the  wall  surface  of  the  exterior  shroud 
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When  one  is  not  considering  the  influence  of  viscosity, 
then  the  coefficient  of  the  amount  of  flow  of  the  main  jet  nozzle 
and  the  speed  coefficient  can  be  respectively  calculated  using 
the  equations  below,  that  is 


Ci  = 


!2xy(eoatj>dy-  gin <l>dx) 
flxydy 


f2xy(  cos&dy-  aia<i>dx)cos<j> 

Cr  "  i2ny(  cos <{>dy-  sin <t>dx) 

In  these  equations,  integration  is  carriec 


(44) 


(45) 


out 


over 


,  i  -i.  J _ _ 


When  one  is  considering  the  influence  of  viscosity,  then  the 
coefficient  for  the  amount  of  flow  of  the  main  jet  nozzle  as  well 
as  the  coefficient  of  velocity  can  be  figured  by  using  the  formu¬ 
lae  set  out  below: 

r  -/-in  nr  .p-"  ^  f2xy(cos<f>dy-  smjdx) 

Co- (1.0-KrR,  )  S2xydy  -c, 

^  ^  n— n .  in  \  !2xy(  cosM  y  -  sin  <j>dx )  •  r*os  ij> 

CV  -  (1.0-  Ki'Re  )  — j 25* d>dy-~sw WxT~ 


In  these  equations, 


IS _ 0.185  y  «  .  . 

Kl  ~  cosier*  =°*  144  , 


Also,  in  these  equations 

0  — the  semipyramid  angle  of  the  main  jet  nozzle 
c 

-1)  — the  included  angle  between  the  airflow  speed  on  the 
sonic  line  and  the  x  axis 

y  — the  vertical  coordinate  of  points  on  the  sonic  line 
x  — the  horizontal  coordinate  of  points  on  the  sonic  line 
R  — the  Reynolds  number 


COMPARISON  OF  THEORETICAL  CALCULATIONS  AND  EXPERIMENTAL  RESULTS 


Concerning  the  use  of  the  calculation  method  and  sequence  put 
forward  in  this  article,  we  have  used  them  to  calculate  the  flow 
field  of  the  jet  ejector  nozzle,  the  pressure  distribution  of  the 
wall  surfaces  and  the  pumping  performance  of  the  jet  nozzle.  More 
over,  we  also  carried  out  a  comparison  with  the  experimental 


results  obtained  by  testing  with  a  model  of  the  jet  nozzle.  The 
results  were  as  shown  below: 


1.  The  flow  field  of  the  jet  ejector  nozzle  and  the  pressure 
distribution  of  the  wall  surfaces. 

The  input  data  were: 

N¥=l8  the  number  of  functional  nodal  points  in  the  coordinate 
system  of  the  shroud 

the  number  of  points  picked  on  the  sonic  line 
the  number  of  expansion  waves  picked  to  make  the  charac¬ 
teristic  curve  net 

the  termination  number  of  the  cyclical  variable  J 


. .  e.  ~  d.  u 

Nl  =  29 


N4-100 

XW=0 


the  x  coordinate  of  the  shroud  in  the  exhaust 


Aw 


tion  of  the  main  jet  nozzle 

the  x  coordinate  on  the  streamlines  of  the  exhaust  crcss- 
section  of  the  main  jet  nozzle 
YC*0.045m  the  radius  of  the  main  jet  nozzle 

T’=C.!'8  kg/sec  the  initial  value  of  the  amount  of  flow  of  the 
harmonic  flow 


Gmain=li+ •  ^253  kg/sec  amount  of  flow  in  the  main  flow 
P*=30702  kg/m2  the  total  pressure  of  the  main  flow 


T*=288°K 


the  total  temperature  of  the  harmonic  flow 
¥^=1.4  the  specific  heat  of  the  harmonic  flow 

Rb»29.27  kg-m/kg°K  the  gas  constant  of  the  main  flow 
T*=288°K  the  total  temperature  of  the  main  flow 

?*=97992  kg/sec2  the  total  pressure  of  the  main  flew 

3. 


R„=2 9.27  kg-m/kg°/K  the  gas  constant  of  the  main  flow 


lar- 


the  distance  from  the  exhaust  of  the  main  jet 
nozzle  to  the  exhaust  of  the  shroud 
the  specific  heat  of  the  main  flow 
the  atmospheric  pressure  on  the  outside  boundary 
The  shroud  turbine  gallery  curve  uses  a  numerical  set  (list  func¬ 
tion)  type  of  input. 


V1-4 


p..=10333  kg/m 

n 
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XS  =  X/YC 

IV  S  =  Y/YC 

XS  =  X/YC 

WS  =  Y/YC 

0 

1.2780 

0.6889 

1 . 1289 

0.1111 

1.2458 

0.7556 

1 . 1333 

0.2222 

1.2133 

0.8222 

1 . 1424 

0.3333 

1.1809 

0.8889 

1.1542 

0.3778 

1 . 1680 

1.1111 

1.1933 

0.4444 

1.1511 

1.3333 

1.2324 

0.4889 

1.1411 

1.5556 

1.2710 

0 . 3556 

1.1344 

1.7780 

1  UI07 

0 . 6222 

1 . 1267 

2.0000 

1 .3500 

The  output  is  the  pressures,  p,  for  ail  the  various  nodal 
points  on  the  characteristic  curve  network,  the  coordinates  in 
x,y  as  well  as  the  angle  of  flow  <j> ;  it  also  includes  the  amount 
of  flow  of  the  harmonic  flow,  GS,  as  well  as  other  required  para¬ 
meters  . 

The  characteristic  curve  which  was  obtained  by  calculation 
for  the  jet  ejector  nozzle  is  as  shown  in  Figure  6. 

The  calculated  values  for  the  pressure  distribution  of  the 
wail  surfaces  of  the  shroud  as  well  as  the  experimental  results 
for  the  same  variable  are  as  shown  in  Figure  7 • 

2.  Pumping  characteristics  of  the  jet  ejector  nozzle 

What  Figure  8  shows  is  this.  Curve  1  is  a  display  of  the 
results  of  calculations  of  the  non-viscous  flow.  Curve  2  is  the 
result  after  the  corrections  had  been  made  for  viscosity.  Figure 
8  points  out  that  after  viscosity  has  been  corrected  for,  the 
theoretical  calculations  and  the  experimental  results  are  basic¬ 
ally  the  same. 
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rlgure  .  A  graph  of  the  characteristic  curves  or  ►he  jet  elector  Moncle 
ley:  l--the  wall  surface  Is  the  measurement  value;  2 —  harmonl:;  !--maln 
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Figure  7.  The  wail  surface  pressure  distribution  for  the  shroud 
Key:  1 — experimental  value;  2 — computed  curve 
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Figure  8.  Pumping  performance  of  the  jet  ejector  nozzle. 

Key:  1 — main;  2 — harmonic;  3 — experimental  value;  U — value  com¬ 
puted  on  the  assumption  of  non-viscosity;  5--value  computed 
on  the  assumption  of  viscous  flow 


Figure  8  also  shows  that  when  one  is  operating  with  a  high 
harmonic  flow  situation,  the  degree  of  error  between  the  results 
of  calculations  of  the  non-viscous  flow  and  the  experimental  data 

does  not  exceed  1G% . 

CONCLUSIONS 

1.  The  methods  of  calculation  which  have  been  introduced  and  the 
results  from  experimentation  agree  closely  enough. 

2.  The  method  which  this  article  introduces  for  the  correction 
to  reflect  the  effects  of  viscosity  is  relatively  simple  and 
has  the  necessary  accuracy. 
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TABLE  OF  SYMBOLS 


4/  flow  function 

o  density 

a  speed  of  sound 

u  axial  speed 

v  radial  speed  or  the  flow  at 
the  exhaust  of  the  engine 

p  pressure 

u  Mach  angle 

<p  flow  angle  (the  angle  be¬ 

tween  the  streamline  and 
the  horizontal  axis) 

9  the  angle  included  between 
the  characteristic  line  and 
the  vertical  axis  or  the 
boundary  layer  momentum 
thickness 

X  equivalent  length 

y  radial  distance  divided  by 
the  radius  of  the  jet  nozzle 

x  axial  distance  divided  by 
the  radius 

oj  transformation  speed 

o  semipyramid  angle  of  the 

exhaust  of  the  main  jet 
nozzle 

T  temperature 
C-  amount  of  flow 
M  Mach  number 
a  coefficient  of  flow  sceed 


K  specific  heat 

R  thrust  or  gas  constant  or 
radius 

A  area 

F  impulse  or  function  relation¬ 
ship 

n  Mach  line  coordinate 

z,  Mach  line  coordinate 

6  chosen  on  the  basis  of  the 

Reynolds  number  constant 

Y*  viscosity  coefficient  used 

to  express  the  blockage  coeff- 

_i_ C  Icuu 

o*bounuary  layer  iis- 

ei?K  4- 

O  U>J  O  w  _  «  y  o  O  2 

main  a — of  the  main  flow- 

harmonic  b — of  the  harmonic  flow 

C  exhaust  of  the  main  jet  nozzle 

e  cross-section  of  the  exhaust 
of  the  engine 

H  boundary  conditions 

G  total 

0  intake  of  the  engine 

SH  exterior  shroud 

superscripts-^  *--blockage  parameter 
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Summary 


An  Optimum  Design  Procedure  of 
Total-Temperature  Thermocouple  Probec 


Liu  Cihong  and  Zhao  Jueliang 


This  paper  presents  a  procedure  for  the  design  of  total-temperature  thermo* 
couple  probes  to  achieve  minimum  steady-state  error  under  given  operating 
conditions.  First-  the  gas  velocity  in  the  sheath,  i.  e.,  the  optimum  internal 
flow  velocity  is  determined  on  the  principle  that  the  sum  of  the  radiation 
error.' the  conduction  error  and  the  velocity  error  is  a  minimum  under  given 
operating  conditions.  After  determining  the  optimum  internal  flow  velocity. 
•  he  diameter  of  the  exhaust  hole  is  then  determined  and  the  layout  of  the 
probe  is  designed.  This  paper  gives  a  brief  presentation  including:  the  pro¬ 
gramming  of  the  optimum  design  of  total-temperature  thermocouple  probes, 
the  formula  for  manually  estimating  the  approximate  optimum  internal  flow 
velocity.  and  the  design  procedure.  In  the  computation  of  heat  conduction 
error,  the  heat-conduction  equation  of  two  thin  rods  or  the  average  conduc¬ 
tivity  is  used,  then  the  thermal  conductivities  of  the  two  wires  are  further 
taken  into  account.  Besides,  in  calculating  the  optimum  internal  flow  velocity, 
the  heat  traafer  as  the  gas  flows  from  the  inlet  of  the  sheath  to  the  thermo¬ 
couple  junction  is  taken  into  account  by  restricting  the  internal  flow  velocity 
to  be  no  less  than  the  minimum  internal  flow  velocity. 

The  design  of  the  turbojet  exhaust  gas  thcrmcouple  probe  and  its  verifi¬ 
cation  tests  reveal  that,  under  given  operating  conditions,  the  error  of  the 
thermocouple  probe  reaches  a  minimum  when  the  diameter  of  the  exhaust  hole 
is  1.4  mm.  The  thermocouple  probe  error  or  and  recovery  factor  r  measured 
in  the  hot  wind  tannel  and  the  calibration  wind  tunnel  differ  negligibly  from 
theoretically  computed  results  as  follows:  JQt  =  0.5TI  >  <d  oT/oT  =  0 . 06  % , 
Jr*  0.005.  Jr/r- 0.5%.  This  appears  to  prove  that  the  design  procedure 
presented  in  this  paper  is  quite  satisfactory. 

The  optimum  design  procedure  of  the  total-temperature  thermocouple 
p.ooe  not  only  points  out  the  highest  accuracy  that  may  be  achieved  under 
g.vci.  operating  conditions,  but  also  shows  how  to  make  the  minimum-error 
tuer i..  ^ouple  probe  a  reality.  It  does  not  require  the  designers  to  have  a 
ii e-t  deal  of  experience  and  also  allows  greater  machining  tolerance  for  the 
c \h..«  .1  hole. 
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An  Optimum  Design  Procedure  of 
Total-Temperature  Thermocouple  Probec 


Liu  Cihong  and  Zhao  Jueliang 


'  Tli is  paper  presents  a  procedure  for  the  design  of  total-temperature  thermo¬ 
couple  probes  to  achieve  minimum  steady-state  error  under  given  operating, 
conditions.  First-  the  gas  velocity  in  the  sheath.  i.  e.»  the  optimum  internal 
flow  velocity  is  determined  on  the  principle  that  the  sum  of  the  radiation 
error,  the  conduction  error  and  the  velocity  error  is  a  minimum  under  given 
operating  conditions.  After  determining  the  optimum  internal  flow  velocity, 
the  diameter  of  the  exhaust  hole  is  then  determined  and  the  layout  of  the 
probe  is  designed.  This  paper  gives  a  brief  presentation  including:  the  pro* 
gra  inning  of  the  optimum  design  of  total-temperature  thermocouple  probes, 
the  fuimula  for  manually  estimating  the  approximate  optimum  internal  flow 
velocity,  and  the*  design  procedure.  In  the  computation  of  heat  conduction 
error,  the  heat  conduction  equation  of  two  thin  rods  or  the  average  conduc¬ 
tivity  is  used,  then  the  thermal  conductivities  of  the  two  wires  are  further 
taken  into  account.  Besides,  in  calculating  the  optimum  internal  flow  velocity, 
the  b.at  tranfer  as  the  gas  flows  from  the  inlet  of  the  sheath  to  the  thermo¬ 
couple  junction  is  taken  into  account  by  restricting  the  internal  flow  velocity 
to  be  no  less  than  the  minimum  internal  flow  velocity. 

The  design  of  the  turbojet  exhaust  gas  thermcouple  probe  and  its  verifi¬ 
cation  tests  reveal  that,  under  given  operating  conditions,  the  error  of  the 
thermocou pie  probe  reaches  a  minimum  when  the  diameter  of  the  exhaust  hole 
is  1.4  mm.  The  thermocouple  probe  error  or  and  recovery  factor  r  measured 
in  the  hot  wind  tannel  and  the  calibration  wind  tunnel  differ  negligibly  from 
theoretically  computed  results  as  follows:  ^Ors0.5Xi,  doT/oT^  0.06%, 
Jr*>). 005,  s]r/r  =  0.5%.  This  appears  to  prove  that  the  design  procedure 
presented  in  this  paper  is  quite  satisfactory. 

1  lie  optimum  design  procedure  of  the  total-temperature  thermocouple 
i-iu.-e  nut  only  points  out  the  highest  accurucy  that  may  be  achieved  under 
operating  conditions,  but  also  shows  how  to  make  the  minimum-error 
t n<  1 1  .ouplc  pn.be  a  reality.  It  does  not  require  the  designers  to  have  a 
«;  deal  of  experience  and  also  allows  greater  machining  tolerance  for  the 
v.vi.  .  iiole. 
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AN  OPTIMUM  DESIGN  PROCEDURE  OF  TOTAL  TEMPERATURE 
THERMOCOUPLE  PROBES 

by 

Liu  Chihong  and  Zhao  Jue  liang 
I.  INTRODUCTION 

Along  with  the  advancement  in  jet  engine  and  missile 
technology,  the  measurement  of  gas  flow  temperature  becomes 
more  and'  more  important .  One  of  the  means  to  determine  the 
temperature  of  gas  flows  is  to  use  total  temperature  thermo¬ 
couple  probes  to  directly  obtain  the  total  temperature  with 
the  accuracy  required.  However,  empirically  designed  total 
temperature  thermocouple  probes  usually  do  not  guarantee  the 
precision  demanded.  Haig  proposed  a  design  procedure  which 
enables  us  to  obtain  the  accuracy  required,  but  it  still  relie 
on  an  empirical  method  to  distribute  the  thermocouples.  It  is 
very  difficult  to  be  absolutely  sure  that  the  thermocouple  is 
at  its  best.  This  paper  Introduces  an  optimum  design  pro¬ 
cedure  of  total  temperature  thermocouple  probes  based  on  the 
determination  of  the  optimum  internal  flow  velocity  in  order 
to  overcome  the  shortcomings  of  Haig’s  method.  The  thermo¬ 
couple  remains  in  the  best  condition  with  minimum  equilibrium 
error . 


Under  equilibrium  measurement  conditions,  due  to  the  loss 
of  the  kinetic  energy  of  the  gas  flow  and  the  heat  transfer 
between  the  thermocouple  and  Its  environment,  the  total  temper 
ature  value  indicated  by  the  thermocouple  probe  is  deviating 
from  the  total  temperature  of  the  gas  flow  showing  velocity 
error,  radiation  error  and  conduction  error.  The  design  of 
total  temperature  probes  Is  to  control  these  errors  within  a 
tolerable  range  using  some  kind  of  a  shield  for  a  specific 
application.  Other  sources  of  error  such  as  wire  materials, 


112 


circuits  and  instruments  are  not  directly  relevant  to  the 
design  of  total  temperature  thermocouple  probes,  therefore, 
they  will  not  be  considered  here. 


1. 


Velocity  Error 

Velocity  error  of  a  thermocouple  is: 


—  ^-r>A-2oZ'-a-r> 


1  + 


K-  1 
2 

K-  1 

2 


M* 

M2 


( 1} 


where  r  is  the  complex  thermal  coefficient  at  the  measurement 
point,  M  is  the  Mach  number  at  the  measurement  point;  if  r 
represents  the  complex  thermal  coefficient  of  the  whole  thermal 
couple  in  the  sheath  then  M  is  the  Mach  number  of  the  incoming: 
flow . 


To  minimize  velocity  error,  the  major  means  is  to  install 
a  flow  retarding  device  to  decrease  the  velocity  at  the  measur¬ 
ing  point  which  enables  the  thermocouple  wires  to  remain  para¬ 
llel  with  the  gas  flow. 

In  order  to  avoid  the  effect  of  contraction  of  the  stream¬ 
line  near  the  inlet  of  the  sheath  and  to  obtain  better  shield¬ 
ing  effects,  measurements  are  usually  taken  at  a  point  at  a 
distance  at  least  2  --4  times  the  internal  radius  of  the  sheath 
away  from  the  inlet.  During  the  flow  of  gas  from  the  inlet  to 
the  thermocouple  junction,  heat  transfer  occurs  because  the 
insulated  internal  wall  of  the  sheath  is  not  isothermal.  Con¬ 
sequently,  the  temperature  of  the  gas  flow  at  the  junction  point 
is  lowered.  The  value  indicated  by  the  thermocouple  will  be  low. 

In  practice, it  is  attributed  to  the  decrease  in  complex 
thermal  coefficient.  The  lower  the  internal  velocity,  the  lon¬ 
ger  the  holding  time  of  the  gas  flow  in  the  sheath,  the  larger 
the  decrease  In  corresponding  complex  thermal  coefficient 
becomes.  Therefore,  with  respect  to  velocity  error  it  is  not 
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necessarily  more  advantageous  to  have  a  very  small  internal 
velocity.  There  is  a  lower  limit  in  this  case.  Usually  layer 
flow  exists  in  the  sheath  and  the  minimum  internal  flow  velo¬ 
city  can  be  calculated  using  the  equation  below: 

u„1.=O.S45a»»-^r0-M^0-,{^^«-7J~5"]0‘374  ( 2 

In  this  equation,  the  correction  factor  for  short  tubes  can 
be  obtained  from  Table  1. 

Table  1 

n^/d-^y  12  5  10 

z,  1.90  1-70  1.14  1.23 


2 .  Conduction  Error 

Conduction  error  based  on  the  principles  of  heat 
conduction  is: 
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When  the  thermocouple  wire  is  parallel  to  the  gas  flow,  nH  * 
0.674  and  B  =  0.0845.  When  it  is  perpendicular  to  the  gas  flow, 
nH  =  0.5  and  B  =  0.44.  The  thermal  conductivity  Af  and  vis¬ 
cosity  y_  in  Equation  (6)  are  determined  at  a  characteristic 
1  * 
temperature  T  . 


Equation  (3)  only  applies  to  a  single  phase  uniform  cross- 
section.  A  thermocouple,  however,  is  formed  by  two  different 
materials.  In  this  case,  it  can  be  treated  as  two  "thermal 
resistances"  in  series.  If  the  average  thermal  conductivity 
is  adopted: 

,  _  +  Awi 


Equation  (3)  can  still  be  used  to  estimate  conduction 
error.  If  a  more  rigorous  calculation  is  carried  out  for  parallel 
soldered  thermocouples,  the  following  dual  axial  heat  conduc¬ 
tion  equation  can  be  used: 

T0-Ta 

a<  ""  rh  ,n  L  +  (  ^’•n.C(shmJL-_shm1L)  e'-^)  +  4«,-shm,Z  )~~  ~7 

ch""L  +  \  ~ +  W'shmTi:  '  -  -2-  jshm.i 


,r  ~  J  4a, 

n,vH77d„ 
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For  the  same  thermocouple  wire  material,  increasing  flow 
velocity  and  lengthening  the  immersion  depth  are  the  means  tc 
reduce  conduction  error. 

3 .  Radiation  Error 

The  radiation  error  of  the  thermocouple  is: 


-  f  [(4  r 

■•vMr  k  s,  nan 
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The  oije.  is  still  calculated  using  Equation  (6)  with 
characteristic  length  dj . 

In  order  to  minimize  radiation  error,  it  is  important  to 
install  a  sheath  and  to  increase  the  velocity  at  the  measuring 
point . 

It  is  necessary  to  point  out  that  the  sheath  cannot  alter 
the  characteristics  of  the  junction.  It  only  provides  a  par¬ 
tially  suitable  environment  at  the  measuring  point.  It  is 
imperative  to  open  an  exhaust  hole  for  such  partial  environment. 
Without  this  exhaust  hole,  gas  inside  the  sheath  can  no  longer 
flow.  The  gas  mass  around  the  junction  will  not  circulate. 

The  temperature  at  the  measuring  point  will  be  approaching  that 
of  the  sheath  due  to  heat  conduction.  In  this  case  the  sheath 
not  only  does  not  minimize  error  but  also  worsens  the  situation. 

The  internal  gas  velocity  cannot  be  zero.  Kow  much  should 
it  be?  A  smaller  internal  velocity  should  be  used  to  reduce 
velocity  error,  however,  a  larger  internal  velocity  will  mini¬ 
mize  radiation  and  conduction  errors.  Under  such  contradictory 
conditions,  the  selection  of  the  optimum  internal  flow  velocity 
becomes  the  major  task  in  obtaining  minimum  thermocouple  error. 
The  opening  of  a  proper  exhaust  hole  to  provide  the  optimum 
internal  gas  flow  velocity  is  practically  the  core  of  the  design 
which  is  also  the  essence  of  this  paper. 

II.  THE  OPTIMUM  INTERNAL  FLOW  VELOCITY  AND  THE  D Ik METER 
OF  THE  EXHAUST  HOLE 

The  optimum  internal  flow  velocity  is  the  velocity  at 
which  minimum  thermocouple  error  is  achieved.  Thermocouple 
error  is 


Or  -  r  +  Oc  +  o* 


(13) 


- 
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The  velocity  error,  conduction  error  and  rediation  error  are 
as  expressed  by  Equations  (1),  (3),  (6),  and  (11).  They  are 
functions  of  the  internal  flow  velocity  u.  The  partial  differ¬ 
entiation  of  aT  with  respect  to  u  is  j  T  and  let  it  be  zero-. 

3  u 

daT  _  Sow  .  da<-  don  _ 
du  du  du  du 

The  corresponding  internal  flow  velocity  is  the  optimum  one. 
Since  conduction  error  is  a  hyperbolic  function,  it  is  diffi¬ 
cult  to  obtain  a  solution  using  the  above  equation.  Therefore, 
the  manual  calculation" of  the  optimum  internal  flow  velocity 
is  approximated  by  determining  the  minimum  of  p  where 


o,  -  On-  +  a,. 
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-et  -  o  ,  it  is  possible  to  obtain  the  optimum  interna) 


’low  velocity 
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In  these  equations,  and  are  determined  at  a  charact¬ 
eristic  temperature  T*  while  is  obtained  at  Ty .  During  the 
first  round  of  estimation  before  the  internal  velocity  is 
known,  it  is  reasonable  to  approximate 


117 


r 


TU=T 

Fa  =  T’ao  (  19  ) 


The  optimum  internal  velocity  must  also  include  conduction 
error  into  consideration.  Therefore,  the  calculated  internal 
flow  velocity  based  on  Equation  (15)  is  most  probably  net  one 
real  optimum  value.  If  conduction  error  is  large  oher.  the  cal¬ 
culated  internal  flow  velocity  (using  Equation  f  15  /  ■  will 
deviate  significantly  from  the  optimum,  situation.  It  is  possible 
to  correct  the  problem  by  increasing  the  immersion  depth  of 
naked  wire  as  well  as  by  properly  enlarging  the  diameter  of  the 
exhaust  hole  to  adjust  the  internal  flow  velocity. 


When  gas  flows  into  the  sheath,  especially  at  the  exhaust 
hole,  significant  loss  occurs.  Therefore,  in  order  he  main¬ 
tain  an  optimum,  internal  flow  velocity  u,  at  the  junction,  the 
ratio  of  the  cross_secti on  areas  of  the  exhaust  hole  and  the 
measuring  function  should  be: 
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In  the  above  equations,  the  sheath  flux  coefficient 
depends  on  the  structure,  dimension,  medium,  and  the  flow 
condition  used  in  the  measurement.  Since  f'V  is  senerally  less 
than  0.3  and  (1-r)  and  are  also  less  than  1,  it  is  then 
sufficient  to  provide  the  necessary  accuracy  for  total  tempera¬ 
ture  thermocouple  probes  by  approximating  =  1.  In  the 
design  procedure  of  total  temperature  thermocouple  probes,  the 
flow  loss  is  frequently  neglected  to  simplify  the  calculation. 
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We  obtain: 
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Severe  blockage  problem  will  occur  when  the  size  of  the  ' 
sheath  is  too  large.  On  the  other  hand,  a  small  sheath  is  not 
only  too  weak  in  strength  but  also  less  effective  due  to  the 
heat  transfer  between  the  sheath  and  the  junction  point.  Some¬ 
times  such  an  error  is  larger  than  that  of  an  exposed  thermo¬ 
couple.  In  the  design  of  the  sheath,  the  size  of  the  sheath 
should  be  kept  to  the  smallest  degree  possible  without  endan¬ 
gering  the  accuracy  of  the  thermocouple.  Usually  the  distance 
between  the  sheath  and  the  junction  should  be  at  least  1.5  mm. 
When  the  inner  diameter  (which  is  the  cross-section  area  of 
the  junction)  is  selected,  the  diameter  of  the  exhaust  hole  to 
realize  the  optimum  internal  flow  velocity  is 
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III.  COMPUTER  PROGRAMMING 

The  manual  calculation  of  the  optimum  internal  flow  velo¬ 
city  using  Equation  (15)  in  the  design  of  a  total  temperature 
thermocouple  probe  sheath  not  only  is  lengthy  but  also  brings 
in  error  due  to  the  various  assumptions  made  in  the  simplifica- 
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tion  steps.  With  the  development  of  electronic  computers, 
these  shortcomings  are  avoided.  The  following  section  intro¬ 
duces  a  computer  program  written  in  ALGOL  60  (DJS  lA )  language 
to  design  the  best  total  temperature  thermocouple  probes  (see 
appendix  2 )  . 

The  program  first  reduces  the  internal  flow  velocity  from 
the  incoming  flow  velocity  oi  in  1  m/sec  steps  to  the  minimum 
internal  flow  velocity  um_,  .  It  calculates  the  corresponding 
velocity  error,  conduction  error,  radiation  error  and  thermo¬ 
couple  error  for  each  internal  flow  velocity  and  compares  these 
errors  with  those  stored  in  the  ERT  unit.  The  variables  UG,  MG , 
EWG ,  EGG,  ERG  and  ETC-  always  store  the  corresponding  values  of 
the  internal  flow  velocity,  Mach  number  in  the  sheath,  velocity 
error,  conduction  error,  radiation  error,  and  thermocouple 
error  for  the  smallest  thermocouple  error  encountered,  respec¬ 
tively.  The  optimum  internal  flow  velocity  and  its  ccrrespcr.o- 
ing  error  can  then  be  obtained. 

Based  on  the  optimum  internal  velocity.  Its  corresponding 
exhaust  hole  diameter  can  be  chosen.  Usually,  the  nominal  dia¬ 
meter  of  the  exhaust  hole  Is  determined  by  the  specification  of 
drill  bits.  Frequently  the  diameter  of  the  drill  bit  is 

slightly  larger  than  the  optimum  value.  This  practice  in  a  way 
compensated  the  error  brought  about  due  to  the  motion  of  the 
sheath.  In  the  situation  that  a  fixed  exhaust  hole  diameter 
has  been  assigned,  this  assigned  value  is  used  in  all  the  cal- 
^uls.^i.ons . 

Finally,  internal  flow  velocity  and  its  corresponding 
error  and  complex  thermal  coefficient  can  be  determined  based 
on  the  diameter  of  the  exhaust  hole. 


The  immersion  depth  of  the  naked  thermocouple  wire  can  be 


chosen  by  evaluating  the  results  obtained  from  five  different 
values . 

The  use  of  computers  to  determine  the  optimum  internal 
flow  velocity  allocated  the  difficulties  encountered  during 
manual  calculation.  It  also  takes  conduction  error,  radiation 
error  and  velocity  error  simultaneously  into  consideration  in 
determining  the  optimum  internal  flow  velocity.  Due  to  the 
fact  that  calculations  are  made  using  pre-chosen  internal  velo 
city  values,  the  approximations  frequently  adopted  in  the  man¬ 
ual  processing  procedure  can  be  completely  avoided. 

IV.  DESIGN  AND  CALIBRATION 

In  order  to  evaluate  the  optimum  design  procedure  of  tcta 
temperature  thermocouple  probes,  we  have  carried  out  an  actual 
design  and  calibration  practice  of  a  total  temperature  thermo¬ 
couple  probe  to  measure  the  temperature  of  the  exhaust  gas  of 
a  turbojet  engine  at  temperature  T^*. 

It  has  been  known  that:  the  static  teirroerature  of  the 

w 

combustion  gas  T ^  =  865K,  velocity.*  288  m/sec  (M  =  0.5), 

P 

total  pressure  P^*  =  2  kg/cm  and  the  wall  temperature  of  the 
diffusion  chamber  T  =  700  K.  The  thermocouple  is  made  using 
0.5  mm  diameter  Mi-Cr  and  Ni-Al  wires  connected  in  parallel 
with  junction  diameter  d1  =  1  mm  and  absorption  coefficient 
e  =  0.8.  Immersion  depth  of  exposed  wire  is  selected  to  be 
5  mm.  The  sheath  material  used  is  l?rlrNi}Ti  ’with  3  mm  inner 
diameter  and  4  mm  outer  diameter.  The  thermocouple  wire  and 
sheath  are  parallel  to  the  gas  flow  and  their  complex  thermal 
coefficients  are  r  =  0.86,  B  *  0.0845,  and  n^  =  0.674. 

The  design  procedures  obtained  using  a  DJS14  computer 
according  to  the  program  listed  in  Appendix  II  under  condition 
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specified  above  are  shown  in  Tables  2  and  3. 

If  manual  calculation  has  to  be  relied  upon  to  obtain  the 

optimum  internal  flow  velocity  using  Equation  (15),  a  second 

series  of  calculations  is  recommended.  This  is  because  that 

the  initial  calculation  uses  the  approximations  that  T.  =  T,* 

*  J  4 

T  =  T,, ,  P  »  P ,  and  Tn  =  T-a.rno.  From  the  static  temDerature 

T  »  Tjj  it  was  found  that  =  0.27^3  K  cal/kg °C.  Based  on 

T *  =  900.3  K,  it  was  then  found  that  u „  =  3-9^78  x  10  ^  kg“eV 
a  0  I 

m2  and  =  5 .  -4 3 9^4  x  10”  K  cal/m-hour°C .  Plugging  all  these 

values  into  Equation  (15),  the  first  order  estimation  of  the 

value  of  the  optimum  internal  flow  velocity  uG1  -  128.57  m/sec. 

From  U-,..  it  is  possible  to  determine  the  velocity  error  of  the 

Lrl 

sheath  and  the  junction  as  well  as  the  static  pressure  P  .  inside 
the  sheath.  Equations  (16),  (17)  and  ( 16 )  can  then  be  used  tc 
obtain  Tg.  Using  the  approximation  that  T<  =  T*-c.^  and  plugg¬ 
ing  back  into  Equation  (15),  a  second  estimation  shows  that 
the  optimum  internal  velocity  UG2  =  95-6  m/sec.  If  two  exhaust 
holes  are  used,  it  is  possible  to  derive  from  Equation  (24)  or 
(25)  that  the  optimum  diameter  of  the  exhaust  d^G  =  1 . 2  mm . 

The  nominal  value  of  the  diameter  of  the  exhaust  hole 
depends  on  the  available  standard  drill  bit  diameter.  when 
different  diameters  are  selected,  the  corresponding  errors  are 
shewn  in  Table  2. 
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Table  2 


d  mm 

P 

1.2 

1.  3 

1.4 

1.5 

1.6 

1.7 

Oaloulat ion 

Me  t  hod 

Computer 

Computer 

Computer  «' 

lomputer 

Computer 

'’omputer 

Cnmnutpr 

V-’ 

0.525 

0 . 7  ?  Q 

0 . 095 

0 .  OH 

1.733 

1.7^1 

?.  304 

or°C 

1.099 

0.925 

0.780 

-=T 

O C 

O 

0.658 

0.554 

0 . 466 

a  -  ' 

1.548 

1.399 

1.267 

1.25 

1.148 

1.040 

0.940 

oT°C 

3. 172 

2.054 

3.042 

3.07 

2.139 

3-355 

3.710 

vc 

2.07  3 

2.129 

2.262 

2.23 

2.481 

2.801 

3.244 
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When  cLj  =  1.2  mm,  has  a  minimum  value.  However,  as  the 
conduction  error  is  being  considered,  d^  should  be  1.4  mm  to 
achieve  the  minimum  error  ac 0>-p ie  for  the  thermocouple.  Table 
3  shows  the  various  errors  for  different  immersion  depths  with 
a  1.4  mm  diameter  exhaust  hole.  With  each  1  mm  additional 
immersion  depth,  the  conduction  error  decreases  by  50%.  It  is 
extremely  effective  to  reduce  conduction  error  by  increasing 
the  immersion  depth. 


Table  3 


L  mm 

n 

5 

6 

7 

3 

Q 

o 

O 

0.995 

0.995 

0.995 

0.995 

0.995 

Op  °C 

1.460 

0.780 

0.41? 

0.224 

0.121 

1.179 

1.267 

1.314 

1.139 

1 .  *c2 

O 

O 

3.634 

3.042 

2 . 7?? 

2.558 

2.463 

The  variations  of  o_  and  a,  as  a  function  of  d^  are  shewn 

It  Li 

in  Figure  1.  It  can  be  observed  that  near  the  minimum  error 
region  the  variation  of  the  thermocouple  error  with  the  diameter 
of  the  exhaust  is  very  small.  Therefore,  larger 

ddp 

tolerance  in  the  actual  fabrication  of  the  designed  sheath 
exhaust  hole  can  be  allowed. 

In  order  to  provide  sufficient  contact  between  the  gas 
flow  and  the  thermocouple  wire  to  minimize  conduction  error, 
the  exhaust  hole  should  be  located  right  at  the  root  of  the 
naked  wire  and  it  should  be  placed  on  the  same  side  as  the  two 
thermo-electrodes  (see  Figure  2). 
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In  order  to  improve  the  relevant  characteristics  of  the 
total  temperature  thermocouple  probe,  certain  precautionary 
measures  must  be  taken  in  the  design  of  the  structure  of  the 
sheath.  The  inlet  of  the  sheath  and  the  measuring  junction 
point  must  be  sufficiently  far  apart  to  avoid  the  effects  due 
to  the  contraction  of  streamlines  and  the  environment  in  front 
of  the  sheath  inlet. 


Figure  1. 
Key: 

2 .  mm 


Figure  2. 

Key  : 

2 .  2  holes  6  1 .  - 


The  structural  design  of  T^*  total  temperature  thermocouple 
probe  is  shown  In  Figure  2.  In  the  design  procedure,  the  velo¬ 
city  error  Is  0.995°C  with  a  corresponding  complex  thermal 
coefficient  at  0.972. 

The  T^*  total  temperature  thermocouple  probe  has  been  cali¬ 
brated  for  its  complex  thermal  coefficient  in  a  wind  tunnel. 

When  M  =  0.503^,  the  potential  difference  measured  using  a  VJ5 
potentiometer  is: 

E  (t»,  0)  =  1.8850  mV  ( H6.6H°C ) 

AE  ,  , .  ,,  =  —0.0070  mV 

mutually  calibrated 
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AE 


measured 


0.0072  mV 


-(tg,  0)  -  E(t  ,0)  -  ^AEmeasure(j  “AEmutually  calibrated" 
=  1.8851)  -  [0.0072  -  0.007] 

=  1.8712  mV  ( 46 . 28°C  ) 


Plugging  this  value  into  Equation  (1),  we  get  r  =  0.977. 

The  difference  between  the  theoretical  and  measured  values  is 
Ar  =  0.005,  Ar/r  =  0.5 %• 

The  T^*  total  temperature  thermocouple  probe  has  also  been 
calibrated  with  a  triple  barrier  evacuated  thermocouple  in  a 
hot  wind  tunnel.  Under  the  condition  that  P*  =  1.000A  kg/cm“ , 
static  pressure  p=  0.9639  kg/cm^  and  wall  temperature  T,_;=c2; 
the  temperature  values  obtained  with  the  evacuated  thermocouple 
and  the  T^*  total  temperature  thermocouple  using  a  potentiometer 
(Cambridge  Model  DE)  are  877  K  and  867.2  K,  respectively. 
Therefore,  the  error  of  the  T^*  total  temperature  thermocouple 
oT  =  9.8°C.  Under  the  same  conditions,  the  calculated  error  of 
the  thermocouple  aT  =  9.3°C  which  is  only  0.5°C  off  the  cali¬ 
brated  results.  It  is  only  0.06%  of  the  total  temperature. 

The  above  presentation  indicates  that  the  measured  and 
calculated  values  of  the  complex  thermal  coefficient  and  thermo¬ 
couple  error  are  basically  identical.  This  further  proves  the 
reliability  of  this  design  procedure  to  a  certain  degree. 

When  the  axis  of  the  sheath  is  perpendicular  to  the  direc¬ 
tion  of  gas  flow,  this  situation  is  far  more  complicated.  There 
is  no  practical  meaningful  calculation  method  available  to  date. 
This  paper  is  only  limited  to  thermocouples  located  in  a  sheath 
with  its  axis  parallel  to  the  gas  flow  (see  Figure  2).  Besides, 


126 


the  present  method  is  more  suitable  for  low  or  medium  flow  velo¬ 
city  because  under  high  turbulent  flow  conditions  this  method 
is  too  conservative  in  determining  the  heat  transfer  error. 

V.  -CONCLUSIONS 

1.  The  optimum  design  of  total  temperature  thermocouple  probes 
is  obtained  through  the  determination  of  the  optimum  internal 
flow  velocity  under  which  minimum  thermocouple  error  is  achieved. 
The  diameter  of  the  exhaust  hole  is  then  selected  and  the  design 
of  the  sheath  structure  proceeds.  In  the  calculation  of  conduc¬ 
tion  error,  the  heat  conduction  characteristics  of  both  thermo¬ 
couple  wires  are  taken  into  account  by  using  either  a  double  axial 
conduction  equation  or  an  average  thermal  conductivity  coefficient 
In  addition,  the  heat  transfer  taking  place  between  the  inlet  and 
the  junction  point  is  limited  using  the  minimum  internal  flow 
velocity  during  the  calculation  of  the  optimum  internal  velocity. 

2.  The  theoretical  and  measured  values  of  the  T^*  total  4-em- 
perature  thermocouple  probe  in  thermocouple  error  and  complex 
thermal  coefficient  are: 

,7r  -  0.5  C  >  =  0.069&,  A^O-OOS,  ^--Q.5*. 

lTr  r 

These  results  clearly  demonstrate  the  reliability  of  this  design 
program. 

3.  This  method  not  only  points  out  the  maximum  achievable 
accuracy  under  a  set  of  conditions,  but  also  can  be  reduced  to 
actual  practice.  Thermocouple  error  is  minimized.  It  does  not 
require  prior  experience  in  designing  thermocouple  probes  and  it 
allows  larger  tolerance  in  the  fabrication  of  the  exhaust  hole. 


APPENDIX  I 


Symbols 


Equation  Symbol 

Program  Symbol 

Meaning 

T* 

TT 

total  temperature 

rn 

m 

static  temperature 

T 

1 1 

TUTUA 

static  temperature  inside 

sheath 

Tg 

TG  TGA 

effective  temperature 

T3 

TWB , TBA , TB 

sheath  wall  temperature 

tbo 

TBcJi 

outer  sheath  wall  temper¬ 

ature 

Hi 

CD 

t-H 

TBI 

inner  sheath  wall  tempera 
ture 

m 

xw 

TW 

■wall  temperature 

Tj 

TJP,  TJA ,  TBB 

junction  temperature 

p* 

PT 

total  pressure 

? 

P 

static  press-ure 

?u 

W 

PU 

static  pressure  in  sheath 

w 

gas  flow  velocity 

M 

M 

gas  flow  Mach  number 

a 

A 

velocity  of  sound 

u 

TJ,  UA 

internal  flow  velocity 

UG 

UG 

optimum  internal  flow 

velocity 

u 

min 

UMI 

minimum  internal  flow 
velocity 

a 

u 

A,  AUA 

speed  of  sound  in  sheath 

MJ 

VT  —  ”1  fi  T  *» 

i'.o  y  i'io  ri 

Mach  number  at  junction 

mg 

MG 

optimum  Mach  number  in 
sheath 

K 

K,  KBB ,  KB 

insulation  factor 

g 

G 

gravity 

R 

RG 

gas  constant 

Uf 

MUE,  MU,  MBB 

viscosity 

*f 

LMF,  LMB ,  LBB 

gas  thermal  conductivity 
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Equation  Symbol  Program  Symbol  Meaning 


nB 

NB 

% 

ERW,  EW 

ac 

ERC ,  ARC, 

ECP 

ctr 

ERR,  ARR, 

ERP 

°T 

ERT 

°WBO 

WBb 

r 

R 

rj 

RJ 

rB 

RB 

GAS 

H 

Yf 

X1 

LM  1 

X 

2 

LM2 

“L 

HL,  HLA 

o 

HJ,  HJA 

aB0 

HBb 

G1 

EPL,  ELB 

£j 

EPJ 

eB 

EPB 

B 

B 

nH 

NH 

dW 

DW 

d 

DJ 

J 


number  of  exhaust  hole 

velocity  error 

conduction  error 

radiation  error 

thermocouple  error 

velocity  error  at  outer 
sheath  wall 

complex  thermal  coeffic¬ 
ient 

complex  thermal  coeffi¬ 
cient  at  junction 

complex  thermal  coeffi¬ 
cient  at  barrier 

type  of  gas  flow 

exothermic  coefficient 

kinetic  viscosity 

thermal  conductivity  of 
*1 

thermal  conductivity  of 
# 3 

exothermic  coefficient 
along  the  thermocouple 
wire 

exothermic  coefficient  at 
measuring  point 

exothermic  coefficient  of 
barrier  outer  wail 

correction  factor  for 
short  tubes 

absorption  coefficient 
of  the  measuring  point 

absorption  coefficient  of 
the  sheath 

equation  coefficient 

equation  exponent 

diameter  of  the  thermo¬ 
couple  wire 

diameter  of  the  junction 


i 
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Equation  Symbol 


Program  Symbol 


Meaning 


Lw 

LW,  M 

immersion  depth  of  the 
thermocouple  wire 

LJ 

thermocouple  wire  length 
at  the  cross-section  of 
the  junction 

LS 

LB 

inlet  to  junction 
distance 

dB0 

DB4> 

outer  diameter  cf  the 
sheath 

dBI 

DBI- 

inner  diameter  of  the 
sheath 

RLD,  RLB 

LB/DBI 

dD 

DD,  DDI 

diameter  of  the  exhaust 
hole 

dDG 

DG 

optimum  diameter  of 
exhaust  hole 

dM 

DM 

drill  bit  diamerer 

fW 

FW 

cross-section  are  of 

thermocouple  wire 

fD 

FD 

area  of  exhaust  hole 

BJ 

FBJ 

area  of  sheath  cross- 
section  at  junction 

q(x> 

gas  dynamic  function 

awa 

EWG 

optimum  velocity  error 

aCG 

ECG 

optimum  conduction  error 

aRG 

ERG 

optimum  radiation  error 

aTG 

ETG 

optimum  thermocouple  error 

aWBT 

WBJ 

velocity  error  at  inner 

sheath  wall 

Kr 

KR 

radiation  correction  factor 

SJ 

junction  type 

SDD 

number  of  immersion  depth 

STA 

state 

SW 

thermocouple  state 

SB 

sheath  state 

individual  intrusion  length 
numbers 


130 


APPENDIX  II 


Computer  program  for  the  optimum  design  procedure  of  total 
temperature  thermocouple  probe  (omitted) 
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Summary 


A  Synthesis  Technique  for  Array 
Antennas  of  High  Directivity  and  Low  Sidelobe 

W am  W m.  Hwang  Jingxi .  and  Hu  Shiming 


In  modern  radar  systems  an  antenna  is  expected  to  possess  both  high 
directivity  and  low  sidelobe.  known  synthesis  techniques  usually  optimize 
with  rcspe<  t  to  a  siagle  antenna  performance  index*  and  good  theoretical 
results  have  been  ol-taiaed,  but  unfortunately  such  optimization  sometimes 
results  in  disagree  mer.t  between  theory  and  practice.  In  this  paper,  two  kinds 
jy  i. thes>>  techniques  for  array  antennas  are  reviewed  with  a  view  to  finding 
«  synthesis  optimization  technique,  applicable  to  the  simultaneous  considera¬ 
te. i  of  two  or  more  performance  indices.  These  performance  indices  are:  the 
directi r:ty  and/or  signal-to-noisc  ratio  (SNR),  efficiency,  sidelobe  level,  the 
P>  sit.was  of  null  and  maximum  of  sidelobe,  etc.  This  paper  differs  from  past 
pipers  in  that  it  considers  the  optimization  with  respect  to  high  directivity 
aid  lew  sxidobc  simultaneously. 

There  are  two  kinds  of  synthesis  technique  to  achieve  high  directivity 
-  i  low  sidelobe  for  array  antennas. 

• -ac  ii~d  of  synthesis  technique  is  to  apply  the  matrix  theory  for  array 
T -  obtain  antenna  indices  such  as  directivity  0  as  tollows: 


»  acre 

I — N  element  column  matrix  for  a  scries  of  complicated  unit  excitation 
tescriocs. 

a>iatc  transpose  of  matrix  I, 

A  0  —  •  .l  rmitian  matrices. 

C't-z ration  requires  that  the  maximum  of  D  and  the  1  matrix  correspond- 
i  i  •  t»<  maximum  of  D  are  to  be  found.  If  the  maximum  directivity  is  to 
be  oacamtd  for  a  given  sidelobe  level,  then  the  constraining  relationship  to 
b»  s*trs:i«.d  for  finding  the  constrained  maximum  directivity  is 

ll£i  _  e 

EiO,A.)  la.  "  ‘ 
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tke  subscripts  “»•  and  *o"  denote  the  directions  of  sidelobe  end  mein-lobe 
Optimization  under  given  constraint  is  accomplished  by  using, 
Lagrange  multipliers. 

App.jisg  the  matrix  theory  to  obtain  optimization  is  an  iterative  process. 
j:  >b*ch  adjustments  of  current  or  spacing  or  both  are  made  successively  on 
a  g.rca  original  array,  until  further  adjustments  are  no  longer  worthwhile. 
Past  papers1*1  point  out  that  careful  attention  should  be  paid  to  the  coaver- 
gem  cf  the  iterative  process,  and  to  the  adequacy  of  the  computer's  memory 
capacity  and  computing  speed;  but  thus  far.  we  have  not  seen  actual 
:= r<.r«ca!  application  of  this  technique  to  optimize  with  respect  to  both  high 
d;r«.cti\ ity  and  low  sidelobe  simultaneously. 

Th«  second  synthesis  technique  is  the  iterative  sampling  method,  which 
cat  be  conveniently  used  to  control  shaping-beam  radiation  pattern,  sidelobe 
teh^vior.  etc.  A  unique  feature  of  this  method  is  its  convergence  capability 
r  a  solution  satisfying  a  given  set  of  specifications,  i.  e..  the  iteration 
tiueess  slops  when  these  specifications  arc-  satisfied.  Thus  it  avoids  unde 
sirably  complicated  current  distribution  on  array  antennas  or  excessive 
spreading  out  of  the  beam  width. 

The  basic  idea  of  the  sampling  iterative  method  is  as  follows: 

On  a  given  initial  pattern  E'(&,  is  added,  through  sampling#  a  cor¬ 
rection  pattern  The  resulting  pattern  obtained  is  then  the  first  iterative 

pattern.  If  it  does  not  satisfy  the  requirements  of  the  expectation  function 
then  the  sampling  iterative  operation  is  continued  further.  For  th« 
i-th  iteration,  the  total  correction  pattern  is  the  sum  of  all  the  2N  products 
obtained  by  multiplying  each  correction  pattern  by  its  correction  coefficient: 

•  —If 

where  uj — the  correction  coefficient, 

(01.01)—  the  correction  pattern  center  (i.  e..  sampling  point). 
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After  the  s-th  iteration,  the  resulting  pattern  is  the  sum  of  tha  initial 
pattern  and  the  s  total  correction  patterns:  1 

9 

E*(9,4)  =  £*<M>  +  22  JE\9,+). 

i-i  * 

With  more  and  more  iterations.  E‘i9tt)  approaches  E*{9»^). 

By  a  similar  derivation,  the  aperture  distribution  of  the  planar  array  m 
obtained  as  follows: 

/•</>)=/•</>>+ 

i-t 

where 

p — the  normalization  coordinates  of  the  planar  array. 

/"(p) — the  initial  aperture  distribution. 

_J/'(p) — the  correction  function  of  the  aperture  distribution. 

In  order  to  control  sidelobe  level,  the  sampling  point  is  taken  at  tha 
position  corresponding  to  the  ihaximnm  of  the  sidelobes.  The  sampling  itara 
tive  method  may  be  conveniently  programmed  for  calculating  with  computers. 
A  numerical  example  for  the  sampling  iterative  method  is  given  in  this 
paper. 

So  far.  the  authors  have  found  that  only  the  sampling  iterative  method 
is  practicable  for  optimization  with  respect  to  both  high  directi vity  ,  and  low 
sidelobe  simultaneously. 
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A  Synthesis  Technique  of  Array  Antennas 
of  High  Directivity  and  Low  Sidelobe 

by 

Wan  Wei,  Huanq  Jingxi,  and  Hu  Shiming 
Abstract 

It  is  expected  in  the  PDR  system  that  the  antenna  has 
high  directivity  and  low  sidelobe  characteristics.  In  practice, 
it  is  easier  to  accomplish  this  goal  using  spaced  arrays  than 
a  continuous  aperture  structure.  The  synthesis  of  array 
antennas  can  be  done  in  two  ways.  One  is  to  optimize  direc¬ 
tivity  using  theoretical  matrix  treatment  under  a  sidelobe 
constraint.  The  other  is  a  sampling  iterative  method.  With 
respect  to  a  given  initial  pattern  Sc  (6,<t>),  through  sampling 
of  the  peak  value  of  the  sidelobe,  a  correction  function 
$  (0  ,<J>  )  is  gradually  being  iterated  oo  approach  the  expecta¬ 
tion  fuction  (3j>).  The  apparent  advantages  of  this  method 
are  the  convergence  capability  and  great  flexibility  in  a 
certain  application.  This  paper  also  includes  an  actual 
example  of  the  iterated  sampling  method. 

I.  INTRODUCTION 


Due  to  the  invention  of  low  noise  amplifier  and  its 
application  in  radio-astronomy,  communication,  and  radar,  the 
antennas  become  the  main  source  of  noise  for  the  entire 
system.  Furthermore,  typical  noise  temperature  is  several 
times  larger  than  that  of  the  amplifier.  This  troublesome 
problem  together  with  the  long  existing  interference  problem 
due  to  ground  objects  desperately  demand  the  lowering  of  the 
sidelobe  level.  The  synthesis  of  antennas  may  also  proceed 
with  the  optimum  f MR  value. 
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Being  a  combat-oriented  radar  such  as  the  PDR  system, 
it  is  frequently  required  to  distinguish  radar  targets  from 
a  very  dense  background  in  order  to  complete  searching  and 
begin  tracking.  This  requirement  generated  lots  of  interests 
in  high  resolution  and  high  directivity  antennas.  Resolution 
and  directivity  are  described  by  the  pattern  of  the  radar. 

High  resolution  generally  indicates  a  narrow  main  lobe  and  low 
sidelobes.  High  directivity  means  that  relative  to  the  total 
radiated  energy  the  mean  beam's  radiation  energy  pointing  up¬ 
ward  is  high. 

In  practice,  the  synthesis  of  array  antennas  is  far  more 
flexible  than  using  a  continuous  antenna  structure.  In  some 
cases,  it  is  easier  to  materialise.  Earlier  work  in  array 
antenna  synthesis  often  began  with  one  performance  index. 
Therefore,  there  are  two  major  areas  with  an  assortment  of 
literature  available.  These  are: 


)ptimum  Directivity  Synthesis 


This  was  originally  pointed  out  by  Schejunoff  [1]  that 
theoretically  high  directivity  can  always  be  obtained  with 
arrays  of  finite  dimensions.  Later  other  researchers  con¬ 
firmed  that  this  statement  is  sound  based  on  theory.  Soon 
after  Uzkcv  [2~  attempted  to  solve  the  optimization  of  direc¬ 
tivity  using  a  linear  transformation  technique.  Block  et  al 
used  a  different iat ion  method  to  approach  this  same  prc'clem 
ar.d  obtained  an  expression  for  the  maximum  directivity  of 
any  spaced  array.  There  were  other  authors  reported  their 
results  of  the  effects  of  various  factors  on  the  optimum 
directivity.  For  example,  Gilbert  and  co-authors  [d]  studied 
the  optimum  design  of  antenna  directivity  as  a  function  of 
random  variations.  They  considered  factors  such  as  sensitiv¬ 
ity  and  common  difference.  Y.T.  Lo  et  al  [5]  studied  tne 
optimization  of  directivity  and  SNR  under  Q  factor  constraints 
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with  apparent  solutions.  Buther  and  Unz  [o]  movea  a  step  forwaru 
and  investigated  the  optimization  of  beam  efficiency  of  ncn-uni- 
formly  spaced  arrays.  More  recently,  D.  K.  Cheng  [7,8]  system¬ 
atically  described  methods  for  optimization  of  directivity  and 
SNR.  In  the  synthesis  of  the  array  with  optimized  directivity 
as  mentioned  above,  the  given  rauiation  pattern  has  not  been  pro¬ 
vided.  It  is  usually  found  that  the  solution  to  the  array  matrix 
associated  with  the  optimal  directivity  has  a  relatively  higr.  sic 
lobe  level  in  its  pattern.  This  consequence  is  seldom  mentioned. 
However,  such  high  sidelobes  will  introduce  undesirable  interfer¬ 
ence  in  the  identification  of  targets. 


In  the  synthesis  of  beam  shape,  the  control  of  beam  shape  is 
the  first  objective.  Usually,  such  a  control  is  obtained  at  the 
expense  of  improved  directivity.  Dclph  [5]  developed  the  first 
optimization  concept  in  this  synthesis  technique;  for  a  fixei  tar: 
with  a  minimum  sidelobe  level  can  b-  attained  or  vice  versa. 
Thereafter,  Stegen  [10]  ana  Maas  [H]  actually  wormed  out  the 
optimization  of  array  antennas  with  a  continuous  aperture  dis¬ 
tribution.  The  most  remarkable  results  were  reported  by  Taylor 
[12]  who  developed  Dolph's  technique  another  step  forward  and  use 
it  in  the  synthesis  of  array  with  a  continuous  aperture  distribu¬ 
tion.  He  began  to  attack  this  problem  with  a  functional  approach 
using  an  entire  function  to  approximate  the  ideal  spatial  factor 


[13].  The  results  obtained  are  far  more  superior  than  those 


derived  from  Dolph's  technique  and  attracted  a  lot  of  attention. 
Taylor's  results  are  not  only  applicable  to  linear  antennas  cut 
also  can  be  extrapolated  to  circular  aperture  antennas.  Recently 
Rhodes  [Id]  studied  the  Taylor  distribution  and  adopted  Taylor's 
suggestion  to  make  a  =  1  in  order  tc  maintain  0  at  the  edge  of 
the  aperture  and  keeping  the  characteristics  of  a  =  0.  Goto  [15] 
used  the  Gegenbauer  polynomial  to  synthesize  array  antennas 
for  high  selectivity 
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and  low  sidelobe.  The  selected  radiation  filled  is  described 
using  a  Gegenbauer  polynomial  and  the  aperature  distribution 
is  a  Jacobi  polynomial.  Equations  suitable  for  computer  calcu¬ 
lation  are  derived. 

Our  goal  is  to  combine  the  high  directivity  and  low 
sidelobe  level  during  the  synthesis  in  order  to  meet  the  prac- 
tical  requirements.  Drane  et  al  'have  described  the  process 
for  the  simultaneous  optimization  cf  one  array  antennas  and 
control  of  the  origin  of  the  directional  pattern.  Their  method 
placed  a  lot  of  emphasis  on  the  combination  of  the  optimization 
and  the  control  of  the  radiation  pattern  without  considering 
the  sidelobe  level.  From  past  experience,  people  believe  that 
the  solution  to  the  above  problem  can  be  obtained  using  matrix 
theory  of  the  array  antennas.  Low  sidelobe  level  is  introduced 
as  a  parametric  constraint  in  the  optimization  of  directivity 
and  SNR  during  the  synthesis.  Lagrange  multiplier  is  used  to 
complete  the  calculation.  In  practice  the  more  given  con¬ 
straints  are  present,  the  more  complicated  the  calculation  of 
the  solution  becomes  using  Lagrange  multiplier.  Under  given 
constraints,  the  decrease  of  the  order  of  the  matrix  is  equal 
to  the  number  of  constraints.  This  actually  simplifies  the 
computer  work  involved.  For  a  large  array,  however,  the  use 
j f  a  computer  to  iterate  a  solution  to  such  a  large  maurix 
causes  more  concern  regarding  memory  storage  space  and 
calculating  speed. 

Another  method  is  the  iterative  sampling  teohri.;ue7  ' 
The  basic  idea  of  this  method  is  to  begin  with  a  given  initial 
pattern  E°  (9b),  through  sampling  and  a  correction  factor 
<p  (9b),  to  obtain  the  expectation  function  E^  (9>b)  after  many 
iterations.  It  must  be  noticed  that  when  this  method  is  used 
to  lower  the  sidelobe  of  array  antennas,  convergence  during  the 
iteration  process  is  very  important.  In  the  meantime,  the 


choice  of  the  original  pattern  has  a  great  effect  on  the 
iteration  steps  as  well  as  the  results. 

These  two  methods  are  going  to  be  discussed  in  detail  in 
Sections  §2  and  §3,  respectively.  After  a  careful  comparison, 
the  latter  requires  far  less  calculation.  It  is  also  much 
easier  to  materialize.  The  flexibility  of  the  synthesis  of 
the  shaping-beaming  is  also  greater.  This  paper  will  then 
provide  an  example  of  this  method  at  the  end. 

2.  The  Matrix  Synthesis  of  Array  Antennas 

1 .  General  Principles 

As  shown  in  Figure  1,  in  three  dimensional  space  with  H 
identical  elements  arbitrarily  scattered,  the  nth  element 
at  coordinates  (r  ,9  n,  n )  has  an  expectation  value  which  is 
expressed  as  in  eJ .  Based  on  this  expression,  the  radiation 
field  generated  by  this  array  of  N  elements  can  be  written  as: 

£(».»’)=  (i) 

4-1 

2.T 

where  k  -  -  y  , 

(  0) 

0090.  =  sin0sin0«cos(lP  -  ¥t.)  +  fOsOcostf, 


Figure  1.  Reference  Coordinate  System  of  an  Arbitrary  Array. 


139 


The  definition  of  directivity  of  an  antenna  is: 


D  _  Max.  Radiation  Power  Density  of  the  Mainlobe  in  Direction 


Average  radiation  power  density 


From  (1)  we  know  the  radiation  power  density  in  direction 
(9c*0)  :  £;/j:c-^<r"coaa--r*c °sar«") 

I*— 1  l 

Let's  introduce  two  N  dimensional  column  vectors/  and  av . 
I  corresponds  to  unit  excitation  function  i.e. 


/,  =  /j  =  -*-/y  =  ise>*>i 


a0  is  a  column  matrix  formed  by  the  phase  factor  of  the 
element  structure  due  to  spacing  between  elements: 

g-jkrleoaoai 
^-/fer.eosffoj 
«« =  : 

.  e-jkrKcos<* oy 

where  co3^,(n  =  1  »2»—.V)  is  obtained  from  (2)  with  0  =  0O, 

and  <p  =  q>t  .  A  N  x  N  square  matrix  A  is  defined  as 

A  -  a )<ao 

where  "+"  is  the  complex  conjugate.  A  is  the  product  of  two 
column  vectors  and  its  element  is 

a  -jk(rmcoa^tm~r»coa^  o«) 

•Aim  =  e 


A  is  Hermit ian  i*e*  = 

Therefore  the  radiation  power  density  in  the  (  6  o  » <i> o ) 
direction  can  be  written  as: 

P<.0»t<P»)-I*AI 

The  average  radiation  power  density  of  the  antenna  in  the 
radiation  pattern  is 

where  g(6,<P)  is  the  single  element  power  direction  pattern 
function  and  g(9 «»?»»)  =  I  .  Let's  define  another  N  x  N  square 

matrix  B,  with  its  element. 

~}k  J!*  d<PH  ^(9,<P)e*'?/!(r'"c0sa-'r"c0sa*)  amOdO 

This  square  matrix  is  symmetrical  and  Hermitian.  The  average 
radiation  power  density  is  then  simple  to  express  as 

pt=ibi 

Henceforth,  the  directivity  of  an  antenna  (3)  can  be  re-written 
as 

„  P(0  IAI 

D  =  PT  ~  I*BI 

{  4  ' 

which  is  the  ratio  of  two  Hermitian  matrices.  From  (4)  we  can 
conclude  that  with  fixed  geometry,  dimension,  working  wave¬ 
length,  and  scanning  angle,  the  optimization  effort  becomes  the 
search  for  a  special  /  under  which  the  improvement  of  directivity 
D  is  greatest.  On  the  other  hand,  the  purpose  of  optimization 
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is  to  search  for  the  current  distribution  on  the  array  with 
maximum  D  value.  There  are  two  advantages  using  the  above 
expression.  The  first  is  that  the  necessary  calculation  can  be 
carried  out  using  a  computer  with  existing  programs  for  matrix. 
Perhaps  more  importantly,  the  extreme  value  of  the  characteris¬ 
tic  index  in  this  equation  is  easy  to  determine,  [he  solution  can  be 
derived  from  “he  orthogonality  relation  A  -  ,\3  formed  by  two  real  second  :rder 


-n  i  z.  ,vr.en  cr.e  :crre sc ending 


homogeneous  equation: 

the  characteristic  equation  is 


AI  =  AjB/ 


deUA  -  Ai8)  =  0 


rd  the  maximum  value  can  be  obtained. 


(5; 


(6) 


Equation  (6)  provides  solutions  to  all  the  extreme  values. 
With  respect  to  the  optimization  of  directivity,  however,  there 
is  one  non-zero  value  which  is 


Dx  =  An  =  aoB  ‘oo 


(7) 


The  corresponding  vector  /,  which  is  the  current  distribu¬ 
tion  in  the  array  at  maximum  directivity,  can  be  written  as 

I  =  B~'a  (3) 


Equation  (7)  and  (8)  provide  a  pretty  rigorous  solution 
to  maximum  directivity. 

2.  Optimization  under  constraints 

The  optimization  of  one  particular  index  has  lots  of 
disadvantages.  For  example,  the  synthesis  of  maximum  direc¬ 
tivity  leads  to  an  array  of  antennas  with  very  low  radiation 
efficiency.  Even  between  neighboring  elements,  there  is  a 
significant  distribution  of  current  with  opposite  phase  factors. 


142 


Therefore,  it  is  usually  done  to  sacrifice  some  directivity 
in  order  to  improve  other  indices  of  the  array  antennas  for 
better  performance  of  the  entire  system.  Therefore,  the 
problem  has  been  changed  to  the  optimization  of  directivity 


under  certain  parametric  constraints. 


In  order  to  simplify  our  discussion  on  constraint  condi¬ 
tions,  let  us  express  (1)  in  terms  of  the  spatial  vector 
a  and  the  excitation  vector/: 


E(0,<P)  -I*a 


(9) 


When  constraints  exist  in  the  sidelobe,  the  ratio  between 
the  mainlobe  and  the  sidelobe  in  the  synthesis  then  becomes 
fixed : 


'ETo^VoT ~ ~fuT»  -s> 


•M 


where  "i"  and  "o"  represent  the  sidelobe  and  the  mainlobe, 
respectively.  This  equation  can  also  be  written  as 


I*Wt  =  0 


(10) 


where  W,  =  a,- S,a„ 


The  problem  now  is  to  determine  the  array  distribution 
with  maximum  directivity  Du  and  under  constraint  condition 
(10).  The  usual  technique  is  to  use  Lagrange  rnultiplier  to 
obtain  a  solution.  A  Lagrange  Multiplier  A{  is  multiplied  to 
(10)  and  the  resultant  function  is  added  to  (4)  to  form  a 
Lagrange  function  which  is  in  equilibrium  with  respect  to 
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the  vector  I. 


or 


M 


AI-DBI+  E-dJP.-O 


A1-DBI  +  HA  =  0 


(ID 


(11a) 


Where  Jl  is  a  NxM  matrix  with  elements  iyl%  iyty  ...fyM 
A  is  a  vector  with  elements  yl,,  At—A„  HA  in  equation 

(11a)  is  the  constraint  vector.  If  / o  is  the  complete 
othogonal  base  unit  vector  set  of  the  unconstraint  matrix 
equation 

Ali-^BI^  0 


then  any  vector  I  can  be  expressed  as  the  linear  combination  of 
this  complete  othogonal  unit  vector  set 

j-fxn 

i>i 

Plugging  this  into  (11)  and  multiplying  <*•>*  on  both  sides, 
a,  becomes  the  following  by  orthogonality 

_  (liVHA 

a'~  '  d'-a„; 


and  the  solution  to  I  vector  is 


*  (I'0yfIA 

Imh 


(12) 


where  .,1  is  unknown.  Substituting  (12)  into  (10),  it  is  possible 
to  obtain  the  M  linear  equations  for  At  ■  Ai  can  be  obtained 
by  setting  the  determinant  of  the  coefficients  of  those  linear 
equations  to  zero.  The  determinant  is  a  function  of  D.  After 


inn 


some  not  too  complicated  transformations , its  only  solution 
provides  the  excitation  vector: 


where 


(13) 


Constraint  system  and  non-constraint  system  are  inter¬ 
related  [20].  With  respect  to  directivity,  it  can  be  proven 
that 

( ■  in 


The  directivity  D  °  under  constraints  is  always  less  than  the 

m 

value  ob  ained  without  any  constraint.  For  the  designer 
of  arrays,  they  are  more  interested  in  minimizing  the  loss 
in  directivity  in  order  to  maintain  control  in  the  expectation 
pattern. 

In  the  synthesis  of  array  antennas  using  matrix  theory, 
optimization  is  achieved  by  repeated  iteration.  The  basis  for 
synthesis  is  the  original  array  structure.  Through  the 
perturbation  of  a  variable  which  affects  the  array  structure, 
repeated  iteration  is  carried  out  until  an  optimum  condition 
is  reached.  It  is  worthwhile  noting  that  the  convergence  capa¬ 
bility  during  iteration  is  very  important. 

§3 .  The  Synthesis  of  Array  Antennas  Using  an  Iterative 
Sampling  Method 

Using  an  iterative  sampling  method  in  the  synthesis  of 
array  antennas  [16-19]  is  a  new  technique  applied  to  the 
synthesis  process.  This  method  is  very  flexible  which  also 
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allows  the  easy  control  of  shaping  beam  radiation  pattern 
and  the  suppression  of  sidelobe  level.  Stutzman  [17]  pointed 
out  that  the  iterative  sampling  technique  always  provides 
convergence  capability  to  any  solution  for  a  certain  technique. 
When  the  requirements  of  the  technique  are  satisfied,  the 
calculation  process  is  terminated  to  avoid  any  over  design  due 
to  the  broadening  cf  the  directive  pattern  of  the  mainlobe  or 
the  complication  of  the  current  distribution.  The  iteration 
process  involves  calculations  of  a  series  of  lower  order 
functions.  Compared  to  the  first  method, .this  iterative 
sampling  technique  is  more  suitable  for  both  large  and  small 
array  applications. 

When  the  iterative  sampling  method  is  used  to  optimize 
directivity  and  lower  sidelobe  of  array  antennas,  it  is 
extremely  important  to  choose  an  original  directive  pattern 
with  better  quality  because  it  would  not  only  reduce  the  load 
of  the  iteration  process  but  also  leads  to  more  satisfactory 
results . 

1 .  Basic  Theory  of  the  Iterative  Sampling  Method 

Iterative  sampling  method  is  based  on  the  linear  stabil- 
ity  of  the  antenna.  Therefore,  if  Eu  (9,<j>)is  the  expectation 
spatial  pattern, then  the  search  for  this  function  can  begin 
with  any  direction  pattern  E°  (9  ,  $  which  is  approximately 
close  to  E  (9  ,b  )  .  E°  (9  ,4>  )  is  defined  as  the  original 
directive  pattern  which  is  either  a  known  function  or  an 
experimental  pattern.  Iterative  sampling  is  to  add  a  series 
of  correction  patterns  to  E°  (9  ,4>  )  .  If  the  synthesized 
pattern  after  one  iteration  is  not  meeting  the  requirements, 
more  iteration  steps  can  be  carried  out.  Henceforth,  in  the 
i  iterations,  the  corrected  directive  pattern  can  be 


expressed  by  the  sum  of  correction  coefficients  multiplied  by 
their  corresponding  corrected  directive  patterns: 


A  E(4,(0,<P)  =  E  K  (15) 

n  » — v 

where  is  the  correction  coefficient’,  <t>L(Q~9i), (V-Vi)!  is 

n  i  i 

the  corrected  pattern  with  its  maximum  at  ( ©  ^  n ) ,  and  N  is 

the  sampling  number.  After  successive  iterations,  the  correc¬ 
tion  coefficient  3;”15  approaches  0  when  the  requirements  are 
met.  The  synthesized  direction  pattern  after  S  number  of 
iterations  is  the  sum  of  the  original  pattern  and  all  those 
correction  patterns,  i.e. 

t 

E<‘\9,<P)  =  E\9,<P)+  ^2AE(t\e,<P)  '  l6) 

1  -1 

The  correspondeing  aperture  distribution  can  be  obtained 
through  Fourier  transformations  according  to 

(17) 

<f>(9  ,?)■#=#•  /(/>> 


From  the  stability  of  antennas  one  gets 


(13) 


Where  p  is  the  unified  coordinate  of  antenna  aperture  , 
equation  (13)  indicates  that  the  spatial  transformation  of  the 
radiation  pattern  to  corresponds  to  the  phase  shift 

of  a  single  incidence  on  the  focal  plane. 

Therefore,  equation  (15)  can  be  rewritten  as 


A /*<p>=  £a< .‘Wp> 


=  /(p)  2  a(.oe;^xsin^*c0s?’''  +>sin^Jsin9>J) 


:onsequently ,  after  S  iterations  we  can  write  based  on  (16) 


iM(p)  =  /*(/»+  Ea/‘cp> 


LV  i: 


The  proper  choice  of  a  '  in  the  above  equations  should 
be  based  on  the  expectation  value  in  the  (0  <J>^)  direction, 

It  should  safisfy  using  the  unified  expression: 


f  E"*  “(t):  <P .  >  ~  9 i ,  <Pi )  |  ■ *  3  ( X  ~ t} 


where  t  is  the  expectation  value.  £  is  a  factor 
precision.  As  e<<l  ,  we  get 


*•  "  H0i,vD- *4(01*91) 


For  the  suppression  of  sidelobe  level,  the  condition  should 


The  sign  of  the  factor  cl  is  thus  determined. 
°  n 


The  selection  of  a  correction  pattern  is  in  principle 
arbitrary.  However,  the  correction  function  usually  has  a 
simpler  expression  than  that  of  the  original  pattern.  Under 
such  conditions,  it  can  be  obtained  from  (19)  and  (20)  that 

*  1-1  «•-* 


where  the  term  in  the  parentheses  is  the  factor  in  the  original 
aperture  distribution. 


The  Synthesis  of  Low  Sidelobe  Antennas  Using 


Iterative  Sampling  Method. 


(1)  Consideration  of  the  Original  Direction  Pattern  at  Z+ 
has  been  pointed  out  before  that  the  original  pattern  E° (  9,;) 
when  used  to  obtain  the  expectation  pattern  E^(9  $  )  by  an 
iterative  sampling  method  should  approximate  the-  expectation 
pattern.  Therefore,  it  is  better  to  choose  original  functions 
of  high  quality  for  the  synthesis  of  high  directivity  and  low 
sidelobe  array  antennas  in  order  to  minimize  the  iteration 
calculations  and  to  obtain  satisfactory  and  meaningful  results. 


It  is  well  known  that  an  uniform  aperture  distribution 
antenna  has  a  high  sidelobe  level  in  its  distant  field.  This 
is  a  limiting  factor  in  actual  practice.  Non-uniform  . up  or- ore 
distribution  antennas,  however,  were  first  optimized  by  Dolph 
using  Yeghweb's  polynominal  to  describe  the  synthesized  diszant 
field.  In  that  expression,  all  the  sidelobes  are  at  the  same 
level.  With  larger  arrays  and  more  elements,  the  radiation 
power  of  the  sidelobes  occupies  a  larger  portion  of  the  total 
radiation  power  which  lowers  the  directivity  of  the  array 
antennas.  Furthermore,  as  the  array  element  number  N  increases 
the  amplitude  at  the  fringe  is  far  greater  than  that  of 
neighboring  elements.  This  is  very  difficult  to  realize  in 
practice.  The  quasi-optimization  procedure  developed  by 
Taylor  is  a  compromise  between  a  uniform  distribution  pattern 
and  the  Dolph  distribution  pattern.  This  means  that  the 
sidelobe  next  to  the  mainlobe  has  the  optimized  directivity 
characteristics  of  those  of  the  Dolph  array.  -The  distant 
sidelobes,  on  the  other  hand  , have  the  characteristics  of  the 
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uniform  distribution  arrays.  The  former  makes  the  mainlobe 
narrower, while  the  latter  decreases  the  amplitude  at  the  edge 
of  the  array  to  reduce  its  effectiveness  to  the  directive 
pattern.  The  radiation  power  of  the  sidelobes,  consequently, 
becomes  a  lesser  fraction  of  the  total  radiation  power  to 
increase  directivity  of  the  array  antennas. 

Recently,  Goto  [15J  used  Gegenbauer  pclynominal  to 
synthesize  a  high  directivity  low  sidelobe  array  antenna 
with 

E(k)  =  Ci-l(^.eos«)  (2^) 


where  u  ~  a  ^sia^s‘n®^  j  Zq  is  a  parameter  regulating  the 

sidelobe  level  similar  to  the  one  used  in  the  Dolph  synthesis. 
G^  is  the  Gegenbauer  polynominal.  It  is  not  difficult  to 
find  using  Fourier  transforms  that  the  amplitude  distribution 
of  the  array  element  is: 

i.=(Kr)A  -"."-K+i’2-'-*’  *%)  (25) 


which  is  a  Jacobi  polynominal  and  it  can  be  transformed  to 


K-n 
-n  +  <  - 


|  j  F(  ~n,n  -  K  + 


«) 


where  «  =  <**  -  1)A?S  .  Equation  (25)  is  suitable  for  numerical 

calculations.  In  reality  it  is  not  too  different  from  1 ’  there¬ 
fore  a  is  very  small.  Equation  (25)  becomes: 


/.=  1 


where  (26)  can  be  calculated  using  a  computer.  When  t  =  o,  it 
becomes  a Chebvshevdistribution .  Equation  (26)  becomes  identical 
to  the  results  obtained  by  Maas. 
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As  discussed  above,  as  the  original  pattern  of  a  low 
sidelobe  and  a  fixed  improved  directivity  array  antenna  ,  the 
results  obtained  by  Taylor  or  Goto  can  be  selected  in  the 
synthesis . 

(2)  Example 

In  the  control  of  sidelobe  levels,  the  iterative  sampling 
point  is  chosen  at  the  maximum  sidelobe  level  of  the  original 
pattern.  The  main  lobes  of  the  iterative  correction  patterns 
also  coincide  at  the, same  point  as  shown  in  Figure  2.  In  this 
case,  the  t  value  in  Equation  (2)  is  the  expectation  value  of 
the  sidelobe  level.  As  an  example,  a  circular  aperture  array 
is  synthesised  with  a  radius  of  350  MM.  The  sidelobe  level 
must  be  lower  than  -35  dB.  The  original  pattern  E°  (9<j>) 
has  been  chosen  as  the  Taylor  function  with  sidelobe  level  at 
-25  dB.  An  uniform  radiation  pattern  is  used  as  the  correction 
pattern  4>(  -  t  ).  Iterative  sampling  is  taking  place  or.  the 
plane  where  i>=  c.  The  suppression  cf  sidelobe  level  is 
symmetric  with  respect  to  the  main  beam.  The  distant  area 
pattern  can  be  obtained  using  iterations  by  a  computer  accord¬ 
ing  to  equations  (15),  (16)  and  (21)  -  (23).  The  corresponding 
aperture  distribution  can  be  simplified  based  on  (20)  as: 

•  W 

ii’>{p'*  =  r{p)  +  2'Z  JZ  (27) 

4ml  •—  • 

•where  =  kxsir.9  ^  .  1°  (p)  is  a  Taylor  aperture  distribu¬ 

tion  at  -25dB.  The  final  aperture  distribution  can  be  obtained 
using  (27).  The  calculation  program  is  as  follows: 
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igure  2.  The  Iterative  Synthesis  of  Low  Sidelobe  Pattern 
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The  convergence  capability  of  the  given  technique  must 
be  good.  Figure  3  shows  the  patterns  before  and  after  the 
iterations.  The  dotted  line  is  the  -25dB  Taylor  distribution 
and  the  solid  line  is  the  results  of  the  iterative  sampling 
method.  The  physical  meaning  of  the  patterns  is  obvious. 

With  respect  to  the  characteristics  after  iterations, 
Reference  [18]  explained  the  aperture  distribution.  Refer¬ 
ence  [19]  compared  this  result  with  the  Dolph  distribution- 
It  pointed  out  that  the  mainlobe  is  broader  using  the  itera¬ 
tive  sampling  method  but  its  directivity  is  higher  than  that 
of  the  Dolph  distribution. 


Figure  3.  Original  Pattern  (dotted  line)  and  the  Iterative 
Synthesised  Pattern  (solid  line). 

4-  CONCLUSIONS 

Iterative  sampling  is  in  principle  the  calculation  of 
some  elementary  functions , while  the  matrix  theory  optimiza¬ 
tion  method  involves  a  series  of  matrix  manipulation. 


Especially  when  the  array  is  large,  the  calculation  becomes 
complicated.  In  comparison,  iterative  sampling  not  only  is 
more  flexible  but  also  involves  far  less  calculation.  The 
selection  of  sampling  point  in  the  control  of  sidelobe 
level  follows  a  certain  rule.  This  paper  reports  the  results 
obtained  from  a  DJS-130  computer  which  coincide  with  our 
expectation. 
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Summary 


Model  Method  of  State  Estimation 


Dai  Guanzhong 


The  problem  of  estimating  the  state  of  a  stochastic  dynamical  system  from 
noisemixed  observed  values  taken  from  the  state  is  of  central  importance  in 
modern  control  theory.  The  purpose  of  this  paper  is  to  present,  in  accordance 
■with  the  relationships  of  correspondence  between  the  dynamical  systems 
(original)  and  the  filters  (model),  an  unified  and  direct  approach  to  derive 
the  recursive  equations  for  discrete-time  and  continuous-time,  linear  and 
nor.-linear.  unbiased  and  minimum-variance  filters.  For  the  nonlinear  systems. 
cr!y  the  second-order  approximation  suboptimal  filters  are  studied  in  this 

The  reasoning  followed  by  this  puper  is  as  follows.  A  linear  or  non-linear 
dynamical  system,  the  state  of  which  is  to  be  estimated,  is  named  the  original 
system  and  characterized  by  difference  equations  (the  discrete-time  system) 
or  differential  equa.  -ns  (the  continuous-time  system),  therefore  the  linear 
or  nonlinear  estimator  (filter),  named  the  model  system,  is  likewise  a  dyna¬ 
mical  system  characterized  by  the  corresponding  difference  or  differential 
equations. 

According  to  this  reasoning,  it  is  obvious  that  the  structure  of  the  linear 
or  nonlinear  filter  is  the  same  as  the  structure  of  the  linear  or  nonlinear 
dynamical  system. 

The  next  step  is  to  determine  the  parameters  of  the  linear  or  nonlinear 
filter. 

In  the  case  of  iinear  discrete-time  or  continuous-time  estimation  problem, 
the  parameters  can  be  determined  by  the  performance  criteria  of  state 
estimation:  unbiasedness  and  minimum-variance.  First,  by  the  unbiasedness 
requirement,  the  filter  should  have  the  same  number  of  dimensions  as  that 
of  the  dynamical  system  and  thus  form  an  unbiased  filter.  Secondly,  by  the 
minimum-variance  requirement,  we  can  determine  the  optimal  gain  matrix 
and  obtain  an  unbiased  3nd  minimum-variance  optimal  filter.  Thereupon  we 
obtain  the  well-known  Kalman  equations  for  the  discrete-time  filter,  or  the 
Kalman-Bucy  equations  for  the  continuous-time  filter. 

Alt  heath  the  above  results  fo-  the  linear  filter  are  r.ot  ceu-  the  model 
method,  however,  is  of  help  in  the  design  of  suboptimal  nonlinear  filter,  and 


the  procedure  is  much  the  same.  First,  by  the  unbiasedness  requirement,  we 
can  determine  the  compensating  terms  for  biasedness  and  form  an  approximate 
unbiased  filter.  If  the  first-order  approximation  is  chosen,  the  compensating 
terms  vanish  and  the  case  of  extended  Kalman  filter  obtains.  In  order  to 
improve  upon  the  accuracy  of  the  nonlinear  filter,  the  second-order  appro¬ 
ximation  unbiased  filter  is  chosen.  Secondly,  by  the  minimum-variance 
requirement,  we  can  determine  the  suboptimal  gain  matrix  and  obtain  a  second- 
order  approximation  unbiased  and  minimum- variance  suboptimal  filter. 
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Model  Method  of  State  Estimation 


by 

Dai  Guanzhong 


ABSTRACT 

In  accordance  with  the  relationships  between  the  stoch¬ 
astic  dynamical  system  (original)  and  the  corresponding 
estimation  value  or  filters  (model),  it  is  possible  to 
derive  the  recursive  equations  for  discrete-time  and 
continuous-time,  linear  and  non-linear,  unbiased  and 
minimum-variance  filters  using  an  unified  and  direct 
approach.  For  the  nonlinear  systems,  only  the  second 
order  approximation  suboptimal  filters  are  studied. 

I.  INTRODUCTION 

The  estimation  of  the  state  is  one  of  the  central  topics 
in  modern  control  theory.  An  optimal  practical  meaningful 
control  system  very  often  is  the  feedback  type.  The  best 
control  signal  given  by  a  computer  to  the  controlled  system 
is  a  function  of  the  state  of  that  system.  However,  due  to 
the  restrictions  in  practical  engineering,  the  present 
monitoring  devices  can  only  provide  a  portion  of  the 
information  of  the  state.  Furthermore,  in  the  monitoring 
process  it  is  almost  unavoidable  to  pick  up  accompanying 
stochastic  noises.  State  estimation  is  the  process  of 
information  of  the  state  of  a  system  from  insufficient  and 
noise-mixed  observed  values  taken  from  the  state.  Mathe¬ 
matically  speaking,  this  belongs  to  a  statistical  data 
processing  problem. 
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Methods  frequently  used  in  state  estimation  are  the 
Gauss  least  square  method,  the  Wiener  filtering  method,  and 
the  Kalman  filtering  method.  These  three  are  inter-related 
somehow.  Prom  the  angle  of  data  processing,  there  are  two 
techniques  viz.  the  classical  "batch  processing  method  "  and 
the  modern  "recursion  processing  method".  The  latter  happens 
to  be  the  process  used  in  the  Kalman  filtering  method  [1,2]. 

The  advantage  of  the  recursion  method  is  that  it  saves  computer 
memory  space  and  reduces  actual  calculation  time.  It  is  more 
suitable  for  practical  applications. 

The  conceptual  basis  of  the  recursion  method  lies  in  the 
relationships  of  correspondence  between  the  dynamical  system 
and  the  filters.  In  other  words,  the  state  of  the  dynamical 
system  can  be  described  by  differential  (the  continuous-time 
systems)  or  difference  (the  discrete-time  systems)  equations. 
Therefore,  the  estimator  (the  model  system)  is  also  charac¬ 
terized  by  the  corresponding  differential  or  difference 
equations . 

In  this  paper  the  filter  is  considered  as  a  model  of  the 
dynamic  system.  Direct  engineering  methods  are  used  to 
derive  equations  for  unbiased,  minimum-variance  and  most 
meaningful  filters.  For  a  linear  system,  it  is  known  -as  the 
Kalman  equation  (the  discrete-time  system)  or  the  Kalman-Bucy 
equation  (the  continuous  time  equation).  Although  there  is 
no  new  result  here,  yet  this  paper  is  of  help  in  the  design 
of  suboptimal  nonlinear  filters.  References  [3#^!  reported 
similar  studies;  however,  results  are  incomplete. 

The  second  section  of  this  paper  discusses  the  filter 
model  for  a  linear  discrete-time  system  which  led  to  the 
Kalman  filter  equation.  The  third  section  is  a  study  of 


159 


the  filter  model  of  nonlinear  discrete-time  systems  which 
leads  to  the  derivation  of  a  second  order  approximation 
suboptimal  filter  equation  for  nonlinear  discrete-time 
systems.  The  fourth  section  is  a  study  of  the  filter  model 
of  the  linear  continuous-time  system  to  obtain  the  Kalman- 
3ucy  filter  equation.  Finally,  section  six  is  a  study  of 
the  nonlinear  continuous-time  systems  to  obtain  the  second 
order  approximation  suboptimal  filter  equation  for  non¬ 
linear  continuous-time  systems. 

II.  FILTERS  FOR  LINEAR  DISCRETE-TIME  SYSTEMS 


The  Dynamical  System 


Equation  (2-1)  is  called  a  system  equation.  X  £  R‘  is 
the  state  vector.  $  is  an  (n,n)  transformation  matrix. 

W  e  Rn  is  the  noise  vector.  f  is  an  (  n,  r  )  perturbation 
matrix.  Equation  (2-2)  is  called  a  monitoring  equation. 

Y  -  Rm  is  the  monitoring  vector.  H  is  an  (m,n)  monitoring 
matrix.  V  £  Rm  is  the  monitoring  noise  vector.  If  the 
system  noise  |  and  the  monitoring  noise  {V^}  are  unrelated 
Gaussion  blank  noise  series  with  zero  average  value,  with 
each  k  there  is  an  1  which: 


EWt  =  0  ,  EWJV\  =  (  Q*>  0  ) 

EV%  =  0  ,  EVhV\  =  J?*3»i  <  Rk>  0  ) 

EWJ/\  =  o 


(2-3) 

(2-4) 

(2-5) 
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Assuming  that  the  initial  state  XQ  is  an  n-dimensional 
vector,  it  is  known  that 

EXt  =  Xa,  EiXt-2'XXt-Xty  (2-6) 

If  Xq  is  not  related  to  {lVt}  and  {Vt}  ,  then  with 
respect  to  any  k: 

EX, IV l  =  0  ,  EX,V'k  =  0  (2-7) 

The  block  diagram  of  the  estimated  dynamical  system  is 
as  shown  in  Figure  1  where  D  indicates  a  delay  step. 


figure  1.  The  Dynamic  System  (linear,  discrete-time) 


2.  Filter  Model 


The  state  filter  is  capable  cf  receiving  monitoring  signal 


7 

'  k+  - 


in  real  time  and  nrodu:ir..~ 


the  state  with  the  least  or  optimal  estimated  value  error 

V  A 


hc+i 


=  x, 


A 

-  X, 


k+1  Ak+1 


under  the  chosen  guidelines. 


Since  the  estimated  state  obeys  the  linear  difference 
equation  (2-1),  it  is  only  natural  to  consider  that  the  state 
estimation  also  obeys  a  corresponding  difference  equation. 


This  indicates  that  the  filter  is  also  a  linear  discrete-time 


system  which  is  capable  of  receiving  monitoring  signal 
and  delivering  the  optimal  value  XK+^_  for  the  state 
Therefore,  the  structure  of  the  filter  can  be  assumed  as  shown 
in  Figure  2.  Its  equations  are: 


-  FkZk  +  Kk+X 

Y  i 

£k  +  i  ~  Gk+l^k+l 


(A  =  0,  1,  •••) 


(2-8) 

(2-9) 


where  ZeR ",  is  the  filter  state  vector.  is  the  filter 

output  vector  which  is  also  the  estimated  value  of  state  X. 

F  is  a  (c,p)  matrix  which  is  the  filter  transformation  matrix 
or  the  feedback  matrix.  X  is  a  (p,m)  matrix  which  is  the 
filter  front  improvement  matrix.  3  is  a  (n,p)  matrix  which  is 
the  filter  output  matrix. 


Figure  2.  Filter  Model  (linear,  discrete) 

Once  the  structure  of  the  filter  is  defined,  the  solution 
to  the  problem  then  relies  on  the  determination  of  filter 
parameters  and  they  are  the  dimension  p,  the  feedback  matrix  F^ , 
front  improvement  matrix  K^+i’  and  output  matrix  0^+1  •  To 
do  that  the  guidelines  must  be  pre-set.  We  have  adopted  the 
unbiased  and  minimum- variance  rule  which  means  when  k  =  o,l — . 
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(1) 

unbiased 

E%>*EXk,  &E2k=  0 

(2-10) 

(2) 

minimum  variance 

trPk  4  tr EtkgL 

(2-11) 

s  tr E(Xk  —  ’%k)(Xk-  £k)'  =  min 

3. 

Unbiased  Filter 

Prom  the  requirements  of  an  unbiased  filter,  we  shall 
determine  parameters  of  the  filter  and  the  relationship 
between  these  parameters  themselves.  The  first  to  be  deter¬ 
mined  is  the  dimension  of  the  filter  p.  At  the  initial 
moment  k  =  o,  due  to  the  requirements  of  an  nonbiased  filter, 

A  A  A 

EXq  =  EXq  =  Xg .  However,  the  initial  estimated  value  Xo 
is  not  a  stochastic  quantity,  therefore 

£o=?o  (2-12) 


On  the  other  hand,  the  initial  state  of  the  filter  ZQ  should 
satisfy  0oZr,  -  ^g  =  Xg.  In  order  to  make  the  solution  to  Zg 
unique,  then  p  =  n  and  rank  Gg  =  n.  To  further  simplify  the 

filter,  let's  make  =  In  (k  =  0,1 - ).  Henceforth,  the 

filter  equations(2-8)  and  (2-9)  become 

=  (2—13) 

The  initial  value  is  X„  -  X  . 

0  0 

From  the  unbiased  nature,  the  relationship  between  K, +, 
and  Fjj  can  be  determined.  It  can  be  derived  from  equations 
(2-1),  (2-2),  and  (2-13)  that 

-4iXk + r  jy  u~  £  K*+i(Hk+i$i!Xk+ 

=  (ft  -  Ek~  Kk*iHic+i4>k)X k  +  F^k  +  (  / -  Kt+iHk+i. )r JV i 

-  Kk*\V *♦! 

The  unbiased  filter’s  requirement  is  E  \+l  =  °-  The 

average  values  of  {fVk}  and  {Fk}  are  zero.  We  found  that 
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F k— K k^  lWn.i^)£A'(=  0 


(2-15) 


On  the  other  hand,  from  (2-1)  and  (2-3)  one  can  get 

EXk+1=<j>tEXk 

The  initial  value  is  EXg  =  Xg.  Usually  EX^  4  0;  therefore, 
equation  (2-15)  is  valid  for  all  k  =  0,1 - : 

6k~  K k+\I{ ±+i<f>k~  0 

The  relationship  between  and  is  thus  obtained: 

Fk- <t>k- Kk+iH  ( 2-16 ) 

Substituting  (2-16)  into  (2-13),  the  filter  equation  becomes 

£l+l  =  <f>&k+  Kk*l(Y  k¥  j  -  IIi+i<f>i&k)  ( 2-17 ) 

with  initial  value  Xg  =  Xg .  This  filter  is  unbiased.  Its 
block  diagram  is  shown  in  Figure  3. 


Figure  3.  Unbiased  Filter  (linear,  discrete) 

From  figures  land  3  we  notice  the  characteristics  of  the 
structure  of  filters.  First  of  all,  a  filter  is  a  model  of 


1 


the  estimated  system.  Next,  we  note  that  filters  come  with  a 
feedback  mechanism  which  reflects  the  relationship  of  signal 
transformation.  Before  the  newly  monitored  value  is 

acquired,  the  filter  provides  an  estimated  value  '■V**  x  = 
state  Vin  which  is  called  the  prediction  state.  The 
filter  also  provides  the  estimated  value 

u  =  ,  of  the  measurable  quantity 

which  is  defined  as  the  predicted  measurable  quantity  value. 
The  filter  uses  the  difference  between  and 

”?*♦»>*»  and  the  matrix  ;  carry 

out  linear  "calibrations".  It  is  not  difficult  to  derive  that 
the  prediction  state  and  the  predicted  measurable  quantity 
value  are  unbiased: 


E%k+l’k  ~  E.Xk+1  , 

£.?**m*  o 

(2-13) 

•£pi-+ii* =  BY k+i  > 

0 

(2-19) 

Therefore,  the  unbiased 

filter  equation  (2-17) 

can  be 

written  as: 

^4+1  ~  i^<i+ ju- +  ^£T*+i 

(Y  k*i  —  kki  XL+  x » t ) 

(2-20) 

^4  +  1 » V  "*  ^k&k  ^  2  _  2 1  ) 


with  initial  value  Xr  =  %.  . 

U .  Unbiased  and  Minimum-Variance  Filters 

The  remaining  problem  is  to  determine  the  matrix  /C»+, , 
based  on  the  minimum-variance  requirement.  Let's  assume  that 
is  optimum  unbiased, ana  a  minimum-variance  value  of  the 
state  X^,  the  optimization  matrix  in  (2-17)  or  (2-20) 

can  be  determined  based  on  (2-11). 
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it 


By  first  calculating  /Vm  4  m  * 

is  possible  to  obtain  the  following  from  (2-1)  and  (2-21): 

=  Xk+1  _  %k*  1**  =  +  r  k  (2-22) 

Taking  (2-3)  and  (2-7)  into  consideration,  we  get 

(2-23) 

Prom  (2-14),  we  can  calculate  P.-i  -  Considering  the 
unbiased  filter  requirement  (2-16)  with  (2-22),  we  get 

.V_r  i  ~  (/  ~  +  ( 7—  Al.  )rj^k  —  A  u  il'it+i  /  p  24) 

~  (7  -  Kk+iHk*l)%k+l>k~  ATt).1f/ IH 

From  ( 2— -4 ) ,  (2-5),  (2-7),  the  difference  equation  obeyed 
by  the  error  matrix  of  the  unbiased  filter  is  obtained  as: 

Pk*-i  —  (J~  Kt4.xH it+i  -  Kk+ytl k+i )' +  Kit+i-Rn+iK l+t  ( 2-25 ) 

with  initial  value  Po. 

''tr/t-i  , 

^rom  ,)/y  ~  ’  and  the  symmetry  between  '.-I--  and 

Km  it  is  possible  to  obtain  the  necessary  (as  well  as 
sufficient)  condition  of  the  optimum  matrix: 

—  2  P  t+iifc//  (  + 1  +  2  A  n.i(Hk*iI,k+i>kf'Il*i  +  Pt*i)  =  0 

or 

A s+x( A  (+  ti3 t+hkH la  +  =  P x+i, t// * + j 

Since  A  u  ’  Al+»  becomes: 

A\+l  “  Pk+i'tH k*l(.Mk+  1  Pk+1  *kH  k  +  i  +  /?,+  j  )— 1 


(2-26) 


(2-27) 


166 


From  (2-25),  we  get 

Pl*l  =  (.1  —  h.  t*  lHk*l)Pk+hk~  P  kr  1  tkH  l  +  lKl  +  i  +  Ain 
(  H  k+lPk*  l  >kH  (  >i  +  Pk+l  )Kl  +  i 

Substituting  (2-26)  into  the  above  equation,  we  get  the 
difference  equation  obeyed  by  the  unbiased  and  minimum- variance 
filter: 


Pk+l 


*  (  I  ~  K k*}H k+l  )Pk+ lik 


.(2-28) 


Combining  (2-20),  (2-21),  (2-23),  (2-27),  and  (2-28),  the 
recursive  equation  of  the  unbiased  and  minimum  variance  filter 
holds  for  a  linear,  discrete-time  system.  Therefore,  we  have 
derived  the  Kalman  filter  equation  using  a  different  approach. 
3ased  on  the  same  concepts,  we  shall  expand  our  treatment  to 
the  design  of  subcptimsl  filters  for  nonlinear,  discrete-time 
systems . 


Combining  Figures  1  and  3,  the  block  diagram  of  the 
dynamical  system  and  the  filter  is  as  follows: 


1.  Dynamical  System 

2.  Filter 

Figure  4.  Dynamical  System  and  Filters  (linear, 
discrete ) 
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IV.  FILTERS  FOR  NONLINEAR  DISCRETE-TIME  SYSTEMS 


1 .  The  Evaluated  System 

The  nonlinear  discrete-time  system  can  be  described  by 
the  following  equations: 

-v ^  =  <P(Xk,  k)  +  rjvk  } 

(  k  =  0,  1,  •••) 

k +  +  y  i  ~i  (  3-2  ) 

where  9(‘)  and  h  (')  are  n  and  m  dimensional  nonlinear  vector 
functions,  respectively.  Other  than  these,  the  rest  of  the 
expressions  are  identical  to  the  linear  discrete-time  system  as 
described  by  (2-1)  and  (2-2). 

2 .  Filter  Model 

Based  on  the  dynamical  system  (original)  and  the  filter 
(model)  and  their  corresponding  relationship,  the  block 
diagram  of  the  filter  (including  the  dynamical  system)  can  be 
obtained  by  referring  to  the  linear  discrete-time  system  as 
shown  in  Figure  4.  It  is  illustrated  in  Figure  5. 


Figure  5-  The  System  and  the  Filter  (nonlinear, 
discrete-time) 
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Comparing  Figure  5  with  Figure  4,  it  is  found  that  the 
filter  for  a  nonlinear  discrete-time  system  contains  two 
external  interaction  terms  ak  and  ^  k  +  l,k.  They  represent 
the  biased  compensation  terms  of  the  estimated  state  and  the 
monitored  quantity,  respectively. 

The  filter  for  a  nonlinear  discrete-time  system  obeys  the 
following  equations: 

+ ATt+.iCi't+i  -  hiftn- ii*i  k  +  1  )-0k+i*kl  ( 3  —  3 ) 

»  h  )  +  ak  (3—4) 

wit n  initial  value  Ag  =  Xq. 


3 .  Bias  Compensation 

From  the  requirement  of  unbiased  filters,  it  is  possible 
to  approximately  determine  the  bias  compensation  terms  and 

0k*l’l  • 


Assuming  the  former  estimated  value  x4  is  unbiased,  which 
means  E%k-Q,  the  present  unbiased  estimated  value  of  the 

state  £*«■!<»  follows  _  E%k+\,k  =  0  •  ..  From  (3-1)  and  (3-4), 

we  get 


k)-<P(%,  k'.i  +  rjVk~<*k 


(3-5) 


Since-  the  bias  compensation  term  of  the 

estimate  state  is: 


ak  =  E[<P(A'k,  k)-<p(tk,  k)l 


(3-6) 
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Unfortunately,  the  solution  to  (3-6)  cannot  be  precisely 
determined.  Therefore,  only  approximate  values  of  ®*  can  be 
obtained.  When  Taylor  expansion  is  carried  out  for  the  non¬ 
linear  function  9(  ' )  about  2*  the  first  order  approximation 
of  the  bias  compensation  term  of  the  estimated  state  is  zero 
if  only  linear  terms  are  taken  into  account.  In  fact: 

a*s£C*(£,A>  +  ||j<.Y*-fc>- «&»*>]  =  e^l=  0 


where 


cVk  a  8f(Xk,k) 

cX\  -  dXk 


dV'X 

dx<p 

d'xfr>~ 

M"’ 

S'p’r 

dx y> 

(3-7) 


The  (n,n)  matrix,^-,  is  called  the  Jacobi  matrix  of 
the  vector  function  ?(*). 


To  accurately  determine  the  compensation,  we  expand  the 
nonlinear  function  y(')  using  Taylor  expansion  around  Xk  and 
chen  obtain  the  second  order  term.  The  second  order  approxi¬ 
mation  of  the  bias  compensation  term  of  the  estimated  3tac- 
is  then:  .  . 


"  T  £  <tr  Pk)  * 


(3-8) 


where  ( i  =  1,2, - ,n)  is  the  natural  base  of  the  Rn 

state  and 


cW}  A  d*<P(,XXk,  k) 
rti  -  dX\ 


‘  dx^dxiP'" dx(C' ' 

A  s  : 

Xk=%t  gtpU)  >  J 

dxV  dx(kn""dx{*)  dxp  A‘=X‘ 


(3-9) 


The  (n,n)  matrix  is  called  the  Hesse  matrix  (a 

cA  M  ) 

symmetrical  matrix)  of  the  ith  component  9>  (  ’ )  of  the 

vector  function  (*). 


Furthermore,  our  required  estimation  of  the  measured 
quantity  Pk+u*  is  also  unbiased  (i.e.,  £T*+i>* -  0 .  ). 

From  (3-2)  and  (3-3)  we  get 

CA( A  +  1 )  —  &  + 1  )3  +  ^*+i - 0k+i,k  (3  —  10) 

Now  that  E?i+i>k=Q,  the  bias  compensation  term 
becomes : 


0k+Uk  =  ELh(Xi;+iik  +  1 )  —  h(.5tk*l<k I  k  +  1  )] 


(3-11) 


Similarly,  (3-11)  cannot  be  solved  precisely.  Only 
approximations  of  can  be  obtained.  If  a  nonlinear 

function  h(  '  )  undergoes  Taylor  expansion  around 
the  first  order  approximation  of  the  bias  compensation  term 
of  the  predicated  measured  value  is  0.  In  practice,  because 
the  estimated  state  £*♦»•«  after  compensation  ak  is  already 
almost  unbiased,  therefore 


0  k  ELhCjtki.  j ,  tj  &+l)  +  1  (  A  ]  —  Xii+ 1  •*)  —  ^(Xfc+i  hi  &  +  1  )3 

('ik+nt 


3hkt. , 


■'^»+  i  .» 


>k  =  0 


where 


f 1  *  X +  1 ) 

nXt+i-t  ^At,i 


A  im  =3tk+li* 


dhW, 

dh\'lx 

'  aiK," 

■"  a*W, 

dhTix 

The  (m,n)  matrix  gX  is  called  the  jaCobi  matrix  of  the 
vector  function  h  (’). 


Based  on  these  results,  both  compensation  terms  a  k  and 
Bk  +  l,k  of  the  predicted  state  value  and  the  estimated  value 
of  the  measured  quantity  are  0  for  first  order  nonlinear 
filters.  This  is  an  extrapolation  of  the  Kalman  filter. 


In  order  to  more  precisely  determine  the  compensation 
terms  of  the  estimated  value  of  the  measured  quantity,  the 
nonlinear  function  h(')  is  similarly  expanded  about 

using  che  Taylor  expansion  method  to  obtain  the 
second  order  term.  The  second  order  approximation  of  the 
bias  compensation  term  of  the  predicted  value  then  becomes 


*-M  »k 

-  "  d'h'Jii 


+  v  £  <  tr 

z  i-i 
i  * 

=  -V  £  < 

4  /-i 


dxk+i>ii 


W2, 


i+lit 

%li+l>k%k*ltk)eJ~  *<£»+!.»  *  +  1)3 


OXt+ltt 


.  (3-13) 


where  (j  =  1,2, - m)  are  the  natural  bases  of  the  R 

space  and 


al/n/2u  „  3W'lXM,h  +  \) 


o  A  ?•  + 1 


&fc+Sf* 


...  am 


\  S'IWl  MVlt  ^x 

a^dx&r&mmi Xu *i  ~Xt+i,k  (3-1^) 


3  2(1) 

The  (n,n)  matrix  — 2 -  is  called  the  Hesse  matrix 


*  (M 

■.symmetric  matrix)  of  the  jth  component 


of  the  vectc: 


.on  in  . 


After  making  the  approximate  compensations  <*>■  and 
&♦».*  the  next  state  estimation  Xk  +  1  is  almost  unbiased. 

From  (3-3)  we  get: 
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Thus,  we  obtain  the  second  order  approximation  of  the 
unbiased  filters  for  nonlinear  discrete-time  systems. 


4 .  Suboptimal  Unbiased  and  Minimum  Variance  Filters 


Based  on  the  requirement  of  minimum  variance,  we  are 
going  to  determine  the  second  order  approximation  of  the 
suboptimal  matrix  Kk  +  1  of  unbiased  filters.  For  this 
purpose,  let's  assume  that  and  are  Gaussian. 

For  a  zero  average  Gaussian  series,  it  is  known  from 
references  [5,6]  that  the  odd  order  terms  are  zero.  For 
example,  if  is  a  one-dimensional  zero  average  Gaussian 

stochastic  series, then  for  any  i,j,k  = 


and  for  any  i,j,k,  and  1: 


« . £,  ik£i-( £s\ £i )( £{* 5, )  +  ( Et, I* )( £'| , £,>  +  («,£,)<«,&>  (3-16) 


Let's  calculate  i\* n,  first.  Based  on  (3-4)  and  (3-3) 

we  get : 


=  +  4E  Ctr  -Xi~(  -  P,  )>. 


2  SXl 


(3-17) 


Comparing  (3-17)  with  (2-22)  and  then  taking  (3-15)  and 
(3-lc)  into  account,  we  get 


+r^r( +  .  /P, 


(3-18) 


where 


-'D.  -  {  t  :tr -~|i—  <?. 3!  - P,n e,  J { . £ 


- 


1 


Ctr^~  A )]*,  j 
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1“  H 

The  (i,j)  element  of  the  (n,n)  matrix  / Pk  is: 

<^*>o  =  ~  P*>][  -  Pd] 


From  (3-16)  and  the  symmetry  of  the  Hesse  matrix,  one 


gets : 


(z//M„=  2  tr  (d  *£r  p*) 


(3-19) 


Let's  calculate  **«•>«  now.  From  (3-3)  we  get 


?k+ 1  ~  Xk+1  ~  &*+l  =S‘t+l  ./L  ~  A  i+  jFt+1  i 


Plugging  (3-10)  and  (3-12)  into  the  above  equation,  we 

get: 

•?i+’  =  (I~Kk+1~fit^)%k+l,k 

-  A'/.kj  j^j+i+y  X]  [  u  -  f’l+i'* )  J  e;  | 

(3-20) 


Comparing  (3-20)  with  (2- 2*0  and  noticing  (3-15)  and 
(3-16) »  we  obtain  the  difference  equation  obeyed  by  the 
variance  matrix  of  the  second  order  approximation  of  the 
unbiased  filter: 


('-* 

+  Ki+\(Rk*i 


_ dhk+  j 

‘♦l  d% 


k+l’k  /  \ 

+  4Pk+l>k)K'k  +  l 


r  - 

Ah  1  ' 

ffXltiu 


r 


(3-21) 


with  initial  value  -p o  where 


17*1 


=  -U  \  E  ftr 

4  C  t  m  t  L  OX** l  »fc 

-  P. *..»)]  c.  ||  ^  +  Pt+ji*)  J  */ 1 

—  Pl+til)jftr  (?k*l  1*2 1  flit  —  Pt+  It  i)J^<  <?/ 1 


Similar  :o  "he  calculation  of  the  •' r.  ,n)  matrix 
it  is  possible  to  obtain  the  (i,j)"h  element  of  the  (m,.m) 
matrix  which  is 


,n  x  _  I  fr  (  MVli.p  \(  Wit  p  \ 


(3-22) 


Comparing  (3-21)  with  (2-2 5),  we  notice  that  they  are 
identical  in  form.  Therefore,  A.  car  'r>*»  obtained  using 


similar  procedures: 


P  /  ^«*i  \'r  i^±>_P  /  y  I-1 

\  ^ . i  -  /  . I  -or  *  w*(  '  )  +  «i-+ 1  +  +  W  I 

'PAIHt*/  L  PA»f|i»  \  f  Xt  +  IU  J 


( 3-23 ) 


Corresponding  to  (2-28),  the  variance  matrix  of  the  second 
order  approximation  of  the  suboptimal  filters  should  satisfy 


the  difference  equation: 


=  (/-* 


r  k+ltk 

C7Ak+l»fc  / 


(3-24) 


; trr.binirg  (3-3),  (3-4),  (3-8),  (3-13),  (3-13),  (3-1S),  (3-22),  (2-23), 


•cursive  ecus 


the  above  set  of  equations,  if  we  let  2. ...  and  a?,.,  i?„  .  .. 

A*  d.  A  A  '  —  ^  A 

transforms  into  the  first  order  approximation  suboptimal  filter. 
11  ancwr.  expanded  Kalman  filter. 

1  r.eer in.g  applications,  if  jPu  is  (3-13)  is  smaller 
■  arms  and  4R%+i,k  in  (3-23)  is  also  smaller  than 
,  "hey  can  be  neglected  to  simplify  calculation  steps 
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IV.  FILTERS  OF  LINEAR  CONTINUOUS-TIME  SYSTEMS 


1 .  The  Dynamical  System 

A  linear  continuous-time  system  can  be  described  by: 

2(t)*A(tyx<n  +  r<t)Hr<n  (u-i 

(*>/.> 

r«>*C<0*(0  +  K<0  (4. 2 

Equation  (4-1)  is  called  the  system  equation.  XeRn  is  the 
state  vector.  A  is  a  (n,n)  matrix  known  as  the  system  matrix 
VJeR  is  the  system  noise  vector.  r  is  a  (n,r)  matrix  called 
the  perturbation  matrix.  Equation  (4_?)  is  called  the 
monitoring  equation.  Y-R'"  is  the  measuring  vector.  C  is  a 
( m , n )  matrix  called  the  measuring  matrix.  7e.Rm  is  the 
measurement  noise  vector.  Assuming  that  the  system  noise 
4*^0}  and  the  measurement  .noise  (k(O)  are  unrelated  t:  c- 
avervre  lansoiar.  blank  r.nise  processes ,  v;i4,'n  respect  to 
any  t,  3  there  is 


£7r(o=  0,  Eir<t)W"(T)  =  Q(t)d(t-T)  (Q(/»0) 
£•^(0=0,  EV{t)V\x)  =  R{tmt-x)  (RU)>  0> 
EW{t)V\x)  =  0 


Assuming  further  that  the  initial  state  X(it)-  A» 

n  dimensional  Gaussian  stochastic  vector,  it  has  tear: 
that 


EX'  =  Z;  E(XQ~X,)(.X'-Xty  =  P, 


(4-6) 


X.  and  W(t)}  and  are  not  related,  i.e.  with 

respect  to  any  t  there  is 


i 
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flr XBJ"*  ■STt'jMii  ffm 


£AVf"<n=  0,  EXtV'{  0=  0 


( H-7) 


The  block  diagram  of  the  dynamical  system  is  shown  in 
Figure  6. 


VU) 


Figure  6.  The  Dynamical  System  (linear,  or.t  inuous ' 

2 .  Filter  Model 

Cir.;e  the  state  obeys  the  differentia*  equation  (J-l),  i 
oar.  d-rived  that  the  estimated  value  of  -hc  state  should 
obey  a  corresponding  linear  differential  equation.  Therefore 
*  he  filter  should  also  be  a  linear  continuous  time  system. 

I"  oar.  receive  measurement  signal  Y(t )  and  provide  the 
optimum  estimated  value  X(t)  for  state  X(t).  Henceforth,  the 
structure  of  the  filter  is  assumed  as  shown  in  Figure  7. 


Figure  7 


Filter  Model  (linear,  continuous) 


Its  equations  are: 


£(t)  =  F(t)Z(t)  +  K(t)Y(t) 
±<t)  =  G(t)Z(t) 


(4-3) 

(4-9) 


where  Z6R',  is  the  state  vector  of  the  filter.  The  filler 

/?* 

output  vector  is  the  estimated  value  of  state  A  *  F  is  u  ,  p ) 
matrix  known  as  the  filter  system  matrix  or  the  feedback  matrix 
K  is  a  (p,m)  matrix  called  the  filter  front  improvement  matrix. 
G  is  a  (n,p)  matrix  known  as  the  filter  output  matrix. 

Similar  to  the  treatment  of  linear  discrete-time  systems, 
we  are  going  to  determine  the  dimension  p  of  the  filter,  the 
feedback  matrix  F(t),  the  matrix  K(t),  and  the  output  matrix 
G(t )  based  on  the  unbiased,  minimum-variance  guidelines. 

For  all  t  ,  we  get 

1)  unbiased  relationship  EZ(t)  =  EX(t),  #£?<*>«  0  (4-10 

2)  minimum  variance  trP<t)&tr £?<0?'<0  (4-11 

=  tr  EZ X(  t )  - 1(.  niiXl  t )  -  t >]'  =  mi n 


3 .  Unbiased  Filters 


We'll  first  discuss  the  properties  of  unbiased  filters 

here . 


Sane  as  the  treatment  used  for  linear  discrete-time 
system,  it  is  possible  to  obtain  that  the  dimension  of  the 
filter  p  =  n  and  <7(0  »/.</>*•>•  Therefore,  the  filter 

equations  (4-3)  and  (4-9)  become: 

i(0*/r<0£(0  +  /tt0K(/>  (4-12) 
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with  initial  value  £<*»)  =  £, 


From  the  requirement  of  unbiased  filters,  the  relation¬ 
ship  between  K(t)  and  the  feedback  matrix  F(t  )  can  be 
determined.  From  (4-1),  (4-2)  and  (4-12)  we  get 


t)  =  A<t)X<t)  +  r<.t)iv<.n-F(t)%(n-KUKC(t)X(t)  +  i’u)i 
=  ZAir>-Flt)-K(t)C(t)lX(t)  +  F(t)%(.t)  +  ruwu)-  K(t)V(t) 


Due  to  the  unbiased  property:  £"^(0=0  .  Then  -$j-E%V)  =  E%(t) 

=  0  which  leads  to  the  fact  that  and  <K(/)>  are 

zero . 


Therefore : 


[. !( O  -£'(/)-  A'(  OC(  /)  ]  !■:  X  (t)  =  o 


(4-14) 


On  the  other  hand,  from  (4-1)  and  (4-3)  we  get 

EXU)  =  A(t)EX(t) 


with  initial  value  £1Y( /, )  =  £«  .  Therefore,  usually  EX(t)+o„ 

But  (4-14)  is  valid  for  all  t 

A(t)-F(t)-K(t)C(t)=  0 

The  relationship  between  K't)  ar.i  ?(-)  f:r  “he  filler  i  - 
thus  determined  as: 


F(t)  =  A(t)-KU)C(t) 


(4-15) 


Substituting  (4-15)  into  (4-12),  the  unbiased  filter 
equation  can  be  obtained: 
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*(n  =  AU)Z<t)  +  K(t)LY(t)-C(t)%(t)l 


(4-16) 


with  initial  value  x(M  =  £o  •  Its  block  diagram  is  shown  in 
Figure  8. 


Figure  8.  Unbiased  Filter  (linear,  continuous) 

Comparing  Figure  8  with  Figure  6,  it  can  be  found  that  the 
filter  is  a  model  of  the  dynamical  system.  Furthermore,  the 
filter  has  a  feedback  structure  which  is  capable  of  obtaining 
“.he  difference  P-(0  =  C(/)X(0  between  the  measured  value 

and  the  estimated  value  =  and  it  is  a 

measure  to  determine  the  prediction  error  ?(0  =  <Y(/)-X(0  • 

1~  is  then  possible  to  use  K(t)  to  carry  cut  linear  "calibra- 


4.  "n'c  lased  Minimum-variance  Filters 


■  •  -•  ••  r’ne  min imum-va rian  j e  requirement  -  e 

determine  ^he  matrix  'K(t)  for  unbiased  filters.  From  (4-13) 
and  the  unbiased  filter  requirement  (4-15),  we  get 


?(0  =  [.4(0-/C(/)C(03?(/)  +  r(0»r(0-/f(0^(/) 


(4-17) 


l8o 


f 


In  (4-17),  let's  assume  the  matrix  *o>  is  the  transformation 
matrix  with  respect  to  the  system  matrix  A(t)-K(t)  C(t);  then 
the  solution  becomes 

['  Mt,T)ir(rW(T)-K(r)V(r)ldT  (4-18) 

J  t% 

Icticing  (4-3),  (4-4),  (4-5),  (4-6),  and  (4-7),  we  get 

v(t,T)Cr(T)Q(T)r'(T)  +  K(r)R(T)K'(r)W(t,r)dT 

It  is  the  solution  to  the  following  matrix  equation 

P(i)-:A(t)  -  KU)C(t)~I>U)  +  P(t)ZA(t)-  K(t)C(t)Y  + 

* ru)QU)r'(t)  - Ku)mt)K\t)  ,  h_. 

with  initial  value  P(to)  *  Po. 

In  order  to  determine  K(t),  we  consider  (4-19)  as  the 
differential  equation  obeyed  by  the  dynamical  system.  In¬ 
state  variable  of  the  dynamical  system  is  the  element  P 

the  (n,n)  matrix  P(-).  The  control  variable  is  the  element 
MO.  of  ~he  ( n  ,m'  matrix  X(t )  .  The  minimum- variance  .rul  ie- 

'  i  O  '  *  - 

_ _  3 

/  *  tr  P(T)  =  min»  --20) 


In  summary,  the  problem  becomes  th-  determinat  ion  :f  the 
matrix  K(t)  for  a  given  system  equation  (4-19)  with  terminal 
time  T  and  characteristic  function  (4-20)  under  which  J  =  min. 
This  becomes  a  classical  optimal  control  problem  for  a  fixed 
type.  We  will  solve  it  using  the  following  method.  Let's 
assume  the  optimal  function  is: 
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P(.t)ttls  min  I-  min  trP(T) 

{K(r),t<r<T\ 


(4-21) 


The  Hamilton-Jacobi  matrix  equation  is 


dv  *  zv 
tr  *F?=  ““aT 


( 4-22) 


Since  — -  is  not  related  to  K(t),  we  get 

3  L 


a  4  av  *  A 
a/cTo tr  TF*™  0 


(4-23) 


Plugging  (4-19)  into  (4-23)  and  keeping  in  mind  that  — =r 
unrelated  p0  K(5),  we  get 


2jp-ZPU)C'<.t)-K(t)RU)l=  0 


^  yr 

--nee  5  is  orthogonal  [3],  the  necessary  (and  sufficient) 

3  * 

condition  for  the  matrix  K(t): 


iC(0/?(0  =  P(0C'(0 


( 4-24) 


Due  to  the  fact  that  R(.t)  is  orthogonal,  K(t)  thus 


) e  ■* ernes  : 


K(t)  =  P(t)C\t)R-l(t) 

Prom  (4-19),  we  get 

p<t)=A<t)p(t)+p<nA'(n  +  r(t)Q(t)r,(n 

-K(t)C(t)P(t)-P(OC'(t)K,(t)  +  K(nP(t)K'(t) 
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Substituting  (4-24)  into  the  above  equation,  the  differ¬ 
ential  equation  which  describes  the  error  matrix  of  the  un¬ 
biased  minimum-variance  filter  is  obtained: 

(4-26) 

with  initial  value  PUt)  =  P„<, 

Combining  (4-16),  (4-25),  and  (4-26),  we  obtain  the 
complete  equation  of  the  unbiased  minimum-variance  filter  of 
a  linear  continuous— time  system.  Therefore,  we  derived  the 
Xalman-Bucy  equation  from  a  different  amr-'-a ’h  Along  the 
same  idea,  we  will  extrapolate  our  treatment  to  nonlinear 
continuous-time  systems  to  obtain  the  subcptimai  filter. 


Combining  Figures  6  and  8,  the  block  diagram  of  the  filter 
and  the  dynamical  system  is  as  follows: 


Figure  9-  The  System  and  the  Filter  (nonlinear,  continuous) 
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V.  FILTERS  FOR  NONLINEAR  CONTINUOUS-TIME  SYSTEMS 


1 .  The  Estimated  System 

The  estimated  nonlinear  continuous-time  system  can  be 
described  by: 


£(/)  =  /[*(/),  n  +  ra)tv(t) 
Y(t)  =  hzxcn,  ti+vct) 


(<>/,) 


(5-1) 


(5-2) 


where  f(*)  and  h(*)  are  n  and  m  dimensional  nonlinear  vector 
functions,  respectively.  Other  than  that,  the  remaining  are 
the  same  as  (4-1)  and  (4-2)  for  linear  continuous-time  systems. 


Filter  Model 


We  use  the  corresponding  relat ions hip  between  the  esti¬ 
mated  system  (  original)  and  the  filter  't. -del).  Referring  to 
Figure  9  for  linear  continuous-time  systems,  we  can  determine 
the  block  diagram  fo  the  filter  (including  the  system  itself) 
as  show  in  Figure  10: 


KO)' 


1.  system 


Figure  10.  The  System  and  the  Filter  (nonlinear,  continuous) 
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Comparing  Figure  9  with  Figure  10,  there  are  two  external 
reaction  terms  <*(/)  and  0(t)  added  to  the  filters  of  nonlinear 
continuous-time  systems.  They  are  the  bias  compensation  terms 
for  the  state  and  the  measured  quantity,  respectively. 

Henceforth,  the  equation  of  the  filter  of  a  nonlinear 
continuous-time  system  is: 

*(0  =  /r£<n,  n  +  aU)  +  K(t)iY(t)-hl$(t), 

( 5-3 ) 

with  initial  value  SU 0)  =  y0  . 

3 .  Bias  Compensation 

From  the  unbias  requirement,  the  bias  compensation  terms 
a<0,  0U  can  be  determined.  From  (5-1),  ’5-2)  and 
(5-3) ,  we  get 


-  K(t)ihZX(t),n-  hlZ(t),a- 0(t)\  -  K(t)Y(t)  (5-4) 

The  unbias  requirement  LsE%(t)=0.  Ther^f  :re  ,  ~jj-E%(t)  =  E%(.t)  =  0  . 
This  makes  the  average  values  of  and  are  0 . 

Based  on  these  considerations,  the  state  and  measured  quantity 
should  be  compensated  by  <*(t)  and  pU)  ,  respectively. 

e(O-F</CAr<O,0-/C*«O,f]*  (5-5) 

0U)=E{hzxu),n-hiftn,n>  (5-6) 

However,  the  exact  solutions  to  (5-5).  and  (5-6)  cannot  be 
determined.  Therefore,  only  approximations  of  a(0  and  0(f) 
can  be  obtained. 
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If  we  carry  out  Taylor  expansion  around  ±  for  non¬ 
linear  functions  f(*)  and  h( • )  and  take  the  linear  terms, 
then  the  first  order  approximations  of  the  bias  compensation 
terms  of  the  state  and  the  measured  quantity  are  zero. 

In  fact: 

«u)s£{/H(i),<]  +  WC* * » > -  alaT £?( 0=0 

0u)sE{hitu),n+j^^u)-hLt(t),n)  =j%T>E%(t)=  o 


dff  _dh,  _ 

where  the  (n,n)  matrix  Jx(t)  and  ^m>n^  matrix  dx(t)  are 
the  values  of  the  Jacobi  matrix  of  the  vector  functions 
f(.)  and  h(.)  at  X(t)  =  X(t),  respectively. 


To  obtain  the  compensation  terms  more  precisely,  we  are 
going  to  expand  the  nonlinear  functions  f(*)  and  h(*j 
around  £(*)  using  Taylor  expansion  and  include  second  order 
terms,  the  second  order  approximations  of  the  bias  compensa¬ 
tion  terms  of  the  state  and  the  measured  quantity  are: 


«U)a£  {/[£(/),/] +  alffySrtO  +  ±  E  [tr^{f^g(nT<o]  c, -/[$<(), nj 

<5'71 

r-iost'  +  \  £j  ftr^-)j(or(o]^-A[X(o./]} 

i  V-1  -  P(  t\  ~[  e 

~  2  L  TdXHt)Pa)i  1 


■i  /<■  > 

where  the  (n,n)  matrix  and 


ew> 
dx 1 


are  the  values  of  the 


Hesse  matrix  of  the  i  component  /lo(  *  >  of  the  vector  func¬ 
tion  f  (  • )  and  the  jth  component  h^^(.)  of  h(  . )  at  X(t)  = 

X'( t )  and  they  are  symmetric. 
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Henceforth,  we  have  obtained  the  second  order  approxi¬ 
mation  unbiased  filter  for  nonlinear  continuous-time  systems. 

4 .  Unbiased  Minimum-Variance  Suboptimal  Filter 

Now  we  are  going  to  determine  the  second  order  approxi¬ 
mation  suboptimal  matrix  K(t)  of  the  unbiased  filter.  Similar 
to  the  discrete-time  systems,  we  assume  that  is  almost 

a  Gaussian  process.  Substituting  (5-7)  and  (5-8)  into  (5-4), 
we  get 

-km  .|*;)]2(o  +  r(.‘)^(/)-A"(oK(/)  + 

t  i  ±{ C2< ‘ >*'<  1  > - P( 0]  I - 

-1  /f<*>  s  { -  /» <03 } 

and 

dt  o.r<o=£,c?(or(o+^(orfo]  (5_i0 


Substituting  (5-9)  into  (.5-10)  and  assuming  approximates 

a  zero  average  Gaussian  process,  we  get 


=  A[tr|^.?(0(?'(0jr(0-  [tr-^jPCO  j£?'(0=  0 


similarly 


e  f tr  ft*a)c?a>r(0  =  0 
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(5-10)  can  be  reexpressed  as: 


=  [  d±(.t)~KU)  al(o']/></>+/,</)[^0)  K(n  d$(o] 
+  2£cr(t)ft'(n2'(ni-2£UC(nr(n%/(t)] 


(5-11) 


In  the  calculation  of  E  [f(g)W(t)X  '( t )  ]  and  E[k(t)Y(t) 

X  (t)],  more  simplification  can  be  made  by  neglecting  the 
second  order  term's  in  (5-9)-  Then  j?(t)  is  simplified  as 

2l<rxco  “  A<,)ax(o  +  '(n-KO)^(n  (5-12) 

Henceforth,  it  is  not  too  difficult  from  (5-11)  to  obtain 
the  following  using  a  method  analogous  to  oust  of  the  linear 
continuous  systems. 

^U)  "  [<?£<o  "  K(t)d±lt)  ]p<-t,  + 

-  r«)Q(Or'(0  +  KU)RU)K'(.t)  ( 5-131 

with  initial  value  'P(to)  =  Po. 

Tempering  (5-13)  with  (4-19),  it  is  found  that  the  two 
are  similar.  Prom  (4-25),  the  approximate  optimal  matrix 
X ( t )  is 


Similarly,  according  to  (4-26),  the  differential  equation 
followed  by  the  filter  error  matrix  of  nonlinear  unbiased  and 
minimum-variance  filters  can  be  obtained: 


Pu)  =  axhfPtn  +  P{n[ei(tyJ  +  r«)Q<or<o  -  KinRinK'u) 


(5-15) 
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Combining  (5-3),  (5-7),  (5-8),  (5-14),  and  (5-15),  the 
complete  equations  of  the  nonlinear  continuous-time  systems' 
unbiased  minimum-variance  and  suboptimal  filters  are  obtained. 
In  the  above  equations,  if  o(i)  and  £(/)  are  0  they  become  the 
first  order  suboptimal  filters. 

VI.  CONCLUSIONS 


This  paper  emphasized  the  correspondence  relationship 
between  the  estimated  system  (original)  and  the  filter  (model) 
It  first  determined  the  structures  and  properties  of  linear 
discrete  and  continuous-time  systems  by  considering  the  unbias 
requirement.  Furthermore,  it  determined  the  approximate 
compensation  terms  of  the  nonlinear  discrete  and  continuous¬ 
time  systems.  Then  based  on  the  minimum-variance  require¬ 
ment,  the  optimal  matrix  K(t)  for  linear  discrete  and  con¬ 
tinuous-time  systems  is  determined.  Finally,  the  suboptimal 
matrix  K(t)  for  unbiased  and  minimum-variance  filters  of 
nonlinear  discrete  and  continuous-time  systems  is  determined. 
For  nonlinear  systems,  only  second  order  approximation  sub¬ 
optimal  filters  are  studied.  It  can  in  principle  be 
extrapolated  to  the  design  of  more  advanced  suboptimal  filters 
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Sumtary 


Solidification  Characteristics  of 
Superalloys  under  Non-equilibrium  Condition 

Fu  llengzhi 


The  development  of  unidirectional  solidification  and  surface  grain  refi¬ 
nement  process  for  turbine  blades  brings  forth  the  problem  of  controlling 
cry  stalization  structures  of  superalloys  during  solidification.  An  attempt  is. 
therefore,  made  in  the  present  paper  to  determine  the  effect  of  some  metal 
lurgical  factors  on  the  characteristics  of  solidification  by  means  of  thermal 
analysis  and  metallographic  assessment.  It  was  found  that  there  exists  a 
relationship  between  r,/rs  (the  ratio  of  holding  time  at  the  liquidus  temper¬ 
ature  to  the  total  freezing  time)  and  the  mar.rostructure  obtained  in  castings. 

As  the  ratio  r,/rj  increases,  successive  solidification  gradually  becomes 
pn  dominant  in  the  freezing  process,  and.  as  a  result,  the  grain  growth 
changes  from  an  equiaxed  structure  to  an  oriented  columnar  one.  When  TiAj 
approaches  unity,  it  is  possible  to  grow  a  fully  columnar  structure. 

The  liquidus  and  solidus  temperatures  of  Ni-Cr  and  Fe-Ni  supcralloys 
ar.d  the  holding  times  at  the  critical  temperatures  during  freezing  were  deter¬ 
mined  a i  arc  presented  here.  The  effect  of  adding  alloying  elements  to  Ni-Cr 
alloys  on  ri  and  f3  was  also  determined.  With  the  exception  of  cobalt,  the 
increase  of  which  slightly  enhances  directional  soldification,  an  increase  of 
all  the  alloying  elements,  such  as  molybdenum  (up  to  22%),  tungsten  (up 
to  15%).  niobium  (up  to  i0%).  aluminum  (up  to  9%)  and  titanium  (up  to 
3%),  leads  to  a  decrease  in  the  ratio  r,/rx,  hence  hindering  successive 
solidification. 

.Among  all  the  alloying  elements,  aluminum  and  titanium  arc  the  most 
conspicuous  in  effect' veness.  When  the  titanium  content  exceeds  the 

oriented  columnar  growth  is  very  rapidly  made  difficult  to  proceed. 

K.  the  solute  distribution  coefficient  under  non-equilibrium  condition  is 


discussed.  According  to  the  expression 


wC.,(  1  -  k) 
^  Dk  '  ’ 


which  predicts 


tn  stability  of  directional  solidification,  the  effective  distribution  coefficie  1. 1  .• 
..  iitiutiuii  of  A'.,  (under  equilibrium  condition),  is  an  important  fact,  i 
ti.a.  a.ieets  the  nature  of  grain  growthi  provided  that  other  factors  reniaiu 
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unchanged. 

•  The  greater  the  deviation  from  equilibrium  state  during  cooling.  the 
greater  will  be  the  value  of  K  and  the  smaller  will  be  the  difference  betwe¬ 
en  solute  concentrations  in  solid  and  liquid  phases.  In  such  cases  the  build-up 
of  solute  at  the  solid-liquid  interface  will  also  drop,  thus  making  constiutional 
supercooling,  which  hinder  directional  solidification,  decrease.  As  to  the 
Quantitative  determination  of  the  solute  distribution  coefficient  under 
non-equilibrium  condition,  it  may  depend  on  a  number  of  metallurgical  para¬ 
meters. 
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SOLIDIFICATION  CHARACTERISTICS 
OF  SUPERALLOYS  UNDER 
NON-EQUILIBRIUM  CONDITIONS 


Fu  Hengzhi 


Abstract 


This  paper  is  an  attempt  to  analyze  the  solidification 
curves  of  alloys  and  to  discuss  the  solidification  characteris¬ 
tics  of  alloys  under  non-equilibrium  conditions.  Furthermore, 
it  also  includes  a  discussion  of  the  effect  of  solute  distribution 
coefficient  on  the  crystallization  process  under  non-equilibrium 
conditions .  The  effect  of  adding  alloying  elements  for  addi¬ 
tional  strength  on  the  cooling  curve  and  crystallization  charac¬ 
teristics  has  also  been  investigated  in  a  preliminary  manner. 

In  order  to  improve  the  performance  of  airplane  engines, 
it  is  common  practice  in  other  countries  to  incorporate  a  surface 
grain  refinement  process  to  control  the  crystallization  structure 
on  turbine  blades  in  actual  production  lines.  For  example,  Pratt 
3t  Whitney  of  the  United  States  has  already  adopted  a  unidirectional 
solidification  process  to  fabricate  turbine  blades.  At  present, 
crystalline  and  single  crystalline  turbine  blades  have  been  used 
in  the  U.  3.  and  U.  K.  on  TF-30-300,  J-53  and  other  engines. 

More  recently,  an  alloy  prepared  by  the  unidirectional  solidifi¬ 
cation  method  (PWA-1422)  will  be  used  in  the  JT9D  engine.  The 
USSR  also  has  used  unidirectional  solidified  and  single  crystal¬ 
line  alloys  to  fabricate  turbine  blades  for  AN-20  and  AN-24 
engines.  The  development  of  unidirectional  solidification  and 
surface  grain  refinement  process  for  turbine  blades  brings  forth 
the  problem  of  controlling  the  crystallization  structures  of  high 


temperature  superalloys  during  the  solidification  process.  By 
controlling  certain  factors,  it  is  possible  to  obtain  either  an 
oriented  columnar  or  a  uniaxial  structure  based  on  the  mechanical 
properties  required  for  each  specific  application. 

This  paper  will  attempt  to  discuss  the  effect  of  some 
metallurgical  factors  on  the  crystallization  characteristics  of 
high  temperature  alloys  in  order  to  gain  some  understanding  re¬ 
garding  the  conditions  necessary  for  successive  solidification. 


I .  Solidification  Characteristics  of  Superalloys  under  Non- 
Squilibrium  Conditions 

Under  an  identical  heat  dissipation  condition  during 
casting,  different  alloy  compositions  tend  to  solidify  into  dif¬ 
ferent  structures,  due  to  their  own  solidification  characteristics. 
For  the  same  alloy  composition,  if  various  degrees  of  excess  heat¬ 
ing  exist,  different  crystalline  structures  can  be  obtained  upon 
freezing  in  identical  modes,  even  when  the  liquids  were  poured 
into  those  modes  at  the  same  temperature.  This  is  due  to  the 
difference  in  liquid  state.  At  the  same  pouring  temperature,  different  crystal 
structures  can  be  obtained  with  a  low  carbon  heat  resistant  alloy  containing  25- 
fr  by  excessive  heating  of  0,  100,  and  lcG  degrees  C  as  well  as  by  adding  1.51  T 
ts  me  alloy  for  modification.  With  increasing  degree  of  excessive  heating,  the 
columnar  growth  becomes  thicker.  When  the  160  C« excessive  heating 
is  followed  by  the  addition  of  Q.5%  T^,  the  solidification  time  re¬ 
mains  unchanged.  However,  the  alloy  structure  changes  from  a  thick 
columnar  structure  to  a  uniaxial  structure  (see  Figure  1)  It 

is  noted,  during  an  analysis  of  the  alloy  solidification  process, 
that  the  total  freezing  time  of  the  alloy  remains  basically  the 
same,  regardless  of  excessive  heating  and  addition  of  other  elements 
But  the  holding  time  at  the  liquidus  temperature  (T^)  appears  quite 
different . 
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The  ratio  of  t  and  the  total  freezing  time  (t  )  is  0.51,  0.63, 

i  e 

0.73  and  0.37,  respectively. 

It  is  apparent  that  the  increasing  x  /x  values 
correspond  to  the  columnar  growth  of  the  crystal  based  on  com¬ 
parison  between  the  crystal  structure  and  the  ^/t  values 
mentioned  above.  When  x  /x  is  reduced  from  0.73  to  0.37, 
despite  the  fact  that  the  alloys  have  been  heated  to  1730°C,  5- 
uniaxial  crystal  structure  along  the  casting  object  was  obtained 
due  to  the  addition  of  titanium. 

During  the  solidification  process,  the  holding  time  in 
the  liquid  phase  represents  the  time  period  of  constant  tempera¬ 
ture  crystallization.  The  crystallization  at  constant  tempera¬ 
ture  or  near  constant  temperature  indicates  that  solidification 
occurs  successively.  The  freezing  curves  of  the  Ni  63,  Cr  10,  W 
Mo  4,  A1  5.5,  Ti  2.5  alloy  under  unidirectional  and  regular  solid 
fication  conditions  fully  demonstrated  that  the  crystallization 
process  takes  place  at  temperature  slightly  below  the  liquidus 
temperature  almost  at  a  constant  temperature  until  completion. 

The  x^/x£  ratio  approaches  1  (see  Figure  2).  Under  regular  solid 
fication  conditions,  however,  the  holding  time  of  the  alloy  at  the 
liquidus  temperature  is  relatively  short.  The  former  case  yields 
the  typical  successive  unidirectionally  oriented  columnar  struc¬ 
ture  while  the  latter  brings  about  an  uniaxial  structure  solidifie 
almost  simultaneously. 

Therefore,  the  value  of  x  /x  reflects  the  characteristics 

l  £ 

of  the  crystalline  structure  of  the  alloy  to  some  degree.  The 
lower  this  ratio  is,  the  higher  the  tendency  to  form  the  alloy 
via  successive  crystallization.  The  opposite  then  suggests  that 
simultaneous  solidification  may  have  taken  place.  When  T1/Te 
approaches  1,  it  means  that  it  is  possible  to  obtain  a  success¬ 
ively  crystallized  unidirectional  columnar  structure. 


Figure  1.  The  effect  of  excessive  heating  on 
the  solidification  time  and  crystal  structure 
1)  excessive  heating;  2)  pouring  temperature. 


In  nickel-based  superalloys  with  the  addition  of  various 

amounts  of  Al,  Mo,  W  and  Co,  it  is  possible  to  obtain  a  curve 

as  shown  in  Figure  3,  which  plots  the  values  of  T^/Te  from  the 

solidification  curves  and  the  fractions  of  columnar  structure 

area  in  the  cross-section  of  the  cast  object.  The  area  occu- 

oied  by  the  columnar  structure  increases  with  the  i  /t  value. 

\  £ 

Therefore,  it  is  possible  to  use  the  solidification  curve  of  an 
alloy  as  one  of  the  physicochemical  parameters  to  characterize 
the  properties  of  the  crystal  structure  of  the  alloy.  Table  1 
shows  the  critical  temperatures  and  solidifications  times  of 
certain  Ni  and  Fe  based  superalloys.  Their  corresponding 
chemical  compositions  are  listed  in  Table  2. 


o-C. 

<k-W 


Figure  3.  Relationship  between  t ^ /t _  and  columnar  struc¬ 
ture  growth. 
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It  can  be  seen  from  the  tables  that  the  high  Mo  con¬ 
taining  Ni-Cr  alloy  4  has  a  relatively  small  t  A  ratio.  It 
is  approximately  equal  to  1/2  and  1/3  of  those  of  alloy  6  and 
7,  respectively.  Comparing  their  structure  under  low  magnifi¬ 
cation,  it  is  apparent  that  the  former  is  almost  completely  in 
uniaxal  structure  at  the  cross-section,  while  the  cross-sections 
of  the  samples  of  the  latter  alloys  contain  considerable  amounts 
of  columnar  grown  crystals  (see  Figure  4). 


Figure  4.  The  low  magnification  structures  of 
two  superalloys. 
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For  some  alloys  oversaturated  with  added  strengthening  elements, 
it  is  found  that  their  solidification  curves  often  show  clear 
turning  points  between  the  solid  and  liquid  phases.  This  is 
most  probably  due  to  the  precipitation  of  some  high  melting 
point  phase  from  the  liquid  in  the  form  of  metal  carbides  (MC) 
and  intermetallic  compounds.  Based  on  preliminary  investigation 
on  alloys  11  and  12,  the  precipitation  of  MC  and  intermetallic 
compound  r-r '  occurs  at  the  liquidus  and  solidus  temperatures, 
respectively.  The  solidification  curves  of  a  Ni-Cr  (16?)  super¬ 
alloy  with  the  addition  of  0->-10?  Nb  and  0->-22?  Mo  have  been  obtained. 
In  both  cases,  an  obvious  turning  point  appears  in  the  solidifica¬ 
tion  curve.  Based  on  metallographic  analysis  and  phase  identifica¬ 
tion,  it  was  determined  that  Ni,Nb  and  NbC  were  precipitated  during 

r  2 1 

the  freezing  process L  . 

Figure  5  shows  the  phase  diagram  of  Fe-C  alloys  and  the 

corresponding  solidification  kinetics  scheme.  The  bottom  plate 

shows  the  relation  between  the  chemical  composition  of  the  alloy 

and  the  width  of  the  oriented  columnar  structure  zone.  The 

shaded  area  represents  the  holding  time  of  constant  temperature 

m 

crystallization1-  .  It  can  be  derived  that  the  propagation  of 
the  columnar  structure  is  approximately  proportional  to  the 
t  /t  ratio  obtained  from  the  corresponding  kinetic  curve. 

We  can  easily  realize,  from  the  kinetic  solidification 
curves  of  various  alloys,  that  alloys  regardless  of  their  solid 
structure  (intermetallic  or  alloying  compounds)  tend  to  remain 
at  constant  current  near  the  liquidus  temperature  once  crystal¬ 
lization  begins.  This  is  consistent  with  the  solidification 
curves  of  many  superalloys  obtained  experimentally.  Some  people 
believe  that  the  degree  of  freedom  of  an  alloy  within  the  range 
of  temperature  of  solidification  is  not  zero  (f=R-n+l=l). 
Therefore,  they  consider  it  impossible  for  such  constant  tempera¬ 
ture  crystallization  plateaus  to  exist.  There  should  be  another 
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degree  of  freedom  "temperature"  to  be  plotted.  It  is  widely 
acknowledged  that  constant  temperature  crystallization  plateaus 
only  exist  for  pure  metals  and  intermetallic  compounds 
(f=i-2+l=0  for  the  former  and  f  =  2-  3  +  l  =  0  for  the 
latter).  This  discrepancy  was  brought  about  by  applying  an 
equilibrium  condition  to  the  non-equilibrium  conditions  encoun¬ 
tered  during  casting.  Under  slow  cooling  equilibrium  conditions, 
the  latent  heat  liberated  by  the  crystallization  of  the  alloy 
makes  it  almost  impossible  to  maintain  a  temperature  plateau 
near  the  liquidus  temperature.  Assuming  that  the  latent  heat  of 
crystallization  is  extremely  large,  and  that  the  temperature  of 
the  alloy  will  rise  to  about  the  liquidus  temperature,  further 
crystallization  can  still  not  proceed.  This  is  due  to  the 
fact  that  not  only  heat  transfer  property  but  also  mass  trans¬ 
fer  characteristics  must  be  satisfied  at  the  fringe  of  the 
crystal  before  solidification  can  continue.  For  a  binary  alloy, 
under  equilibrium  condition,  the  composition  of  the  initial 
solidified  alloy  and  that  for  the  final  liquid  phase  differ 
from  the  original  alloy  composition . by  a  factor  Kr  (where  K. 
is  the  solute  distribution  coefficient  =  /Cr  under  equilib¬ 
rium  conditions)  as  shown  in  Figure  6.  Assuming  that  there  is 
no  heat  and  mechanical  convection  in  the  liquid  alloy,  the 
movement  of  the  solute  then  totally  relies  on  diffusion.  There 
must  be  a  boundary  layer  os  in  thickness  on  the  liquid  side  of 
the  solid-liquid  interphase  in  which  the  solute  concentration 
far  exceeds  that  of  the  bulk  alloy. 

The  solute  concentration  distribution  curve  in  liquid 
under  equilibirium  can  be  expressed  as: 

C'=c.[i*-47^(-iH]  (i, 

where  R  is  the  solidification  rate,  cm/sec 

p 

D  is  the  diffusion  coefficient  in  liquid,  cm  /sec. 

X  is  the  distance  from  the  interphase,  cm 
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Figure  5-  The  chemical  composition  of  Fe-C  alloy  versus 
solidification  time  and  width  of  eclumnar  structure.  1)  liquid 
phase;  2)  solid  phase;  3)  crystalline  transition;  d)  u'  pe  pre¬ 
cipitation. 


The  solute  distribution  function  in  solid  is: 


C.  =  C,  [l  -  (1  -  Kt )  exp  *  ) J 


Based  on  boundary  conditions,  when  x-*-®,  =  CQ 

when  x=0  ,  C,  =  C  /K 


S 


Figure  6.  Binary  phase  diagram  (Ko<l).  1)  Tempera¬ 
ture;  2)  Concentration. 


The  corresponding  concentration  distribution  curve  is 
hown  in  Figure  7 . 


Figure  7.  Solute  distribution  characteristic  during 
solidification.  1)  Concentration;  2)  Interphase; 

3)  Distance. 
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The  actual  temperature  of  the  alloy  varies  with  the 
distance  from  the  interphase,  corresponding  to  solute  concen¬ 
tration  change  discussed  above.  Figure  8  shows  these  distribu¬ 
tion  curves.  The  liquidus  temperature  of  the  alloy  can  be 
written  as: 

«*/>(-§)]  (3 


The  actual  temperature  of  the  liquid  T  during  cooling, 
however,  is  a  function  of  the  temperature  gradient  in  the  liquid 
and  the  distance  away  from  the  interphase: 


(4) 


Figure  8. .  The  variation  in  liquid  concentration  and 
temperature  during  solidification. 

1  -  concentration;  2  -  temperature;  3  -  interphase; 
4  -  cold  composition  zone;  5  -  distance  (x). 
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where  m  is  slope  of  the  liquid  phase  curve 

Tq  is  the  melting  point  of  the  pure  solute  metal,  °Cq 
and  G  is  the  temperature  gradient,  °C/cm. 

In  Figure  8,  if  we  assume  that  the  concentrated  solute 
boundary  layer  does  not  exist  (C,-*-C  ),  then  the  liquidus  tem- 

x  O 

perature  of  the  alloy  T,  remains  constant.  It  intersects  with 

J. 

the  actual  temperature  distribution  curve  at  the  interphase. 

When  cooling  continues,  successive  crystallization  will  then  be 
the  process  of  solidification.  Since  the  concentrated  boundary 
layer  of  the  solute  does  exist ,  the  liquidus  temperature  also 
decreases.  Under  this  condition,  external  cooling  to  reduce 
the  liquid  temperature  is  necessary  to  continue  the  solidifica¬ 
tion  process.  Even  though  the  crystallization  continues,  it  is 
easy  to  notice  that  successive  solidification  has  been  inter¬ 
rupted  due  to  the  formation  of  new  nuclei  in  the  cold  region  away 
from  the  interphase.  In  order  to  avoid  this  effect,  the  slope 
of  the  temperature  distribution  curve  of  the  alloy's  liquidus 
temperature  at  the  interphase  must  be  smaller  than  that  of  the 
actual  temperature  distribution  curve  of  the  liquid  at  the 
interphase : 


condit 


It  is  possible  to  derive  from  (3)  and  (4)  that  the 
on  necessary  to  maintain  successive  crystallization  is: 


<7  ^mC.(l-K',) 

7T*  dK~, 


In  order  to  obtain  successive  solidification  and  to 
avoid  a  super  cold  region,  it  seems  that  we  should  maximize  the 
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solidification  rate.  Obviously,  it  is  advantageous  to  increase 
the  temperature  gradient  in  the  liquid  without  any  doubt.  How¬ 
ever,  the  minimization  of  the  solidification  rate  to  increase 
the  G/R  ratio  for  successive  crystallization  deserves  further 
consideration.  Extremely  slow  solidification  rate  not  only 
significantly  lengthens  production  time  but  also  leads  to 
localized  preferential  precipitation,  drastically  lowering  the 
characteristics  of  the  casting  object.  Research  and  development 
on  'unidirectional  crystal  growth  indicated  that  drastic  reduction 
in  solidification  rate  only  lowered  the  distribution  coefficient, 

fit  5] 

leading  to  localized  uniaxial  crystal  formation.  L  *^J. 

In  actual  casting  of  objects,  the  cast  part  is  usually 
cooled  at  a  significant  rate  with  a  temperature  gradient  in  the 
alloy  which  is  unlike  the  equilibrium  case.  Whether  the  latent 
heat  released  from  crystallization  can  maintain  the  liquidus 
temperature  depends  on  the  condition  under  which  non-equilibrium 
crystallization  progresses.  If  the  solid  composition  is  fairly 
close  to  that  of  the  liquid  phase,  crystallization  can  still  take' 
place  under  isothermal  conditions.  The  composition  of  the  liquid 
phase  remains  unchanged  , while  the  solid  phase  precipitates  cut 
of  solution,  which  means  the  continuous  crystallization  isothermally . 
Under  such  conditions,  the  solid  and  the  liquid  become  one  unit 
(f  *  1  -  2  +1+0).  Thermodynamically,  it  is  possible  for  alloys 
to  solidify  in  nearly  the  same  composition  as  their  corresponding 
liquid  phase  deviating  from  the  compositions  of  liquid  and 
solid  phases  under  equilibrium.  For  example,  as  shown  in  Figure 
9,  alloy  X  solidifies  from  the  liquid  phase  and  begins  crystalli¬ 
zation  at  temperature  T^*  The  equilibrium  solid  state  composi¬ 
tion  is  C„.  This  is  because  the  composition  Cs  las  the  lowest 
energy  in  the  solid  state  at  temperature  T-j_ .  Actually,  as  long 
as  nuclei  are  being  produced  in  the  alloy,  precipitation  of  the 
solid  phase  under  non-equilibrium  conditions  remains  possible 
for  solid  state  compositions  to  the  left  of  a  in  Figure  9-  This 
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Figure  9.  Alloy  crystallization  and  its  corresponding 
change  in  Free  energy:  1)  temperature ;  2)  free  energy; 

3)  composition. 

is  because  to  the  left  of  point  a,  the  free  energy  for  the  liquid 
phase  is  always  higher  than  that  of  the  solid  state,  regardless  of 
composition.  Similarly,  as  the  temperature  decreases  to  T2  or  T^, 
solid  states  with  compositions  to  the  left  of  point  a  can  precipi¬ 
tate.  The  composition  of  the  corresponding  liquid  phase  depends 
upon  the  ratio  of  ohe  two  phases  and  the  non-equilibrium  distri¬ 
bution  coefficient.  It  is  closer  to  that  of  the  liquid  alloys 
under  ordinary  conditions  than  under  equilibrium  conditions.  As 
a  matter  of  fact,  non-preferential  crystallization  can  be  accom¬ 
plished  and  isothermal  successive  solidification  obtained  once  an 
alloy  is  cooled  at  a  fixed  rate  to  the  low  temperature  at  which 
the  free  energy  of  the  precipitated  solid  state  is  equal  to  or 
less  than  that  of  the  original  liquid  alloy. 


Therefore,  under  non-equilibrium  conditions,  the  effective 
solute  distribution  coefficient  K  is  greater  than  its  equilibrium 
value  Kq  due  to  various  cooling  conditions,  adjustments  in  chemi¬ 
cal  compositions  and  the  variation  of  the  physicochemical  deviation 
from  equilibrium.  As  the  value  of  K  becomes  greater,  the  concentra¬ 
tion  dam  and  concentrate  gradient  become  smaller.  The  parameter 
representing  the  difference  between  solute  concentration  in  the 
initial  solid  phase  and  the  residual  liquid  phase  then  becomes 
(—57—)  non-equilibrium  <  (— Z — )  equilibrium.  Under  these  conditions, 

the  liquid  phase  curve  which  reflects  the  variation  of  solute  concen¬ 
tration  should  be  leveling  off.  Figure  10  shows  various  liquid  phase 
curves  based  on  different  K  values.  The  parameters  chosen  are: 

T  —  1454°C  ( melting  point  of  pure  Ni) 

m  =  tan  30°C  (Average  slope  of  the  liquid  phase  curve  of  a  Ni  alloy  con¬ 
taining  Ti,  A1  and  Nb) 

C  *  10* 
o 

G  *  50°C/cm 

R  =0.02  cm/ sec  (unidirectional  solidification  rate) 

2  T61 

D  =  10  cm  /day1  J  (diffusion  coefficient  of  viscous  liquid  metal) 


SPftxiO'Vm 

01  23-J5*T»<»10  21  -20 


Figure  10:  Liquid  phase  curves  of  an  alloy  at  different  K  values: 
1)  distance  x  10“ 3  cm;  2)  temperature  °C  x  10" 1;  3)  solid-liquid 
interphase . 
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From  the  distribution  curves  of  the  liquid  phase  shown 
in  the  figure,  it  is  clearly  demonstrated  that  the  larger  the  Y. 
value  is,  the  easier  successive  solidification  becomes.  Based  on 
calculation,  the  concentration  dam  is  practically  non-existent  at 
the  interphase  when  K  value  is  larger  than  0.7  -  0.8.  Crystal¬ 
lization  process  becomes  almost  completely  non-preferential .  In 
other  words,  the  composition  variation  between  the  solid  and 
liquid  states  becomes  less  under  non-equilibirium  conditions.  On 
the  other  hand,  when  the  solute  distribution  coefficient  decreases 
due  to  certain  conditions  (e.g.,  grain  refinement  processing),  the 
solidification  of  the  alloy  becomes  a  simultaneous  process  favor¬ 
ing  the  formation  of  small  uniaxial  structures.  Figure  11  shows 
the  variations  of  the  Cr  distribution  coefficient  K  and  Preferen¬ 
tial  Precipitation  Coefficient  J  (C  „  /C  .  )  of  the  cross-section 
of  cast  Cr-Mo  steel  in  the  columnar  as  well  as  the  uniaxial  zcnesL  J * 
It  can  be  seen  that  the  Cr  distribution  coefficient  aecreases  from 
0.9  to  0.7  as  the  columnar  structure  changes  over  to  the  uriaxi - ; 
structure  away  from  the  surface  of  the  cast  ingot.  Figure  12 
shows  the  relation  between  the  alloy  grain  size  and  the  casting 
parameter  )  [8]  for  a  '.ii  alloy  with  the  same  atomic  percent 

of  Group  II  elements.  Those  elements  less  soluble  in  nickel  become 
surface  active  elements  which  drastically  change  the  characteristics 
of  nickel-based  alloys  in  the  liquid  phase.  They  tend  to  increase 
f  leading  to  the  significant  changes  in  the  crystal  struc¬ 
tures  . 


In  summary,  the  effect  of  solute  distribution  coefficient 
on  the  characteristics  of  the  crystal  uuring  alloy  solidification 
is  very  significant.  Under  non-equilibrium  conditions,  to  change 
or  to  modify  this  coefficient  can  help  us  to  control  the  crystalli¬ 
zation  process  to  a  certain  degree  of  importance  in  order  to  obtain 
the  desired  structure.  Through  the  measurement  and  analysis  of  the 
alloy  solidification  curve  for  determination  of  the  x^/x^.  value,  we 
are  also  aided  in  qualitatively  understanding  the  variation  of  the 
solute  distribution  coefficient. 
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Along  with  the  non-preferential  crystallization  process, 
successive  solidification  and  the  plateau  in  the  liquid  phase 
line  in  the  solidification  line  indicate  that  solidification 
progresses  under  non-equilibrium  conditions.  The  longer  the  hold¬ 
ing  time  at  the  liauidus  temperature,  the  larger  the  corresponding 
inception  period  of  non-equilibrium  solidification  becomes. 
Therefore,  the  value  of  x,  /t  serves  as  an  indicator  to  show  the 
degree  of  deviation  away  from  equilibrium  for  the  freezing  alloy. 
Smaller  values  of  x  /x  usually  mean  higher  thermodynamic  stabili- 

i  £ 

ty  and  vice  versa.  As  the  successive  crystallization  continues, 
the  composition  of  the  liquid  phase  of  the  alloy  deviates  more  and 
more  away  from  its  equilibrium  value  and  the  instability  of  crystal¬ 
lization  becomes  more  serious.  Once  this  instability  can  no  longer 
be  maintained,  it  is  then  impossible  to  crystallize  at  the  liquidus 
temperature  of  the  alloy.  The  plateau  in  the  solidification  curve 
for  the  near  non-preferential  crystallization  process  disappears. 

It  becomes  a  declining  curve  indicating  one  degree  of  freedom.  The 
fact  that  usually  the  exterior  of  a  cast  object  has 

a  columnar  structure  while  its  interior  shows  mostly  a  uniaxial 
structure  may  reflect  the  above  situation. 

Successive  crystallization  under  non-equilibrium  con¬ 
ditions  produces  solidified  alloys  with  compositions  different 
from  the  ones  obtained  under  equilibrium  .  Even  under  extremely 
non-equilibrium  and  near  non-preferential  crystallization  condi¬ 
tions,  the  chemical  compositions  at  the  crystal  axes  and  crystal 
spacings  are  different  with  larger  concentrations  of  elements 
which  lower  the  melting  point  of  alleys  at  the  latter.  For 
example,  Al,  Ti,  Me,  Mb  and  C  at  higher  than  their  equilibrium 
concentrations  can  be  precipitated  temporarily  during  non- 
equilibrium  solidification .  This  Is  quite  unusual,  since  the 
crystal  axes  which  solidify  first  should  be  enriched  by  those 
lower  melting  point  elements.  This  preferential  precipitation 
effect  becomes  less  pronounced  along  grain  boundaries  and  be¬ 
tween  grains  for  certain  superalloys.  Figure  13  shows  the 


211 


micrographs  of  a  Ni-Cr-Mo-W-Nb  alloy  from  its  columnar  and  uni¬ 
axial  zones.  Using  x-ray  diffraction,  it  has  been  determined 
that  the  precipitated  phases  are  Laves  [NigtNbjMo)]  and 
MgCCCr^Mo^C ] .  It  was  observed  that  these  precipitates  are  more 
concentratedly  located  at  the  grain  boundaries  and  between  the 
two  crystal  structures  for  the  uniaxial  structural  sample.  The 
precipitation  of  M^C  and  Laves  at  the  grain  boundaries  and  along 
the  side  branches  becomes  rare  in  samples  obtained  with  a  colum¬ 
nar  structure,  showing  an  unusual  depletion  effect.  Similar 
results  were  reported  in  reference  [4],  Electronic  probes  have 
been  used  to  determine  the  Ti  and  W  contents  for  U-700  and  Mar- 
M200  alloys  along  the  main  axes  and  the  side  branches.  The 
preferential  precipitation  ratios  for  Ti  are  1.19,  1.21  and  1.06 
for  areas  along  the  main  branches,  near  the  side  branches  and  an 
average  zone,  respectively.  For  W,  the  ratios  are  0.62,  0.77  and 
0.91.  In  other  words,  alloy  composition  variation  is  larger  in 
these  areas  v:b  er.  the  ratio  deviates  from  1.  Especially,  in  the 
case  of  W ,  the  area  between  the  uniaxial  and  columnar  zones 
appears  to  have  a  higher  preferential  precipitation  ratio  than 
the  main  branches  (deviation  from  1  is  more  severe).  This  im¬ 


plies  tine  effect  cf  little  composition  variation  during 
solidification  due  to  the  large  distribution  coefficient  for 
columnar  crystals.  Similarly,  due  to  the  fact  that  the  distri¬ 
bution  coefficient  is  always  larger  for  unidirectional  columnar 
crystal  growth  than  that  for  uniaxial  crystallization,  the  preci¬ 
pitation  of  carbon  compound  along  the  grain  boundary  and  the 
side  branches  becomes  far  less  than  the  case  of  uniaxial  crystal¬ 


lization.  For  Udimet-700  alloy,  carbon  precipitate  in  the 

oriented  columnar  zone  is  far  less  concentrated  than  in  the  ur.i- 

r  a  i 

axed  structure.  ?icarcyL^J  studied  the  characteristics  of  unidi¬ 
rectional  solidification  of  MM-200,  In-100,  B-1900  and  TRW-1900 
superalloys.  It  was  found  that  during  conventional  casting,  the 

f 

precipitation  of  r  is  extremely  non-uniform.  The  concentration 
is  much  higher  in  grain  boundaries  and  in  between  branches.  In 
unidirectional  solidification,  however,  the  distribution  of  r  is 
more  uniform  with  significant  precipitation  along  the  axes.  This 
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Figure  13.  Micrographs  of  a  Ni-Cr-Mo-W-Mb  alloy: 

1.  a)  from  uniaxial  structure ;  2.  b)  from  oriented 
columnar  structure. 

is  more  apparent  for  TRW-1900  and  B-1900  alloys.  For  In-100  and 
1-1910  alloys,  during  unidirectional  solidification,  it  was 
found  that  only  r'  was  detected  structurally  in  the  r-r '  crystal. 
This  indicates  that  the  r  structure  has  been  dissolved  during 
the  solidification  step.  This  also  offers  an  explanation  to  the 
fact  that  under  unidirectional  solidification,  the  residual 
liquid  phase,  unlike  under  equilibrium,  provides  the  solid 
dissolution  conditions. 


THE 


II.  THE  EFFECT  OF  ALLOYING  ELEMENT  ON 
CHARACTERISTICS  OF  NON-EQUILIBRIUM  SOLITIFIi 


:ion 


The  nickel  content  in  an  iron-based  alloy  (with  0.1%C 
and  20%Cr)  has  great  influence  on  the  characteristics  of  non- 
equilibrium  solidification.  Furthermore,  its  effect  on  the 
physical  parameters  of  the  alloy  is  significant.  From  the 
solidification  curve  as  well  as  based  on  the  structural  analysis 
of  the  cross-section,  the  total  solidification  time  and  the 
holding  time  at  liquidus  temperature  are  at  maximum  values  when 
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Figure  1^4 .  i)  solidification  time. 


the  nickel  content  is  at  40-50%  (see  Figure  14.)  Measurements  cf 
t hermal conductivity  coefficient  of  nickel-based  alloy  with  respect 
to  the  nickel  content  reveal  that  a  40-50%  Ni  iron-based  alloy 
has  the  smallest  thermal  conductivity  coefficient  and  the  maximum 
heat  capacity  as  shown  in  Figure  15 L  .  With  increasing  Ni 
concentration,  thermal  conductivity  increases  and  the  heat  capacit 
drastically  decreases.  It  is  natural  to  interpret  the  fact  that 
the  alloy  solidification  mime  decreases  once  the  nickel  content 
exceeds  50%  based  on  the  thermophysical  parameters  of  the  alloy. 

It  can  be  observed  from  the  structure  of  the  cast  alloy 
mhat  the  successive  or  simultaneous  solidification  characteristics 
do  net  vary  noticeably  with  increasing  nickel  content  in  the  alloy 
However,  due  to  the  lengthening  of  the  total  solidification  time, 
the  grain  size  becomes  significantly  larger.  The  relation  between 
the  nickel  content  and  the  grain  size  corresponds  very  well  with 
the  dependence  of  nickel  content  on  the  solidification  time. 


In  a  study  of  the  Ni-Cr-Mo-W-Nb  superalloy  series,  an 


TABLE  3.  EFFECT  OF  Mo,  W,  Nb,  Co  ON  THE  SOLIDIFICATION  TIME  OF  ALLOYS 


LOY 


x,  x  x ,/x  ALLOY 

1  £  1  £ 


X  X  X  /x 

E  £ 


X| 

X|/x£ 

X| 

X* 

Xl/Xi 

NiSOCrlS 

49 

102 

0.48 

Ni80Crl6 

49  ! 

102 

0.48 

+  2  ftN’b  : 

42 

100 

0.42 

+  3  fSW 

45 

66 

0.47 

+  5  :t\b  ; 

35 

04 

0.3T 

+  5  fSW 

45 

90 

0.5 

+10f2Nb  i 

30 

85 

0.35 

+  15ft  W 

40  1 

87 

0.45 

+  3  ft.Mo 

45 

98 

0.47 

+  5  fSCo 

1 

46  j 

100 

0.45 

+  10  ft  Mo 

34 

91 

0.38 

+  10%Co 

50  | 

91 

0.55 

+  15fSMo 

30 

90 

0.33 

+  15fSCo 

48 

88 

0.57 

+22  ft  Mo  , 

24 

88 

0.2T 

i 

Co  and  Ni  can  form  a  continuous  solid  solution.  Co  is  the 
only  element  capable  of  raising  the  melting  point  of  the  alloy 
with  tungsten.  Cobalt  is  also  the  only  one  to  increase  the 
T- /~€  value  although  only  to  a  very  limited  extent.  From  the 
solidification  time  listed  in  Table  3>  the  addition  of  cobalt 
to  the  alloy  does  not  affect  the  holding  time  at  the  liquidus 
temperature,  but  it  quite  significantly  decreases  the  total 
solidification  time  -  .  In  actual  poured  steD  samples,  the  per- 

i 

centage  of  area  covered  by  columnar  crystals  increases  drastically 
with  the  colba.lt  content  in  the  alloy.  Among  the  Ni-Cr-Mo-Nb  alloys 
with  various  amounts  of  cobalt,  columnar  crystals  grow  far  better 
than  in  alloys  without  any  cobalt  present.  Especially  in  alloys 
containing  15-20%  cobalt,  columnar  crystals  propagate  through  the 
cross-section  of  the  sample. 

Elements  such  as  A1  and  Ti  are  currently  used  as  the  major 
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precipitation  strengthening  additives.  Their  effect  on  the 
t,/t£  value  appears  to  be  more  significant  than  that  of  Mo,  W  and 
Mb.  t,/t£  value  is  drastically  reduced,  which  practically  blocks 
the  successive  crystallization  of  the  alloy.  Unlike  those  high 
melting  point  elements,  such  as  Mo,  W  and  Mo,  which  decrease  the 
t  / t  value  by  reducing  the  holding  time  of  the  alloy  at  the 
liquidus  temperature  during  solidification,  A1  and  Ti  can  signifi¬ 
cantly  increase  the  total  solidification  time  to  reduce  the  T  / - 
value.  At  the  present  time,  the  aluminum  content  in  the  superalloy 
series  is  less  than  6%.  Within  this  range,  the  amount  of  aluminum 
added  basically  does  not  vary  the  t./t  by  much.  Therefore,  it  is 
negligible.  However,  the  effect  of  titanium  on  the  solidification 
characteristics  is  worth  noticing.  Based  on  the  experimental 
results  discussed  above,  titanium  at  more  than  1%  can  drastically 
promote  the  formation  of  uniaxial  crystals,  largely  affecting  the 
solidification  characteristics  of  the  alloy.  Therefore,  titanium 
is  the  element  which  causes  composition  differences  between  the 
liquid  and  the  solid  states.  The  temperature  range  within  which 
an  alloy  crystallizes  also  affects  the  solidification  character¬ 
istics.  Titanium  is  the  most  influential  element  in  widening  the 
range  in  Ni-Or  based  superalloys.  Based  on  report  [11],  less 
than  1%  Ti  would  significantly  decrease  the  alloy's  solidification 
heat,  reducing  the  solidification  time.  More  than  1%  titanium, 
on  the  contrary,  would  produce  an  exothermic  reaction,  promoting 
the  formation  of  uniaxial  crystals  and  other  defects. 

T 12  1 

Based  on  the  experimental  results  by  Cook,  et  al  ,  the 
addition  of  Co,  Cr,  Mo  and  V  to  nickel-based  alloys  dees  not 
cause  an  apparent  loosening  effect.  Only  titanium  can  prompt 
preferential  precipitation  and  loosening.  On  the  eemmeniy  used  In-100 
superalloy,  due  to  the  5-2%  high  titanium  content,  the  blade  pro¬ 
duced  by  casting  has  been  found  to  be  seriously  affected  by  pre¬ 
ferential  precipitation  and  loosening  effects.  In  maintaining 
the  same  strength,  Al  content  was  increased  to  6.1%  and  Ti  content 
was  decreased  to  2.5%  in  order  to  alleviate  the  problem.  An  alloy 


217 


completely  free  of  titanium  which  contains  6.3%  Al,  11%  W  and 
1.5-3%  Nb-Ta  alloy  was  formulated  to  cast  parts  without  defects 
mentioned  above. 


In  regard  to  unidirectional  casting,  those  elements  which 
cause  a  decrease  in  ty  and  the  solute  distribution  coefficient 
are  deleterious  to  successive  crystallization.  Special  precautionary 
measures  must  be  taken  in  the  design  and  application  of  unidirec¬ 
tional  solidification  of  superalloys.  With  the  rising  demand  for 
high  temperature  alloy  performance,  focus  should  be  placed  on  the 
precipitation  of  high  melting  point  compounds  during  solidification 
which  may  serve  as  nuclei  for  crystallization.  They  usually  begin 
to  appear  during  the  early  stage  of  solidification  at  temperatures 
slightly  lower  than  the  liquidus  temperature .  These  compound  par¬ 
ticles  exist  in  front  of  the  solid  phase  prompting  simultaneous 
crystallization. 


III.  CONCLUSIONS 

In  the  research  and  development  of  ur.idi— cticnal  solidifi¬ 
cation,  the  study  of  the  variation  of  solute  distribution  coeffic¬ 
ient  during  solidification  based  or.  the  heat  transfer  of  the  cast 
object,  profoundly  discussing  the  effect  of  the  solidification 
technology  and  the  physical  parameters  of  the  alloy  on  the  solute 
distribution  coefficient,  may  be  very  important.  The  effect  of 
solute  distribution  coefficient  X  on  the  metallurgical  defects  such 
as  preferential  precipitation,  loosening  and  thermal  cracking  during 
the  casting  of  blades  is  significant.  More  detailed  analysis  is 
certainly  mandatory.  This  paper  attempts  to  discuss  the  relation¬ 
ship  between  the  solidification  kinetics  and  solute  distribution 
coefficient  through  the  analysis  of  the  solidification  curve.  The 
work  is  preliminary  and  crude.  We  welcome  further  discussion  and 
comments  in  order  to  stimulate  wider  interest  in  the  research  in 
this  area. 
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Mammary 


The  Plastic  Deformation.  Micro-Crack  Initiation, 
and  Fatigue  Crack  Initiation  Life  of 
30CrMnSiNi2A  High  Strength  Martensite  Steel 


Zheng  Xiulin,  Qiao  Shcngru,  and 
three  1978  graduates 


The  significance  of  fatigue  crack  initiation  life  (FCIL)  was  discussed  n 
referencesCl]C2].  The  FCIL  is  closely  related  to  the  mechanism  governing  i;i-_ 
initiation  of  fatigue  crack,  which,  however,  is  not  yet  quite  clearly  understood 
for  high-strength  Martensite  steel.  In  order  to  clear  up  the  mechanism  gove  i 
ning  the  initiation  of  fatigue  crack,  it  ts  necessary  to  study  the  mechanism 
governing  plastic  deformation,  which,  however,  is  so  far  incompletely  undm 
stood. 

Systemic  research  in  the  correlation  between  the  fatigue  crack  ivnatii  .. 
the  constitution,  and  the  structure  morphology  of  steels  is  als.  \ukin-. 
RcferenceCo]  points  out  that  the  retained  Austenite  in  the  30CrMnSiNi2  \ 
high-strength  Martensite  steel  lowers  the  yield  stress  and  shortens  the  FCIL 
Evidently  the  amount  of  retained  Austenite  and  its  distribution  have  i  great 
influence  on  plastic  deformation  and  fatigue  crack  initiation. 

RofcrenceC/]  points  out  that  the  residual  compressive  stress  in  the  sttrfai. 
layer  not  only  prolongs  the  FCIL  but  also  decreases  the  faticue  cia.k 
propagation  rate,  so  that  the  total  fatigue  life  is  also  prolonged,  Howesei  . 
Reference!!?]  did  not  deal  with  the  effect  of  local  prestrain  at  notch  roots  on 

the  FCIL. 

This  paper  presents  the  investigation  of  the  structure,  plastir  deformation . 
micro-crack  initiation,  and  the  FCIL  of  30CrMnSiNi2A  high  strength  Marten 
site  steel  by  means  of  optical  microscope,  electron  microscope  and  impac' 
fuiigue  testing  machine. 

Test  results  show  that  lathy  Martensite  is  the  predominating  siiuctui. 
of  30CrMnSiNi2A  steel  when  oil-quenched  and  martempered.  In  addition,  son:, 
retained  Austenite  of  small  amount  was  found  in  all  tests. 

it  was  found  that,  on  the  polished  surfaces  of  test  pieces,  the  s«.  .ailed 
"Jt lormation  reliefs”  appear  in  the  plastic  zone  around  the  tip  of  th<  faticu. 
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eraik.  As  the  crack  propagates,  it  leaves  behind  itself  the  deformation  reliefs 
on  both  sides  of  the  seam.  After  polishing  off  the  deformation  reliefs  and 
then  etching  the  polished  surface.  Martensite  laths  can  be  found  lying  right 
under  the  deformation  reliefs.  Both  the  orientation  and  the  size  of  the  defor 
mat  ion  reliefs  correspond  exactly  with  those  of  the  Martensite  laths.  On  the 
basis  of  these  observations,  it  is  reasonable  to  suggest  that  the  appearance 
of  the  deformation  relief  is  due  to  the  sliding  of  Martensite  laths,  which  is 
an  important  mode  of  plastic  deformation  of  the  lathy  Martensite  structure. 
When  the  amount  of  slip  exeeds  a  certain  limit,  the  micro-crack  is  initiated 
along  the  boundaries  between  Martensite  laths. 

The  retained  Austenite,  distributed  in  the  form  of  thin  layers  on  the 
boundaries  of  Martensite  laths,  facilitates  sliding,  thus  lowering  the  yield 
stnss.  promoting  the  crack  initiation,  and  shortening  the  FC1L  of  the  30i'r- 
MnSiNshA  steel.  The  more  the  amount  of  retained  Austenite,  the  larger  is 
this  effect. 

The  local  prestrain  at  notch  roots  has  a  great  effect  on  the  FCIL.  Prestrain 
in  Vtj  positive  direction  (i.  e..  in  the  same  direction  as  that  of  the  cyclic 
s-.rvi.s;  prolongs  the  FC!L,  while  prestrain  in  the  negative  direction  shortens 
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ABSTRACT 


This  paper  presents  the  investigation  of  the  structure, 
plastic  deformation,  micro-crack  initiation,  and  the  fatigue 
track  initiation  life  (FCIL)  of  30CrMnSiNi2A  high-strength 
Martensite  steel  by  means  of  optical  microscope,  electron 
microscope  and  impact  fatigue  testing  machines .  Test  results 
show  that  lathy  Martensite  is  the  predominating  structure  of 
3C?r.MnSi'!i2A  steel  when  oil-quenched  and  martempered.  It 
was  found  chat,  on  the  polished  surfaces  of  test  pieces,  the 
so-called  "deformation  reliefs"  appear  in  the  plastic  zone 
around  the  tip  of  the  fatigue  crack.  Both  the  orientation 
and  the  size  of  the  deformation  reliefs  correspond  exactly 
with  those  of  the  Martensite  laths.  On  the  basis  of  these 
observations,  it  is  reasonable  to  suggest  that  the  appear¬ 
ance  of  the  deformation  relief  is  due  to  the  sliding  of 
Martensite  laths,  which  is  an  important  mode  of  plastic  defor¬ 
mation  of  the  lathy  Martensite  structure.  When  the  amount  of 
slip  exceeds  a  certain  limit,  the  micro-crack  is  initiated 
along  the  boundaries  between  martensite  laths.  The  retained 
Austenite,  distributed  in  the  form  of  thin  layers  ;r.  the 
boundaries  of  Martensite  laths,  facilitates  sliding,  thus 
lowers  the  yield  stress,  promotes  the  crack  initiation,  and 
shortens  the  FCIL  of  the  30CrMnSiNi2A  Steel.  The  local 
prestrain  at  notch  roots  has  a  large  effect  on  the  FCIL. 
Prestrain  in  the  positive  direction  prolongs  the  FCIL,  while 
prestrain  in  the  negative  direction  shortens  it. 
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INTRODUCTION 


The  significance  of  fatigue  crack  initiation  life  (FCIL) 
was  discussed  in  Refs.  [1]  and  [2].  Factors  which  affect  the 
FCIL  were  also  discussed  in  Ref.  [2].  The  FCIL  is  closely 
related  to  the  mechanism  governing  the  initiation  of  fatigue 
crack. 

Ref.  [31  proposed  a  fatigue  crack  initiation  model,  which 
is  based  on  the  research  results  on  steel  fatigue  crack  ini¬ 
tiated  by  the  cracking  of  clamped  impurities  from  the  boundary 
of  base  material  under  alternating  stress.  Fatigue  cracks 
can  also  be  promoted  through  boundary  sliding,  or  through 
the  cracking  of  the  crystal  boundary  [4].  However,  the 
mechanism  governing  the  initiation  of  fatigue  crack  is  not 
yet  clearly  understood  for  high-strength  Martensite  steel. 

In  order  to  clear  up  the  mechanism  governing  the  initiation  of 
fatigue  cracks,  it  is  necessary  to  study  the  mechanism  governing 
plastic  deformation.  Plastic  deformation  of  the  Martensite 
steel  has  been  discussed  in  Ref.  [5]  which,  however,  is  not 
satisfactory.  Apparently,  the  mechanism  governing  plastic 
deformation  of  Martensite  steel  is  so  far  incompletely  under¬ 
stood  and  further  study  Is  necessary. 

Systematic  research  on  the  correlation  between  fatigue 
crack  initiation,  the  constitution,  and  the  structure  morphol¬ 
ogy  of  steels  is  also  lacking  Reference  [6]  points  out  that 
the  retained  Austenite  in  the  30CrMn3iNi2A  high-strength 
Martensite  steel  lowers  the  yield  stress  and  shortens  the 
FCIL.  Evidently  the  amount  of  retained  Austenite  and  its 
distribution  have  a  great  influence  on  plastic  deformation 
and  fatigue  crack  initiation. 
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It  is  well-known  that  fatigue  strength  can  be  enhanced 
by  the  residual  compressive  stress  in  the  surface  layer  to 
prolong  fatigue  life.  On  the  contrary,  the  residual  pulling 
stress  will  downgrade  the  fatigue  strength  and  shorten  the 
fatigue  life.  Reference  [7]  points  out  that  the  residual 
compressive  stress  not  only  prolongs  the  FOIL  but  also 
decreases  the  fatigue  crack  propagation  rate,  so  that  the 
total  fatigue  life  is  also  prolonged.  However,  the  effect 
of  local  prestrain  at  notch  roots  on  the  FOIL  has  not  been 
dealt  with  yet. 

Under  different  heat  treatment,  the  composition  of 
30CrMnSiNi2A  steel  may  be  different.  In  particular,  the 
amount  of  the  retained  Austenite  is  apparently  different. 

The  aim  of  our  study  is  to  provide  various  compositions  of 
the  30CrMnSiNi2A  steel  with  various  heat  treatment  systems, 
so  that  the  correlation  between  the  plastic  deformation, 
micro-crack  initiation,  and  the  constituents  of  the  high- 
strength  steel  can  be  observed,  and  the  effect  of  heat 
treatment,  constituents,  and  prestrain  on  the  FCIL  can  be 
determined . 

SAMPLE  PREPARATION  AND  TESTING  APPROACH 

The  chemical  constituents  of  the  30CrMnSiNi2A  steel 
used  in  our  test  are:  0.3 0%C ,  1.09£Cr,  l.l6%Mn,  1.09%Si, 
1.51SN1,  0.0955CU,  0.04%S,  0.011JSP. 

Both  the  shape  and  the  size  of  the  sample  are  shown  in 
Figure  1. 
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Figure  1. 


The  flow  chart  of  the  fabrication  process  for  the 
sample  is  given  below: 

Forging  — >  prepare  for  heat  treatment 
.  (650°C  annealing  3  hours)  — *  cutting 
— ►  final  heat  treatment  — >  grinding 
— ►  notch  opening. 

The  final  heat  treatment  system  for  the  sample  listed 
in  Table  I.  The  notch  of  the  sample  is  cleaved  with  an 
optical  grinding  machine. 

The  prestrain  is  applied  in  two  cases:  1)  the  sample 
is  ground,  cleaved,  open  notch  and  prestrained  under  mar- 
tempering  conditions  (900°C  Austenite  process,  after  60 
minutes  of  230°C  tempering,  cooling  to  room  temperature). 

Then  the  sample  is  heated  to  275°C  and  annealed  for  3  hours. 
The  prestrain  method  is  as  shown  in  Figure  2a.  The  load  is 

p 

P  =  1250  kg,  nominal  stress  is  a  =  120  l:g/mm  .  Since  the 
loading  direction  of  prestrain  is  opposite  to  that  of  fatigue, 
it  is  called  negative  prestrain;  2)  the  sample,  after 
direct  tempering  (900°C  Austenite  process,  oil-quenched),  is 
annealed  for  3  hours  at  200°C.  The  prestrain  is  imposed 
after  grinding,  cleavage,  and  notch  opening.  The  method  of 
imposing  prestrain  is  shown  in  Figure  2b.  The  load  is 
P  =  1400  Kg,  and  the  nominal  stress  a  =  135  kg/mm  .  Since 
the  loading  direction  of  the  prestrain  is  same  as  for 
fatigue,  it  is  called  positive  prestrain. 
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Figure  2.  Loading  method  for  prestrain 
a)  Negative  prestrain;  b)  positive  restrain 

Fatigue  testing  is  performed  or.  a  DSWQ-150  type  impact 

fatigue  testing  machine.  Impact  energy  v.T r  =  207.5  kg-mm. 

Maximum  cyclic  load  ?  is  calculated  following  the  formula: 

m 


The  C  in  Eq.  (1)  is  the  softness  coefficient  of  the  notch 

sample,  which  can  be  calculated  based  cr.  the  formula  given 

in  Ref.  [10  i.  Calculated  result:  ?  *vc3  »;g;  experimental 

P.,  *■ 

measurement  =  o3u  kg-  The  maximum  cyclical  stress  at  the 

2 

notch  roots  is  o  =  155  kg/mm  .  The  minimum  cyclic  load  is 
cero,'  thus  the  minimum  cyclical  stress  is  also  zero,  and 
stress  ratio  R  =  0.  The  loading  frequency  is  f  =  2 25/minute. 

Both  sides  of  the  sample  are  examined  in  order  to  observe 
cracks  and  surface  condition.  The  length  of  the  crack  is 
measured  by  means  of  a  microscope  with  an  accurary  ofo.OOl/t™- 
When  any  side  of  the  sample  shows  a  crack  0.2  mm  In  length, 
the  number  of  stress  cycles  experienced  is  defined  as  the 
fatigue  crack  Initiation  life  [2]. 
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The  variation  of  the  surface  condition  is  observed  by 
means  of  an  optical  microscope,  while  the  structure  of  steel 
is  observed  by  means  of  an  optical  microscope  and  an  electron 
microscope . 

TEST  RESULTS 

Structure  Morphology 

The  structure  of  30CrMnSiNi2A  steel,  after  20  minutes 
of  the  Austenite  process  at  900°C,  oil-quenching,  200°C 
annealing  for  3  hours,  is  primarily  a  lathy  Martensite 
(Figure  3);  out  a  small  amount  of  Austenite  remains. 

The  structure  of  the  30CrMnSiNi2A  steel  after  20  minutes 
of  the  Austenite  process  at  900°C ,  230°C  tempering  for  60 
minutes  and  then  cooling  to  room  temperature,  is  lathy 
Martensite  +  Bainifce  +  retained  Austenite  (Figure  A ) .  The 
measurement  of  magnetization  indicates  that  the  amount  of 
retained  Austenite  can  reach  15%.  The  retained  Austenite  is 
transformed  in  the  process  of  annealing.  After  200°C  anneal¬ 
ing,  the  fraction  of  Austenite  is  reduced  to  125;  after  275°C 
annealing,  it  declines  to  6~7%  [8],  Figure  5  shows  the 
structure  of  30CrMnSiNi2A  steel  after  temper-' ng  and  275°C 
annealing  for  3  hours. 
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Figure  3-  The  structure  of  the  30CrMnSiNi2A  steel  after 
20  minutes  of  Austenite  process  at  90C°C,  oil¬ 
quenching,  200°C  annealing  for  3  hours  5C0X 


Figure  4.  The  structure  of  the  30CrMnSiNi2A  steel  after 

20  minutes  of  Austenite  process  at  9G0°C,  23C°C 
tempering  for  60  minutes,  cooling  to  room 
temperature  9500  X  (double  complex  type) 


Figure  5-  The  structure  of  the  30CrMnSiNi2A  steel  after 

20  minutes  of  Austenite  process  at  900°C,  230°C 
tempering  for  60  minutes,  cooling  along  with 
275°C  annealing  for  3  hours 

a)  optical  500X  b)  double  complex  type 

9000  X 
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Deformation  Reliefs  and  Structure 


After  the  appearance  of  cracks  on  samples  through  impact 
fatigue  testing,  stress  concentration  occurs  near  the  tip  of  the 
crack,  and  tremendous  plastic  deformation  occurs  for  materials 
in  that  region.  This  leads  to  so-called  "deformation  reliefs" 
on  the  sample  surface,  as  shown  in  Figure  6a.  As  the  crack 
propagates,  it  leaves  behind  deformation  reliefs  on  booh  sides 
of  the  seam,  as  shown  in  Figure  7a. 

As  can  be  seen,  in  a  high-strength  Martensite  steel,  the 
plastic  deformation  near  the  tip  of  the  crack  is  not  like  the 
one  described  in  the  macroscopic  mechanics  which  considers  a 
uniform  distribution  along  a  symmetrical  surface  (seam  surface 
for  this  case).  As  a  matter  of  fact,  it  is  affected  to  a  large 
extent  by  the  structure  of  steel  and  the  mechanism  governing 
the  plastic  deformation. 

The  sample  was  polished  and  the  "deformation  reliefs"  were 
removed.  Metallic  structure  was  ex:::s-i  by  etching  " r.e  pol¬ 
ished  surface,  as  shown  in  Figures  o'o  and  7b.  Comparing  Fig¬ 
ures  6a  and  7a  with  Figures  6c  and  7b,  Martensite  laths  can  be 
found  right  under  the  deformation  reliefs.  Both  the  orientation 
and  the  site  of  the  deformation  relifs  correspond  exactly  to 
those  of  the  Martensite  laths.  On  the  basis  of  these  observa¬ 
tions,  it  is  reasonable  to  suggest  that  the  appearance  of  the 
deformation  relief  is  due  to  the  sliding  of  Martensite  laths, 
which  is  an  important  mode  of  plastic  deformation  of  the  lathy 
Martensite  structure. 

Whether  or  not  sliding  exists  between  Martensite  laths  is 
closely  related  to  the  orientation  of  the  Martensite  lath  bun¬ 
dles,  and  is  related  to  the  applied  stress .  When  the  Martensite 
lath  bundle  is  nearly  perpendicular  to  the  crack,  there  will  be 
no  sliding  between  Martensite  laths  in  the  bundle  (Figs.  6  and  7) 
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Fig.  6 
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The  deformation  reliefs  near  ohe  tip  of  a  crack 
(a)  and  the  structure  (b).  The  sample  undergoes 
900°C  Austenite  process,  oil-quenching  and  200°C 
annealing.  500  X 


Figure  7.  The  deformation  reliefs  on  both  sides  of  the  seam 
(a)  and  the  structure  (b).  The  sample  undergoes 
900°C  Austenite  process,  230°C  tempering  60  min¬ 
utes  and  then  cooling. 

a)  500  X;  b)  800  X 


Micro-Crack  Initiation,  Crack  Propagation  and  Structure 

When  the  amount  of  slip  in  the  plastic  zone  around  the  tip 
of  the  crack  exceeds  a  certain  limit,  a  micro-crack  is  ini¬ 
tiated  along  the  boundary  between  Martensite  laths  (Figure  6). 
Under  the  action  of  alternating  stress,  the  micro-crack  in  the 
plastic  zone  near  the  tip  of  the  major  crack  is  combined  with 
the  major  crack,  causing  the  propagation  of  major  :ru;.:3 

(Figure  6).  Accordingly,  the  major  crack  always  tries  to 
penetrate  the  boundaries  between  Martensite  laths  and  propa¬ 
gates  ahead.  In  the  process  of  propagation,  however,  if  the 
major  crack  faces  a  Martensite  lath  bundle  perpendicular  to 
the  crack,  it  may  also  break  the  Martensite  lath  and  continue 
to  propagate  (Figure  7b). 

Fatigue  Crack  Initiation  Life 


The  fatigue  crack  initiation  life  is  listed  in  Table  1. 

Test  results  indicate  that  the  30CrMnSiNi2A  steel,  after 
oil-quenching  and  low-temperature  annealing,  has  less  retained 
Austenites,  but  has  high  yield  stress  and  long  FCIL.  After 
tempering  and  low-temperature  annealing,  the  steel  will  have 
more  retained  Austenites  with  a  lower  yield  stress,  thus 
shortening  the  FCIL.  Apparently,  more  retained  Austenites 
will  lower  the  yield  stress,  and  shorten  the  FCIL.  This 
conclusion  is  identical  to  that  reported  in  Ref.  [6].  Again, 
it  proves  that  the  amount  of  the  retained  Austenites  in  a 
high  strength  Martensite  steel  has  a  large  effect  on  the  FCIL. 
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Table  1.  The  Fatlgu 

e  Crack 

Initiation 

Lire 

oF  30CrMn31H12A 

Steel  . 

Heat  Treatment 

Breaking  ratio 

No. 

No.  2 

Retained 

System 

kg/mm^ 

kg/mm2 

ft 

,0 

work  kg/mm/mnr 

Limes 

times 

Austenite  % 

900°C,  20  minutes 

105.0 

112 

5040 

6371 

^12 

Austenite  process, 

17.1.0 

46.5 

5500 

230°C  tempering 

5340 

For  60  minutes, 

5130 

cooling,  '''noc 
annealing  For 

4940 

3  hours 

900°C,  20  minutes 
Austenite  process. 

I5.-.0 

129.0 

51.0 

12T 

6020 

5750 

6145 

0^-7 

230°C  tempering 

6160 

For  60  minutes. 

7200 

cooling 
annealing  For 

T9  70 

3  hours 

qno°o  20  minutes 

4160 

4100 

Austenite  process, 
230°C  tempering 

/ 

/ 

/ 

/ 

4200 

/ 

For  6o  minutes. 

3600 

cooling,  negative 

4560 

prestrain  ,  ?7?3C 
annealing  3  hours 


d00,'S,  20  minutes  ,;1  q 

Austenite  process 
oil-quenched,  200°C 
annealing  3  hours 

ni.s 

45.7 

lie 

15100 

9200 

11000 

11560 

1~2 

Heat  treatment  same 
as  above  *  positive 
prestrain 

/ 

/ 

/ 

•45000 

>45000 

>45000 

/ 

/ 

Footnote:  ."tatlc  strength  and  plastic  Indicator  are  From  Refs.  [1?>]  and  [171,  data  for 
breaking  ratio  work  are  derived  From  Formulas  In  ReF.  r?l. 


Table  1  shows  that  the  local  prestrain  at  the  notch 
root  has  a  great  effect  on  the  FCIL.  Prestrain  in  the  negative 
direction  shortens  the  FCIL  by  over  30%,  while  prestrain  in 
the  positive  direction  prolongs  the  FCIL  over  3  times.  This 
is  due  to  the  residual  pulling  stress  at  notch  roots,  caused 
by  the  prestrain  in  the  negative  direction,  thus  shortening 
the  FCIL.  This  is  consistent  with  results  reported  in 
Ref.  [73. 

DISCUSSIONS 


After  direct  tempering  or  Martempering ,  the  30CrMnSiNi2A 
steel  takes  on  a  lathy  Martensite  structure.  In  addition,  a 
certain  amount  of  retained  Austenites  remains.  Under  iso¬ 
thermal  tempering  conditions,  a  small  amount  of  Bainites 
remain,  because  Bainite  transformation  is  likely  to  happen 
below  the  Mo  point  [ 9 j .  Following  the  order  to  tempering 
transformation  [11],  the  30CrMnSiMi2A  steel,  after  Martempering 
and  200°C  annealing,  shows  small  carbides  which  are  deposited 
in  Martensite  laths.  In  an  isothermal  tempering  process, 
since  the  Martensite  involves  tempering  rnce  in  an 
isothermal  process,  and  a  second  martempering  could  occur 
during  a  slow  cooling  process,  carbide  deposition  is  observed 
in  a  structure  which  has  experienced  isothermal  tempering  and 
annealing  (Figure  A ) .  The  deposition  of  carbides  is  even  more 
evident  with  isothermal  tempering  as  well  as  275°C  annealing 
(Figure  5).  The  retained  Austenite  may  be  sandwiched  between 
Martensite  (or  Martensite  and  Bainite)  laths  like  a  thin  film 
or  lamella,  as  shown  in  Figures  U  and  5-  Kong  Mehkuang  et  al. 
have  been  using  thin  film  samples  to  observe  l8CrMn2MoBA  steel 
structure  under  a  transmission  electron  microscope  [13]. 

They  discovered  a  layer  of  carbon-rich  structure  sandwiched 
between  Martensite  (or  Efe.i  nite)  laths .  The  structure  could 
be  retained  Austenite  or  an  M-A  structure.  Thomas  [12] 
studied  the  tempered  structure  of  alloy  steel  containing 
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0.3 %  carbon  with  electro-optical  methods.  He  confirmed  a  thin 
film  of  retained  Austenite  sandwiched  between  Martensite 
laths,  only  with  the  exception  of  individual  steel  categories 
(fe-C-Mo) . 

Swarr  and  Krauss  studied  plastic  deformation  of  lathy 
Martensite  with  little  carbon  [51-  They  pointed  out  that  the 
tempered  lathy  Martensite  sample,  after  plastic  deformation, 
grows  a  perfec*-  dislocated  cell  structure  in  the  lath,  thereby 
confirming  a  crossing  sliding  generated  in  the  Martensite 
lath.  However,  after  annealing  (MC0°C  1  minute)  the  sample 
with  small  carbide  grains  deposited  in  the  Martensite  lath 
does  not  have  a  dislocated  cell  structure  in  a  Martensite 
lath  after  plastic  deformation.  The  density  of  iislccat ions 
and  its  distribution  have  not  significantly  changed.  Deformed 
crystals  have  not  been  observed  either.  Accordingly,  we  can 
consider  that  the  plastic  deformation  of  tempered  Martensite 
lath  is  rather  small!  so  is  its  contribution  to  plasticity. 

As  is  well-known,  the  high-strength  Martensite  steel 
containing  low  carbon  has  a  superior  plasticity.  According 
to  Swarr  and  Krauss'  work,  we  can  conclude  that  there  must  be 
another  plastic  deformation  model  for  the  lathy  Martensite 
structure.  According  to  cur  observation  on  the  "deformation 
reliefs"  appearing  in  the  plastic  zone  near  the  tip  of  the 
fatigue  crack,  we  conclude  that  both  the  orientation  and  the 
size  of  the  deformation  reliefs  correspond  exactly  wi“h  “hose 
of  the  Martensite  laths.  As  a  result,  it  is  reasonable  -: 
propose  another  important  plastic  deformation  model  for  a 
lathy  Martensite  structure,  i.e.  ,  the  relative  sliding  between 
Martensite  laths.  The  contribution  of  relative  sliding  between 
Martensite  laths  to  the  plasticity  is  rather  large.  This  is 
also  a  major  factor  for  the  high  plasticity  of  the  lathy 
Martensite  structure. 
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This  plastic  deformation  model  also  enables  some  experi¬ 
mental  results  to  be  explained.  Since  the  resistance  of 
plastic  deformation  of  retained  Austenite  is  low,  the  Marten¬ 
site  laths  may  slide  relatively  easily  if  the  retained 
Austensite  is  sandwiched  between  Martensite  (or  Martensite 
and  Bainite)  laths.  a  low  yield  stress  with  the  macroscopic 
mechanical  performance  occurs.  Parker  r  ]_ai  has  pointed  out 
that  a  snail  plastic  deformation  may  lead  t;  a  transformation 
of  retained  Austenite  into  Martensite.  Additionally,  this 
transformation  may  expedite  the  formation  of  fatigue  cracks 
[15].  Under  alternating  stress,  relative  sliding  of  Marten¬ 
site  laths  occurs  near  the  notch  root  where  stress  concentrates. 
This  will  induce  transformation  of  retained  Austenite  into 
Martensite  and  initiates  the  cracks  along  the  boundaries  be¬ 
tween  Martensite  laths.  Accordingly,  one  existence  of  retained 
Austenite  init iates  fatigue  cracks  and  shortens  the  FCIL.  The 
greater  the  amount  of  retained  Austenite,  one  smaller  the 
yield  stress,  and  the  easier  it  becomes  for  the  crack  to  be 
initiated,  and  the  shorter  the  FCIL. 

It  has  been  pointed  out  in  Ref.  [2]  that  the  FCIL  of  steel 
grows  nearly  proportionally  to  its  yield  stress  and  breaking 
ratio  work.  However,  present  test  results  are  unable  to 
completely  confirm  the  rule  (Table  1).  We  think  that  this 
may  be  attributed  to  different  maximum  stress  near  the  notch 
roots  of  the  samples  during  two  tests.  Data  in  Ref.  [6]  were 
collected  under  the  condition  that  the  maximum  stress  near 
notch  roots  of  the  sample  is  far  beyond  its  yield  stress.  The 
maximum  stress  near  notch  roots  of  the  sample  in  our  test  is 
155  '-g/mm2  which  could  be  below  the  dynamic  yield  stress  of 
steel  for  a  oil-quenched  and  low-temperature  annealed  sample. 

On  the  contrary,  for  a  sample  which  has  been  isothermally 
tempered,  it  might  surpass  its  dynamic  yield  stress,  or  even 
surpass  its  elastic  limit.  By  applying  the  foregoing  viewpoint. 
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such  a  phenomenon  can  be  reasonably  explained.  For  an 
oil-quenched  and  low  temperature  annealed  sample,  a  measur¬ 
able  plastic  deformation  region  is  not'  likely  to  be  initiated 
near  its  notch  roots  ir  an  impact  fatigue  test  process.  The 
plastic  deformation,  e.g.,the  relative  sliding  between  Marten¬ 
site  laths,  can  be  accumulated  slowly  only  with  increasing 
stress  cycles,  so  the  crack  is  not  likely  to  appear  and  the 
FOIL  is  prolonged.  For  a  few  samples  which  have  been  iso- 
thermally  tempered  (230°C,  60  minutes),  especially  for  the  one 
with  the  isothermal  tempering  and  200°C  annealing  treatment,  a 
measurable  plastic  region  appears  near  the  notch  roots  (follow 
ing  the  Irwin  calculation  method).  As  a  consequence,  the 
Martensite  laths  in  the  plastic  region  will  slide  relatively 
and  lead  to  the  appearance  of  cracks,  and  shorten  the  FOIL 
It  should  be  remembered  that  the  relation  between  the  FOIL  and 
breaking  ratio  work  is  net  clear  at  this  point.  The  propor¬ 
tional  relation  between  them  may  be  conditional. 


The  mechanism  which  reflects  the  effect 
at  notch  roots  on  the  FOIL  is  still  unclear, 
investigat ion. 


,*•>  r 
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In  summary  , investigations  on  the  structure  of  Martensite 
laths  and  enhancement  of  its  combination  strength  are  impor¬ 
tant  in  order  to  upgrade  its  yield  stress  and  prolong  its 
FCIL. 


r-  * T  r 


1.  The  structure  of  30CrMnSiNi2A  steel  is  mainly 
lathy  Martensite  temperature  annealing  after  tempering  or 
following  isothermal  .Martempering.  A  certain  amount  of 
retained  Austenite  remains. 
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2.  The  "deformation  reliefs"  appear  in  the  plastic  zone 
around  the  tip  of  the  fatigue  crack.  Both  the  orientation  and 
the  size  of  the  deformation  reliefs  correspond  exactly  with 
those  of  the  Martensite  laths. 

3.  It  is  reasonable  to  suggest  that  the  appearance  of  the 
deformation  relief  is  due  to  the  sliding  of  Martensite  laths, 
which  is  an  important  mode  of  plastic  deformation  of  the  lathy 
Martensite  structure.  It  is  also  one  of  the  major  reasons 

why  lathy  Martensite  structures  have  high  plasticity. 

4.  The  greater  the  amount  of  retained  Austenite,  the 
smaller  the  yield  stress,  and  the  shorter  the  FOIL.  This  may 
be  attributed  to  the  distribution  of  retained  Austenite  on 
the  boundaries  of  Martensite  laths,  which  affects  the  struc¬ 
ture  on  the  boundaries  and  combination  strength. 

5-  The  local  prestrain  at  notch  roots  has  a  large 
on  the  FCIL.  Prestrain  in  the  positive  direction  prolongs  the 
FCIL ,  while  prestrain  in  the  negative  direction  shortens  it. 
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The  Computation  of  Integral-Type  Flexure  Hinge 
Assembly  of  Dynamically  Tuned  Gyroscopes 


Mei  Shuoji 

The  calculation  o{  flexure  hinge  assembly  is  an  important  problem  in 
the  design  of  a  dynamically  tuned  gyroscope.  In  order  to  satisfy  the  tuning 

requirements  of  the  gyroscope.  the  calculation  of  the  angular  stiffness  of  the 

assembly  must  be  highly  accurate.  In  order  to  eliminate  the  9l  drift  error, 
the  axial  stiffness  and  the  radial  stiffness  of  the  assembly  must  be  equal. 
The  purpose  of  this  paper  is  to  investigate  the  calculation  methods  for  finding 
the  various  stiffnesses  of  integral-type  flexure  hinge  assembly. 

The  hinge  assembly  has  a  complex  shape  and  consists  of  two  coaxial  parts: 
an  inner  hinge  unit  and  an  outer  hinge  unit.  Each  hinge  unit  has  four 
neck-shaped  elements  working  as  flexure  bars.  For  the  convenience  of  cal- 
culation.  three  assumptions  are  made  as  follows:  (1)  the  deflection  of  the 

binge  assembly  comes  only  from  the  deformation  of  the  thin  neck-shaped 

elements,  the  other  parts  of  the  assembly  being  regarded  as  rigid  bodies; 

(2)  the  stiffness  of  the  assembly  depends  only  on  the  manner  of  combination 
of  the  eight  single  elements  of  the  two  units,  such  as  in  series  or  in  parallel; 

(3)  only  the  axial-stress  effect  and  the  bending  effect  are  considered,  the 
sh<  ar  effect  being  neglected  for  being  much  smaller  than  the  above  effects. 

The  above  assumptions  reduce  the  calculation  work  to  the  finding  of  the 
stiifnesses  along  different  axes  of  a  single  element  under  various  loadiog 
conditions.  In  this  way.  the  effect  of  structural  parameters  can  be  easily 
analyzed  and  parameter  values  can  be  selected  to  obtain  optimum  perfor¬ 
mance. 

By  employing  above  method,  accurate  results  are  obtained  for  angular 
stitfness  calculation,  the  error  of  computed  results  being  within  1%  as  com¬ 
pared  with  test  data.  On  the  other  hand,  although  tests  confirm  that  axial 
and  radial  stiffnesses  are  quite  close,  the  error  of  the  computed  results  is 
too  Urge  as  compared  with  test  data,  thus  indicating  that  the  assumptions 
made  are  not  appropriate  in  this  case.  The  results,  however,  can  still  be 
helpful  suggestions  in  the  selection  of  proper  parameter  values  in  the  design 
of  ikxure  hinge  assembly  whose  axial  and  radial  stiffnesses  should  equal. 


THE  COMPUTATION  OF  INTEGRAL-TYPE  FLEXURE  HINGE  ASSEMBLY 


OF  DYNAMICALLY  TUNED  GYROSCOPES 


Mei  Shuo-ji 
SUMMARY 
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The  calculations  which  are  related  to 
the  design  of  flexible  hinge  assemblies  are 
one  of  the  important  problems  involved  in 
the  design  of  dynamically  tuned  gyroscopes. 

In  order  to'  satisfy  the  requirements  of  gyro¬ 
scopic  tuning,  the  degree  of  the  angular  dis¬ 
placement  stiffness  which  is  designed  into  the 
piece  of  equipment  must  have  a  high  degree  of 
accuracy.  In  order  to  eliminate  the  error 
associated  with  g2  drift,  the  axial  stiffness 
and  radial  stiffness  of  the  hinge  assembly  of 
the  gyroscopes  being  considered  should  be  equal. 
Besides  this,  there  are  naturally  quite  a  few 
other  requirements  which  need  to  be  considered. 
This  article  only  addresses  itself  to  the  dis¬ 
cussion  of  the  actual  structure  of  one  integral 
type  hinge  assembly  as  well  as  to  an  investi¬ 
gation  of  the  methods  for  designing  the  angular 
displacement  stiffness,  the  axial  stiffness  and 
the  radial  stiffness  specifications  for  the 
gyroscopes  being  discussed. 


In  this  section,  we  will  consider  the  following: 


(1)  Tuning  Requirements 

The  conditions  which  govern  the  tuning  of  dynamically 
tuned  gyroscopes  are  shown  in  the  equation  set  cut  below  (1), 

that  is, 

K*  +  Kv  =  (,o  +  b-c).'' I  (1) 

In  this  equation,  Kx  and  are  the  angular  displacement  stiff¬ 
ness  for  the  x  and  y  axes  of  a  hinge  assembly,  a,  b,  and  c 
aro  the  inertias  of  equatorial  rotation  and  mechanical  inertia 
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for  the  oscillatory  equilibrium  ring  of  flexible  hinge  assem¬ 
blies.  N  is  the  operational  speed  of  rotation  for  the  gyro¬ 
scope,  that  is  to  say,  the  tuned  speed  of  rotation. 


Obviously,  if  one  is  talking  about  a  gyroscope  for  which 

the  mechanism  and  dimensions  have  already  been  determined, 

then,  the  angular  displacement  stiffness,  K. ,  and  Kr,  as  well 

x  y 

as  the  rotational  inertias,  a,  b,  and  c  of  the  oscillator;,’ 
equilibrium  ring,  and  other  numerical  values  of  a  similar  kind 
aro  already  known  as  well.  In  this  sort  of  situation,  it  is 
possible  to  make  use  cf  a  method  for  changing  the  operational 
speed  of  rotation  cf  the  gyroscope  involved  in  order  to  obtain 
the  specific  speed  of  rotation  which  is  required  to  satisfy 
equation  (1).  At  this  speed  of  rotation,  when  the  gryoscope 
rotor  has  an  angle  cf  rotational  offset  in  relation  to  the 
body  of  the  gyroscope,  the  oscillatory  equilibrium  ring  of  the 
assembly  forms  a  moment  : f  dynamic  force,  ana  the  value  of  this 
moment  of  force  is  equal  to  the  moment  cf  elastic  force  which 
is  produced  by  the  hinge  assembly  rods.  The  directions  of  these 
two  moments  of  force  are  the  opposite  of  each  other,  and  so  they 
are  in  balance  with  respect  to  each  ether.  This  causes  the 
gyroscope  to  enter  a  state  in  which  its  moments  of  force  cancel 
each  other  out  and  one  may  say  that  the  gyroscope  is  tuned. 

After  one  reaches  this  point,  on  the  basis  of  the  conditions 
which  are  given  for  the  designing  of  the  gyroscope,  all  the 
operational  speeds  of  rotation  are  either  given  or  selected. 

In  this  way,  ones  the  designing  has  begun,  then,  it  is  necessary 
to  be  concerned  and  to  take  into  consideration  the  adjustment 


values  required .  after  this  is  acne,  it  is  still  necessary  t 
obtain  the  angular  displacement  stiffness,  Kx ,  and  K  ,  as  we  1 
as  the  numerical  values  for  the  oscillatory  equilibrium  ring 
rotational  inertias,  a,  b,  and  c,  which  are  appropriately 
determined  for  the  speeds  of  rotation  selected.  It  is  also 


necessary  to  take  the  relationships  between  these  quantities 
and  satisfy  che  fixed  adjustment  conditions  of  equation  (1)  to 
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the  degree  of  accuracy  required.  From  this  it  can  be  seen  that 
the  degree  of  accuracy  in  the  calculation  of  the  angular  dis¬ 
placement  stiffness  is  extremely  important  to  the  design  of  the 
gyroscope  being  considered.  This  is  the  problem  which  demands 
first  attention  during  the  design  calculations  for  hinge 
assemblies . 

2 

(2)  The  lowering  of  the  re^ui^em^nt s  —  p  &  drift  error 


In  the  case  of  inertial  gyroscopes,  the  problem  of  lowering 
the  drift  error  associated  with  is  one  which  also  requires 
attention.  That  is  to  say  that,  when  the  gryo  rotor  is  sub¬ 
jected  to  axial  and  radial  accelerations,  it  is  necessary  to 


the  reauirements  for  rigid! 


mounts  in  ail 


directions  in  order  to  facilitate  eliminating  the  g  drift 
error  which  is  caused  by  the  acceleration  of  the  aircraft  or 
carrier.  Therefore,  what  is  necessary  is  to  carry  out  calcula¬ 
tions  of  the  axial  and  raaiai  stiffnesses  of  hinge  assemblies, 
and,  from  these,  find  a  way  to  select  numerical  stiffness 

values,  and  so  obtain  structures  with  equal  stiffness  values 

o 

in  order  tc  lower  the  g“  drift  error.  This  is  another  question 
which  must  be  considered  when  dealing  with  the  design  calcula¬ 
tions  for  hinge  assemblies. 


Besides  the  two  problems  which  we re  raised  above,  among 
the  other  requirements  which  must  be  considered  is  the  question 
of  the  energy  to  power  the  activation  electrodes  of  the  gyro¬ 
scope  in  question  as  it  is  transferred  frcrr.  the  hinge  assembly. 
Load  bearing  strength  and  fatigue  strength  as  *well  as  the 
ability  to  resist  the  absorption  of  energy  from  blast  and 
oscillation  as  it  exists  in  the  environment  of  the  gryoscope 
all  contribute  to  the  maintenance  of  the  normal  operation  of  the 
gyroscope.  Besides  this,  it  is  also  necessary  tc  give  consid¬ 
eration  to  the  capabilities  of  facilities  available  for  the 
manufacture  of  gyroscopes  as  well  as  the  design  planning  for 
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the  structure  of  the  assemblies  being  considered.  However, 
these  questions  are  not  discussed  in  this  article. 

II.  INTEGRAL  TYPE  FLEXURE  HINGE  ASSEMBLIES 


At  present,  there  are  two  different  structural  types  in 
use  in  dynamically  tuned  gyroscope  flexure  hinge  assemblies. 
These  are  the  composite  type  and  the  integral  type.  This 
article  only  discusses  the  question  of  the  design  calculation: 
•for  integral  type  hinge  assemblies. 


What  is  meant  by  an  integral  hinge  assembly  is  a  three- 
ring  bearing  component  which  has  undergone  final  machining,  is 
made  out  of  metal,  and  is  divided  into  three  sub-components 

ow  elasticity  and  each 


if  i , 


which  are  connected  by  hinge  rods  o 
of  which  has  some  freedom  of  movement  at  right  angles.  After 
each  of  the  three  mounting  rings  is  mated  to  the  activating 
electric  motor  of  the  gyroscope  and  to  the  gyroscope's  rotor, 
the  rotor  is  fitted  onto  the  base  (casing.',  and  one  then  has 
the  normal  configuration  of  the  gyroscope,  which  allows  for 
freedom  of  movement.  Obviously,  this  sort  cf  orthogonal  free¬ 
dom  cf  movement  comes  from  the  action  of  the  hinge  reds;  how¬ 
ever,  because  of  the  need  for  satisfying  precise  requirements 
of  rotor  axis  rotation  and  low  elasticity,  the  geometrical 
configuration  of  these  rods  and  their  dimensions  place  limits 
on  other  load  bearing  capabilities,  and  this  causes  the  assem¬ 
bly  to  be  almost  incapable  of  sustaining  loading  from  any 
direction  other  than  “hat  cf  the  centerline  of  the  hinge  rocs. 
Because  of  this  fact,  most  of  the  practical  bearing  assemblies 
are  designed  as  two  components;  moreover,  this  causes  the 
hinge  rods  involved  to  have  different  placements.  The  hinges 
of  one  of  the  components  mainly  bear  the  loading  along  the 
axis  of  the  gyroscope.  The  other  component's  hinge  rods  mainly 
bear  the  radial  loading  of  the  gyroscope  involved.  When  the 
two  sets  of  component  rods  are  formed  together  into  one  integral 
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body,  then,  they  become  one  integral  hinge  assembly  capable 
of  taking  loading  from  various  directions.  However,  speaking 
of  the  matter  of  the  angle  of  rotational  deviation  which  is 
involved  in  the  fitting  of  the  gyroscope  rotor  to  the  main 
casing,  the  operation  of  the  two  components  of  this  type  of 
integral  hinge  assembly  is  exactly  the  same  as  that  of  a 
single  component. 


Figure  1  is  a  structural  diagram  [2]  of  one  type  of 
integral' hinge  assembly.  From  the  figure  it  can  be  clearly  seen 
that  there  is  a  definite  relationship  between  the  hinge  rods  of 
each  assembly  component  and  the  various  ring  supports  of  the 
assembly  as  a  whole.  Obviously,  the  hinge  rods  of  the  interior 
and  exterior  components  are  all  separated  after  circles  of 
equal  diameter  are  bored  in  the  ’walls  of  the  component  to  form 
a  narrow  nock  of  a  definite  configuration  and  are  fitted  wi"h 


^  q  p  f‘ '  f ’  a  r>  (J  n  r  r>  rt 


passageway  apertures  corn  igurea  to  a  dir  :eron~  ern .  - r- 

main  reason  for  this  is  this.  These  hinge  reds  car.  also  c  . 
called  narrow  neck  components.  Cn  the  basis  of  the  straich" 
axial  arrangement  seen  in  the  illustration,  one  can  see  that  "he 
radial  loading  along  the  x  and  y  axes  of  the  gyroscope  is 
supported  by  the  interior  components.  (two  characters  unread¬ 
able)  the  axial  loading  along  the  z  axis  is,  then,  born  by 
the  exterior  component.  After  the  interior  and  exterior  com¬ 
ponents  are  connected  together,  they  (two  characters  unread¬ 
able)  they  are  not  only  capable  of  bearing  loading  along 
different  axes,  they  are  capable  of  maintaining  (two  char¬ 
acters  unreadable)  the  freedom  of  movement,  required  in  "he 


:e  gyroscope  r 


:o  the  base's 


z 


z 

Figure  1.  An  Exploded  Diagram  of  the  Interior  and  Exterior 
Components  of  Integral  Flexure  Hinge  Assembly 

III.  DESIGN  CALCULATIONS  FOR  AN  INTEGRAL  TYPE  FLEXURE 
HINGE  ASSEMBLY 

This  article  only  deals  with  calculations  for  angular 
displacement  stiffness,  axial  stiffness  and  radial  stiffness 
as  these  quantities  relate  to  the  calculations  involved  with 
integral  type  flexure  hinge  assemblies.  Other  calculation 
problems  are  not  considered  here. 

(1)  The  Calculation  of  Angular  Displacement  Stiffness 

From  Figure  1  we  already  know  that  the  angular  displace¬ 
ment  stiffness  of  an  integral  type  assembly  around  its  x  and  y 
axes  is  composed  of  the  angular  displacement  stiffnesses  of 
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the  two  coaxial  parts  of  the  two  components  in  the  narrow 
neck.  The  assumptions  involved  in  this  are  as  follows. 

(1)  Under  the  effect  of  loading  (bending  moment),  only 
the  narrow  neck  parts  within  the  range  of  the  diameter  of 
the  holes  give  rise  to  deformations.  The  other  parts  of  the 
hinge  assemblies  can  be  taken  to  be  rigid  bodies. 

(2)  The  deformation  rigidity  of  integral  assemblies  is 
only  determined  by  taking  together  the  different  modes  exper¬ 
ienced  by  the  eight  narrow  neck  components  of  the  two  structure 
in  the  hinge  assembly  (for  example,  in  series  mode  deforma¬ 
tions  and  parallel  mode  deformations). 


For  the  present,  let  interior  angle  represent  the 
angular  displacement  rigidity  of  the  flexure  axis  around  a 
single  narrow  neck  component  of  the  interior  component  of  the 


flexure  hinge  assembly 


represent  the 


aaa'=‘“u‘LJ' •  “  exterior  angle 

angular  displacement  rigidity  of  a  single  narrow  neck  component 

of  the  exterior  component  of  the  flexure  hinge  assembly.  Cf 

course,  in  this  case,  we  take  the  dimensions  cf  each  of  the 

narrow  neck  components  of  a  structure  of  the  hinge  assembly 

to  be  the  same.  After  vie  do  this,  the  angular  displacement 

rigidity  around  the  x  or  y  axis  of  an  integral  hinge  assembly, 


i . 


K. 


or  K 


x  angle  y  angle’ 

bination  of  these  quantities,  that  is, 


can  then  be  calculated  from  a 


v  =  v  -  2 ( v 1 

"xangle  “y  angle  interior  angle 

K »  > 

exterior  angle"  (2) 


The  reason  for  this  is  the  fact  that  the  dimensions  of  the 
operating  elements  of  the  narrow  neck  components  are  very 
small  —  only  a  few  hundredths  of  a  millimeter  —  and  the 
dimensions  of  other  elements  are  all  much  larger  than  that 

2K7 


Because  this  is  the  case,  after  one  ignores  the  angular  dis¬ 
placement  deformations  of  all  the  components  besides  the  narrow 
neck  components,  the  error  which  arises  in  the  calculations  is 
not  large  enough  to  be  evident. 


Concerning  the  angular  displacement  rigidity  of  the  narrow 

neck  components,  K'.  .  .  ,  or  K'  t  ,  it  is 

’  interior  angle  exterior  angle’ 

possible,  on  the  basis  of  the  effect  of  the  pure  bending 
mement  of  the  flexture  curve  around  the  axis,  to  use  the  rela¬ 
tionship  between  angular  deformations  of  changes  in  rod  cross 
sections  within  the  range  of  the  radii  of  the  holes  in  order  to 


make  calculations.  In  Appendix  I,  one  may  find  given  a  method 
for  computing  the  angular  displacement  rigidity  of  the  narrow 
neck  components  in  this  type  of  situation. 


(2)  The  Calculation  of  Axial  Rigidity 


It  nas  already  been  pointed  out  before  that,  if  one  is 


along  the  z  axis  is  born  by  the  exterior  sub-assembly,  it  is 
possible  to  use  the  relationships  shown  in  Figure  2  in  order 
to  explain  the  situation.  In  this  illustration,  we  have  made 
use  of  extended  (or  compressed)  springs  in  order  to  represent 
narrow  neck  components  under  the  effects  of  loading  directly 
along  their  axes;  moreover,  it  draws,  in  the  same  plane,  four 
narrow  neck  components  distributed  in  a  radial  direction.  This 
sort  of  arrangement  will  not  influence  the  analysis  and  results 
concerning  the  problems  being  discussed. 
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From  Figure  2,  it  can  be  seen  that,  when  ring  III  of  the 
assembly  is  under  the  influence  of  a  load,  P,  (this  ring  is  in 
direct  contact  with  the  rotor  of  the  gyroscope),  then,  due  to 
the  fact  that  the  narrow  neck  components  A,  A  and  B,  B  both 
form  a  symmetrical  distribution  along  the  x  axis,  the  two  narrow 
neck  components,  A-A,  between  the  upper  ring,  ring  III,  and 
the  oscillation  equilibrium  ring,  ring  II,  respectively  experience 
the  effects  of  the  load  P/2  directly  along  aheir  axis  lines, 
and  are  put  into  an  extended  configuration.  At  the  same  time, 
by  means  of  a  transmission  through  the  oscillation  equilibrium 
ring,  ring  II,  the  two  narrow  neck  components,  B-B,  between  the 
oscillation  equilibrium  ring,  ring  II,  and  the  bottom  hinge 
assembly  ring,  ring  I,  (this  ring  is  in  contact  with  the  axis 
of  the  electric  activation  motor),  only  respectively  feel  the 
effects  of  the  load  ?/2  directly  along  their  axis  lines,  and 
this  puts  these  rings  into  a  compressed  configuration.  In  this 
way,  the  four  narrow  neck  components  are  first  arranged  in  the 
parallel  pairs,  A-A  and  B-B.  After  this,  AA-BB  becomes  the 
arrangement  for  scries  operation.  The  reason  for  this  is  that 
the  geometrical  dimensions  of  ail  the  narrow  neck  components  of 
similar  assemblies  are  designed  to  be  similar.  Therefore,  when 
the  axial  rigidity  of  a  single  narrow  neck  component  directly 
along  the  line  of  its  axis  is  reoresented  by  the  use  of  K'  _  .  . 

„  then  the  axial  rigidity  of  the  exterior  component, 

aXzS 

K  ,  .  ,  ,  can  be  solved  for  by  using  the  formula  given 

OUt S2u6  aXIS 

below,  that  is. 


The  results  from  Equation  (U)  shew  that,  when  one  con 


siders  the  axial  rigidity  of  exterior  components 
they  are  simply  equivalent  to  the  axial  rigidity 


one  by  one, 

outside  axis 


of  a  narrow  neck  component.  Concerning  the  axial  rigidity, 

K'  .  of  a  single  narrow  neck  comconent ,  it  is  Dossible 

to  calculate,  on  the  basis  of  the  tensile  loading  which  is 
applied  ,  the  tensile  deformation  of  a  rod  cross  section  under 
x -r r. s  1  ^ r.  ,•/ i  the  or  x n e  rail  ^ s  o f  i  dp. 

aperture.  Appendix  II  presents  a  method  of  calculation  for 
obtaining  the  rigidity  directly  along  the  line  of  the  axis  of 
a  narrow  neck  component  in  this  type  of  configuration. 
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alone 


.•Ten  the  external  components  wrier,  are  sr.own  in  rig, 
one  car.  see  that,  when  the  effects  o f  a  load  F  are  fe¬ 
z-axis  of  support  ring  III  (close  to  the  gyroscope  rotor',  this 
load  P  will  first  cause  force  to  be  applied  to  the  two  narrow 
neck  components,  C-C,  between  upper  ring  Ill  and  the  oscillaticr 
equilibrium  ring  II.  After  this,  this  same  force  will  be 
transmitted  through  oscillation  equilibrium  ring  II,  and  it 
will  cause  the  two  narrow  neck  components  between  the  cscillati: 
equilibrium  ring  II  and  the  lower  support  ring  I  (quite  close 
to  the  axis  of  the  activation  motor)  -  that  is,  D-D  -  to  have 
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phenomenon,  we  use  spring  plates  to  represent  the  various 
narrow  neck  components.  These  components  are  also  shown  in  a 
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illustration 


It  can  be  seen  prom  this  illustration  that,  when  the  loading 
affecting  the  length  of  the  z-axis  is  distributed  to  the  various 
narrow  neck  components,  it  is  possible  to  establish  that  the 
lines  along  which  this  loading  appears  ail  pass  through  the 
intersection  of  the  axes  of  the  various  narrow  neck  components. 
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a  support  assembly  operates  as  a  combination  of  its  interior 
and  exterior  components.  because  of  this,  it  is  not  only  the 
narrow  neck  component  of  the  exterior  sub-assembly  which  bears 
axial  loadine  along  its  z-axis  in  a  direct  line  with  that  axis . 


one  narrow  necx  comoonea; 


the  interior  sub-assemcl.v  also 


uprorts  loadine1  directly  alone:  the  x-axis  line. 


•V-hOU 


-:uesT  ion ,  v/r.en  one  Is  Th*?  sxisl  sT  i. j  i  T  y  5.  >  - 

assembly  as  a  whole,  one  ought  also  to  take  the  axial  rigidity 


and  external  sub-assemblies  into  account  because 
:is  way  that  one  can  make  a  reasonable  approx¬ 


imation  to  the  actual  situation. 


From  the  interior  and  exterior  sub-assemblies  which  are 
shewn  in  Fig.  1,  it  can  be  seen  that,  when  the  loading  -which 
acts  alonz  the  x-axis  is  distributed  among  the  various  narrow 


lines  along  which  the  loading  acts  all  pass  through  the  irmer- 
sectior.  of  the  axes  of  the  various  narrow  neck  components  .  Th; 
actual  situation  is  this.  The  loading  is  transferred  through 


ring  as  seme  .Lies  an: 
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of  the  narrow  neck  components.  Because  of  this  situation, 
speaking  from  the  point  of  view  of  the  narrow  neck  components, 
it' is  possible  to  take  them  and  seo  them  as  cantilever  beams 
(rods).  When  they  have  exerted  on  them  the  effects  of  a  bend¬ 
ing  moment  formed  by  a  load,  P',  for  which  the  distance  from 
the  pivot  point  is  2R,  these  components  also  have  exerted  on 
them  the  effects  of  a  moment  of  couple  the  direcrion  of  which 


L 


is  opposite  to  that  of  the  bending  moment  which  was  discussed 
above  and  has  a  numerical  value  of  FR  (Figure  3b).  The  deform¬ 
ation  rigidity  at  the  intersection  of  the  axes,  which  is 
created  from  the  bending  moment  2P’R  and  the  moment  of  couple 
PR  makes  it  possible,  on  the  basis  of  the  loads  given  in 
Appendix  III,  to  calculate  the  deformational  rigidity  from  the 
rigidity  at  the  intersection  of  the  axes  of  the  narrow  neck 
components  involved.  However,  it  must  be  pointed  cut  that 
what  we  are  concerned  with  is  the  axial  rigiiity  of  the 
interior  components,  that  is  to  say,  the  deformation  rigidity 
along  the  x  axis  of  the  support  assembly,  and  calculations 
should  be  made  with  this  idea  in  mind. 
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(  a  ) 


(  b  ) 


Figure  3-  An  Interior  Component  Under  the  Effects  cf 
Axial  Loading. 


After  one  obtains  "he  rigidity  of  the  intersection  of  the 
axes,  K '  ^n3_.  ^  ,  for  each  of  the  single  narrow  neck  com¬ 

ponents  of  "he  interior  sub-assembly,  then,  in  the  same  way, 
it  is  possible,  on  the  basis  of  the  series  and  parallel  rela¬ 
tionships  of  the  various  narrow  neck  components  cf  a  sub-assembly 
to  solve  for  the  axial  rigidity  of  the  interior  component, 

Kinside  axis’  as  foll3WS’  tha*  is> 

1.1.1  1 


“inside  axis 


2K '  2V '  K  ’ 

inside  axis  “  inside  axis  inside  axis 

(5) 


or,  to  put  it  another  way, 

Kinside  axis  “  K  Inside  axis  ^ 

Equation  (6)  shows  that,  similar  to  the  axial  rigidity 
of  the  exterior  subassemblies,  when  one  is  giving  considera¬ 
tion  to  the  various  separate  axial  rigidities  in  an  interior 
sub-assembly,  these  are  also  only  equivalent  to  the  individual 
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axial  rigidities,  K,inSj_<}e  axis’  of  the  narrcw  neck  components 
within  the  assemblies  being  considered.  On  the  basis  of  the 
actual  situation  as  far  as  exerted  forces  are  concerned,  each  of 
the  narrow  neck  components  of  the  interior  sub-assembly  also 
has  exerted  against  them  shear  loading  of  a  definite  magnitude, 
and  this  loading  can  also  be  solved  through  the  calculation 
process.  The  only  thing  is  that  the  degree  of  this  shear  load¬ 
ing,.  when  compared  to  the  magnitude  of  other  forces  involved, 
is  very  small  in  numerical  terms,  and  can  be  ignored.  Due  to 
this  fact,  the  axial  rigidity  of  the  hinge  assembly  as  a  whole, 
K»xi',l,  2an  be  S°1VS(^  for  using  .the  equation  below,  that  is, 

^axial  -  ^inside  axial  +  ^outside  axial  ^ ^  /137 

(3)  The  Calculation  of  Radial  Rigidity 

It  has  already  been  pointed  out  that,  when  one  is  speaking 
from  the  point  of  view  of  the  integral-type  hinge  assemblies 
we  have  been  discussing,  the  radial  rigidities  of  this  type  of 
assembly  are  mainly  supported  by  the  narrow  neck  components  of 
the  interior  and  exterior  sub-assemblies.  Figure  is  a  draw¬ 
ing  of  the  nature  of  the  placements  of  the  various  narrcw  neck 
components  in  an  equatorial  plane,  when  the  interior  sub- 
assembly  is  being  subjected  to  the  effects  of  radial  loading. 

It  can  be  seen  from  this  illustration  that  the  axis  of  bending 
of  the  narrow  neck  component,  C,  C,  is  identical  to  the  y  axis, 
and  that  the  axis  of  bending  of  the  narrow  neck  component,  D, 

D,  is  identical  to  the  x  axis.  Mow,  let  us  assume  that  the 
line  of  the  effects  from  the  radial  loading,  P,  of  the  gyroscope 
rotor  lies  along  the  line  of  support  in  the  direction  of  the 
y  axis.  Obviously,  the  nature  of  the  loading  will  be  different 
from  that  for  different  narrow  neck  components  such  as  C  and 
D.  If  we  talk  about  the  narrow  neck  component  C,  for  a  moment, 
although  the  actual  loading  is  transferred  through  one  end  of 
a  narrow  neck  component,  it  is  possible  to  consider  that  the 
line  of  effect  for 
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loading  passes  through  the  axis  of  bending  of  the  component 
involved,  and  calculations  similar  to  the  ones  used  to  figure 
the  axial  rigidities  of  the  interior  sub-components  and  dis¬ 
cussed  in  (2)  above,  can  also  be  applied  as  calculation  methods 
for  the  corresponding  radial  rigidities,  K'radial  interior-  All 
that  needs  to  be  added  to  the  calculations  is  the  fact  that  the 
direction  of  the  loading  on  the  narrow  neck  components  involved 
are  not  the  same.  In  this  case,  the  effects  of  the  ’oading 
travel  along  the  axis  of  bending  of  the  components  involved. 

In  Appendix  IV,  one  finds  presented  a  method  of  calculation  for 

the  radial  rigidity,  K’radial  interior’  in  ths  form  of  its 
effects  along  the  bending  axis  of  the  narrow  neck  components 
involved.  In  the  case  of  the  narrow  neck  component,  D,  under 
the  influence  from  effects  of  loading  in  the  direction  of  the  y 
axis,  there  will  be  caused  a  deformation  right  along  the  direc¬ 
tion  of  the  axis  involved,  and  the  corresponding  radial  rigi¬ 
dities,  K"radial  intePior.  can  be  added  to  the  calculation 
methods  presented  in  Appendix  I. 


Figure  4.  The  Calculation  of  the  Radial  Rigidity  of  the 
Interior  Sub-assembly.  2.  Component  C.  3.  Component  D . 


Under  the  effects  of  radial  loading,  the  combined  arrange¬ 
ment  of  the  various  narrow  neck  components  of  the  interior  sub- 
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assembly  can  be  found  in  the  form  of  C-C,  D-D  arranged  in 
parallel  two  at  a  time  or  in  the  form  of  CC-DD  arranged  in 
series.  If  one  is  only  talking  about  the  narrow  neck  compon¬ 
ents  C  and  D,  then,  the  directions  of  loading  involved  are  not 
the  same.  Naturally,  the  rigidities  of  the  two  cases,  K' 

radial  interior  and  ^'radial  interior’  wil1  also  Prcduce 
calculation  results  which  are  not  the  same  either.  Depending 

on  what  the  relationship  is  between  the  two  types  cf  narrow 

neck  components,  it  can  be  possible  to  make  use  of  the  formula 

which  follows  in  order  to  calculate  the  solution  for  K„ 

interior'  This  f3rrnula  is 


radial 


Kradial 


interior 


2K'  •<" 

radial  interior'  radial  interior 

K  ?  +  K" 

radial  interior  1  radial  interior 


(8) 


In  situations  similar  to  the  ones  discussed  in  (2)  above, 
one  should  also  include  in  the  considerations  the  radial 
loading  energy  which  is  supported  by  the  exterior  sub-assembly 
concerned.  Because  of  this,  in  Figure  S  one  finds  presented 
the  placement  relationships  for  the  various  narrow  neck  compon¬ 
ents  of  the  exterior  sub-assemblies  involved  itfhen  under  the 
effects  of  radial  loading  along  the  y  axis.  Obviously,  the  two 
pairs  of  narrow  neck  components,  A-A  and  B-B,  can  be  operated 
both  in  the  two-by-two  parallel  arrangement  and  in  the  AA-BE 
series  arrangement.  If  one  takes  K'racjiai  exterior  rePresent 
the  radial  rigidity  K"  on  the  narrow  neck  component  A,  then,  the 
radial  rigidity  of  the  exterior  sub-assembly,  Kradial  exterior,» 
can  be  found  by  using  the  equation  below,  that  is, 


K 


radial  exterior 


t  KtT 

radial  exterior  radial  exterior 

K  1  +  KTr 

radial  exterior  radial  exterior 


(9) 
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Figure  5.  The  Calculation  of  the  Radial  Rigidity  of  the 
Exterior  Sub-assembly.  2.  Component  A,  3.  Component  E. 

On  the  basis  of  the  situation  illustrated  by  Figure  5, 
it  can  be  seen  that  the  radial  rigidity  of  the  narrow  neck 
component  A  of  the  exterior  sub-assembly,  K'radlal  exterior’ 
is  determined  by  the  deformation  which  is  caused  by  the  load¬ 
ing  along  the  axis  of  bending.  The  calculation  method  for  thi 
case  can  be  seen  in  Appendix  IV.  If  we  are  speaking  of  the 
radial  rigidity  of  the  narrow  neck  component  B,  that  is, 

K' 'radial  exterior’  then>  it  ls  known  that  this  rigidity  is 
determined  by  the  deformation  caused  by  the  loading  along  the 
cross  axis.  The  method  of  calculation  for  this  is  found  in 
Appendix  III. 

In  the  cases  which  we  have  just  considered,  we  have  alway 
ignored  the  shear  rigidity  of  the  narrow  neck  components 
involved,  for  the  reasons  which  were  presented  above.  Duo  to 
this  fact,  the  radial  rigidity  of  the  hinge  assembly  as  a  whol 
K-adial*  can  1:56  ca^culateb  by  using  the  equation  presented 
below,  that  is, 

^radial  ~  ^radial  interior  +  ^ 


radial  exterior 


(10) 


IV.  A  CRITIQUE  OF  THE  RESULTS  OF  CALCULATIONS 


Concerning  a  hinge  assembly  of  the  structural  type  dis¬ 
cussed  above,  after  one  makes  a  comparison  between  the  data 
obtained  on  the  structure  from  calculations  and  the  measure¬ 
ments  taken  during  experimentation,  cne  discovers  that: 

(1)  If  one  is  speaking  about  the  angular  displacement 
rigidity  of  a  structure,  then,  the  numerical  values  which  were 
calculated  for  the  assembly  as  a  whole  were  quite  close  to  the 
results  obtained  through  experimental  measurements.  This 
demonstrates  that,  on  the  basis  of  the  assumed  conditions  pre¬ 
sented  above,  the  calculated  values  are  reliable  and  relatively 
precise.  If  one  takes  the  case  in  which  an  integral  type  of 
hinge  assembly  is  made  out  of  alloy  materials  of  a  constant 
elasticity,  then,  the  radius  of  the  eight  pairs  of  drilled 
apertures  in  the  interior  and  exterior  sub-assemblies  is  D-2.5 
mm.  The  thickness  of  the  narrow  neck  components  at  the  thinn¬ 
est  place  in  the  aperture  involved  is  A=0.05mm.  The  width  of 

the  interior  sub-assembly,  b.  ,  .  =1.75mm.  The  width  of  the 

interior 

exterior  sub-assembly,  fc_,,  .  =lmm.  The  calculated  angular 

exterior 

displacement  rigidity  of  the  assembly,  Kang..lar(calculated 
0.105  g- cm/degree  of  angle,  and  the  experimental  measurement 
for  the  same  angular  displacement  rigidity  of  the  assembly, 

^angular (experimental )=0 • ^o6S ’ cm/degree  of  angle.  This  repre¬ 
sents  an  error  of  less  than  1% .  This  type  of  degree  of 
accuracy  was  achieved  under  conditions  of  precise  rotational 
speed,  which  caused  the  gyroscope  to  smoothly  enter  into  a 
state  of  tuned  equilibrium,  and  offer  an  excellent  foundation 
for  the  measurements.  However,  it  should  be  pointed  out  that, 
the  data  presented  above  was  obtained  in  tests  on  a  small 
experimental  sample,  and  we  still  lack  a  sufficiently  large 
body  of  experimental  data  to  offer  more  significant  statistical 
data. 


I 


Of  course,  even  if  the  analysis  and  calculations  have 
relatively  high  degrees  of  accuracy,  it  still  does  not  mean 
that,  in  the  design  of  the  structures  for  the  hinges  assemblies 
we  have  been  discussing,  it  is  possible  to  Ignore  the  adjust¬ 
ment  components  needed  in  order  to  adjust  these  assemblies. 

In  fact,  due  to  various  types  of  reasons,  there  can  exist 
considerable  overall  differences  between  the  calculated  data 
ana  the  experimental  data,  and  it  is  necessary  to  very  care¬ 
fully  satisfy  the  adjustment  conditions  given  for  equation  (1), 
and  then,  it  is  necessary  to  make  small  necessary  adjustments 
in  the  initial  design  considerations  relating  to  the  rotational 
inertia  of  the  oscillatory  equilibrium  ring  of  the  assembly 
involved . 

(2)  After  doing  a  comparison  between  the  calculated 
numerical  values  for  the  axial  rigidity  and  the  radial  rigidity 
and  the  experimentally  measured  values  for  the  same  quantities, 
it  can  be  seen  that,  although  actual  axial  rigidities  and 
radial  rigidities  are  relatively  close,  they  are  still  much 
smaller  than  the  calculated  numerical  values.  This  indicates 
clearly  that  there  are  still  problems  with  taking  the  methods 
presented  earlier  and  using  them  to  figure  numerical  values  for 
these  two  quantities.  This  procedure  still  needs  to  wait  on 
future  research.  There  are  two  possible  reasons  for  this.  Cne 
reason  is  that,  in  this  type  of  situation,  consideration  is 
only  given  to  the  deformations  of  narrow  neck  components  within 
the  scope  of  the  drilled  aperture  radii,  and  these  calculations 
are  net  extended  to  take  in  deformations  in  other  components. 
The  reason  for  this  is  that  the  dimensions  of  the  hinge 
assemblies  as  a  whole  sire  relatively  small  and,  speaking  from 
the  point  of  view  of  the  axial  rigidities  and  radial  rigidities 
of  these  assemblies,  the  assumption  that  the  narrow  neck  com¬ 
ponents  of  the  hinge  assemblies  can  be  viewed  as  being  rigid 
bodies  is  not  appropriate,  and  this  assumption  necessarily 
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brings  with  it  relatively  large  errors.  The  calculation  of  the 
quantities  we  just  discussed  is  different  from  the  case  of  the 
angular  displacement  rigidity  calculations.  In  the  case  of 
these  calculations,  the  angular  displacement  rigidity  of  the 
axis  of  bending  is  basically  very  small,  and  when  a  comparison 
is  carried  out,  and  we  Ignore  the  deformations  in  other  compon¬ 
ents,  its  influence  is  not  large.  Another  reason  is  the  prob¬ 
lem  of  experimental  measurement.  The  theory  and  equipment  used 
in  experimental  measurements  of  axial  and  radial  rigidities 
still  need  to  wait  on  further  discussion  and  improvement. 


However,  the  related  calculations  of  axial  and  radial 
rigidities  are  certainly  not  without  significance.  What  must 
be  paid  attention  to  in  the  design  of  these  is  the  requirement 
to  make  the  axial  rigidity  and  the  radial  rigidity  equal  and  to 
reach  a  state  in  which  the  rigidity  cf  the  various  directions 
is  equal.  This  is  important  in  order  to  eliminate  g~  drift 
error.  This  requirement,  or.  the  casie  :f  she  experimentally 
measured  results,  is  still  satisfied  only  “c  a  certain  extent. 
Secause  of  this,  it  is  possible  In  the  calculations  mentioned 
above,  to  analyse  the  influences  of  the  related  parameters, 
and  to  change  them  in  order  to  make  it  possible  to  make  the 
hinge  assemblies  which  are  designed  even  mere  adequately  in 
compliance  with  the  design  requirement  for  equal  rigidity  in 
all  the  various  directions. 


APPENDICES 


I.  THE  CALCULATION  OP  THE  ANGULAR  DISPLACEMENT  RIGIDITY  OF 
NARROW  NECK  COMPONENTS  UNDER  THE  INFLUENCE  OF  THE  PURE 
BENDING  MOMENT  OF  THE  AXIS  OF  BENDING 

The  narrow  neck  component  which  is  shown  in  Figure  I  is 
formed  from  the  walls  of  hinge  assemblies  with  a  pair  cf  holes 
drilled  in  them  with  equal  radii  of  2R  and  at  a  thickness  of  b. 
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The  thickness  of  the  thinnest  section  of  this  narrow  nock 
component  (which  is  the  point  located  by  the  joining  of  the 
centerlines  cf  this  pair  of  drilled  apertures)  is  A.  The 
calculation  width  is  the  normal  value,  and  equal  to  b.  In 
the  illustration,  the  d-d  axis  is  the  vertical  axis  of  this 
narrow  neck  component.  The  q-q  axis  is  its  cress  axis,  and  the 
f-f  axis  is  its  axis  cf  bending. 


Under  the  influence  of  a  pure  bending  moment  of  the  bending 
axis,  the  narrow  neck  component  will  bend  its  axis  of  bending, 
f-f,  and  produce  an  angular  deformation.  This  is  the  angular 
displacement  which  needs  to  be  calculated.  The  numerical  value 
of  this  angular  displacement  depends  on  the  size  cf  the  moment 
cf  bending,  the  geometrical  dimensions  cf  the  narrow  neck 
component  and  the  characteristics  cf  the  materials  used.  Under 
the  influence  of  a  bending  moment  M,  let  us  select  a  differentia¬ 


tion  length  on  the  surfae 
then,  it  is  possible  t  '  •- 
angle  of  deformation,  dr?. 


c  of  the  component,  i:<  .  If  we  do  so, 
a  l  "’i  la1-**  the  corresponding  differential 
according  to  this  equation. 


~E/,U> 


(1-1)  /139 


In  this  equation,  M  is  the  bending  moment  affecting  the  axis 
of  bending.  E  is  the  modulus  of  elasticity  of  the  material 
involved,  and  is  the  moment  of  inertia  of  the  cross 

section  of  the  component  perpendicular  to  the  x  axis  center- 
line  cf  the  plane  of  the  moment  of  bending.  In  c  case  when  the 
cross  section  of  deformation  is  along  the  x  axis,  then,  /.(.v) 
will  vary  with  changes  in  x,  that  is  to  say,  /.(*)  =  bh\(.:)/ 12 

In  this  case,  b  is  the  width  of  the  component,  a  constant  value, 
and  h^(x)  is  the  height  of  the  component.  If  we  let  the  half 
cross  section  height  of  the  component  be  h(x),  then,  we  have 

4i(x)  =  2 h(x)  .  On  the  basis  of  this,  we  can  get  the  relationship 

J*(rx)  =  2bh3(x)/3 
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According  to  the  coordinates  used  in  Figure  I,  the  half¬ 
height  of  the  cross  section,  h(x)  can  be  written  in  the 
following  form,  that  is, 

A(jc)  =  (/?  +  A/2)  -  s/lRzc-l^  (1-2) 


Figure  I.  The  Calculation  of  the  Angular  Displacement 
Rigidity  of  the  Axis  of  Bending 

In  this  equation,  R  is  the  radius  of  the  drilled  aperture,  and 
A  is  the  dimension  of  the  thickness  at  the  thinnest  point  of 
the  component. 

Let  us  assume  that  the  angular  deformation  of  the  narrow 
neck  component  only  occurs  within  the  range  of  the  radius  of 
the  drilled  aperture.  If  we  make  this  assumption,  then,  the 
total  angular  deformation  of  each  single  narrow  neck  component 
(angular  displacement)  9  can  be  solved  for  by  using  the  equation 
below,  that  is. 
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.  _  f **  M ,  _  M _ 

Jo  EJ.i.*)  X  Jo  £._2_6A*(x) 


dx 


(1-3) 


When  the  bending  moment,  M,  is  a  constant  value,  then 
(1-3)  can  be  written 


.  _  3M  (** _ dx _ 

(i-O) 

If  we  use  the  angular  displacement  rigidity  to  express  this, 
then,  we  have 

26  E 

_  (2« 

K' angular  =  3J.  jjj  +A). 

(1-5) 

The  reason  for  this  is  that  one  must  satisfy  the  require¬ 
ment  that  the  rigidities  of  the  hinge  assemblies  be  equal. 
Generally  speaking,  the  widths  of  the  narrow  neck  components 
cf  the  interior  sub-assembly  and  the  exterior  sub-assembly, 

^interior  and  bexterior’  are  nofc  e<*ual-  Because  of  this  fact, 
it  is  possible  tc  write  a  representative  equation  for  the 

angular  displacement  rigidity,  K'anglc  interior>  of  single 
narrow  neck  components  of  the  interior  sub-assembly.  This 
equation  is 

Oh  F 

m  ‘‘interior  _ 

angle  interior  ,  f** _ dx  . 


This  matches  the  representative  equation  for  the  angular 
displacement  rigidity,  K’angle  exterior,  of  single  narrow  neck 


/140 


262 


components  of  the  exterior  sub-assembly.  This  equation  is 


angle  exterior 


"f?3- 

‘J*  f 


2b  c 

exterior 


dx 


[{R+ty-'SlRx-x']1 


(1-7) 


II.  THE  CALCULATION  OF  VERTICAL  AXIS  OF  NARROW  NECK 
COMPONENTS  UNDER  THE  INFLUENCE  OF  LOADING  ALONG 
THE  VERTICAL  AXIS 


Figure  II  shows  a  graphic  representation  of  a  single 
narrow  neck  component.  Its  structure  is  related  to  that  shown 
in  Figure  I.  In  the  same  nay,  d-d,  q-q,  and  f-f  respectively 
are  the  vertical  axis,  cross  axis  and  axis  of  bending  of  this 
narrow  neck  component. 


If  we  assume  that  the  load,  P,  comes  along  the  direction 
of  the  vertical  axis  of  the  narrow  neck  component,  then,  the 
tensile  deformation,  d<$,  for  the  differential  length,  dz,  in 
the  direction  influenced  by  the  effects  of  the  load  can  be 
calculated  by  using  the  equation  below,  that  is, 

d5~  E bhx{z) 

Pdz 

=  ZEbkz)  (II-l) 


In  this  equation,  ?  is  the  load  along  the  direction  of  the 
vertical  axis  of  the  narrow  neck  component.  E  is  the  modulus 
of  elasticity  of  the  material  used,  and  b  is  the  width  of  the 
narrow  neck  component  along  the  direction  of  the  axis  of  bend¬ 
ing,  which  is  a  constant  value,  h^z)  is  the  length  of  the 
narrow  neck  component  along  the  direction  of  the  x  axis,  and 
this  length  varies  with  changes  in  the  value  of  z.  Let  h(z) 
be  half  the  length,  and  we  have  h1(z)  =  2h(z).  In  this  case, 
h(z)  =  </?  +  A/?)"  y/R*- (z-R)1  • 


Figure  II.  The  Calculation  of  the  Tensile  Rigidity  in  the 
Direction  of  the  Vertical  Axis. 

When  the  lead,  P,  is  a  constant  value,  and  we  recognize 
that  tensile  deformation  is  only  produced  within  the  scope  of 
the  radius  of  the  drilled  apertures,  then,  the  total  tensile 
deformation  stress  of  a  single  narrow  neck  component  is 


*  p  {**- 

dz 

°  ~  2E  b)  o  [■ 

(R+f) 

When  we  write  this  in  the  form  of  the  vertical  axis  rigidity 

of  the  narrow  neck  component  K'  ..  then  we  have 

^  vertical’ 


K's. 


_ 2Eb _ 

'»«  dz 

°  [(*  + 


(  T  T  —  ?  > 


In  equation  (II-3),  the  width,  b,  is  determined  by  variations 
in  the  calculated  thickness  of  the  component  walls. 


III.  THE  CALCULATION  OF  THE  CROSS  AXIAL  RIGIDITY  OF  A 
NARROW  NECK  COMPONENT  UNDER  THE  INFLUENCES  OF  THE 
EFFECTS  OF  LOADING  ALONG  THE  CROSS  AXIS 

i 
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Figure  III  shows  an  illustration  of  a  single  narrow  neck 
component  under  the  effects  of  loading  along  the  cross  axis. 

The  structure  of  the  narrow  neck  component  is  related  to  that 
shown  in  Figure  I.  In  the  same  way  as  it  is  shown  in  Figure 
1,  d-d,  q-q,  and  f-f  respectively  define  the  vertical,  cross 
and  bending  axes  of  a  narrow  neck  component.  It  has  already 
been  pointed  cut  in  the  main  body  of  this  article  that,  in 
fact,  the  loading  on  a  narrow  neck  component  is  transmitted  by 
one  end  of  the  component.  Because  of  this,  the  load,  P,  along 
the  line  of  the  cross  axis  can  make  use  of  a  moment  of  bending 
which  has  a  numerical  value  equal  to  2PR  (as  is  shown  in  the 
illustration,  this  is  a  negative  value)  and  a  moment  of  couple 
with  a  numerical  value  of  PR  (this  is  a  positive  value).  These 
values  may  be  used  for  purposes  of  substitution. 

If  one  is  speaking  of  the  case  of  a  single  narrow  neck 
component,  then,  the  combined  bending  moment,  M,  which  is 
exerting  an  influence  on  its  surface,  is  expressed  by  the  equa¬ 
tion  below,  that  is, 

M(.y)  =  P(R-y)  r  ttt 


Under  the  influence  of  this  bending  moment,  M,  the  bending 
axis  deformation,  z,  of  the  narrow  neck  component,  can  be 
solved  for  according  to  the  equation  for  the  elasticity  curve. 
That  is. 


A/(y) 
E  7Jy) 


( III-2 ) 


In  this  equation,  M(y)  and  E  have  clear  meanings.  As  far  as 
J,(y )  is  concerned,  it  can  be  calculated  on  the  basis  of  the 

equation  below;  this  is  possible  according  to  the  coordinate 
relationships  illustrated  in  Figure  III. 


L(y)  =  ~bL2h(y)y 

=  *bh’(y) 

-  3  &[(#  +^)~'/2 Ry-y’] 

(III-3) 


If  we  substitute  this  into  equation  (III— 2 } ,  then,  we  can 
obtain 


_ _ 3  P(R-y) _ 

■  ~2Ei[(x*f)-sm^]‘  (III 

If  we  do  a  double  integration  of  (111-4),  then,  it  is  possible 
to  solve  and  obtain  the  bending  deformation  along  the  z  axis, 
that  is  to  say, 


2 


3P(  R  -  yUydy 
/?+§)-  \/2Ry~ 


+  Cy +  D 


3P  ff _ (R-y)dydv _ 


+  Cy  +  /> 


(III-5) 


Concerning  the  integration  constants,  in  th :  tr  C 
and  D,  these  can  be  determined  by  the  boundary  conditions  of  the 
narrow  neck  components. 

One  should  pay  attention  to  the  fact  that  the  bending 
axis  deformation  which  is  related  to  the  rigidity  of  the  hinge 
assembly  is  the  bending  axis  deformation  along  the  axis  in  the 
place  where  y=R  on  the  narrow  neck  component,  that  is  to  say, 

*<».#> 
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Figure  III.  The  Calculation  of  the  Cross  Axial  Rigidity 
Along  the  Direction  of  the  Cross  Axis. 

In  the  same  way,  the  width,  b,  in  equation  (III-6)  varies  with 
the  calculated  thickness  of  the  component  wall. 

IV.  THE  CALCULATION  OF  THE  CORRESPONDING  RIGIDITY  OF 
A  MARROW  NECK  COMPONENT  WHEN  IT  IS  UNDER  THE 
INFLUENCE  OF  LOADING  ALONG  ITS  AXIS  1?  SENDING 

Figure  IV  illustrates  the  situation  when  leading  is  applied 
along  the  axis  of  bending  of  a  narrow  neck  component.  All 
considerations  relating  to  structural  applications  of  narrow 
neck  components  in  such  situations  are  the  same  as  those 
expalined  above.  Due  to  the  fact  that  the  loading  is  also  a 


load,  P,  which  is  transmitted  by  one  end  of  the  narrow  neck 
component  under  discussion  and  in  the  direction  of  the  axis 
of  bending,  as  was  also  the  case  in  situations  described  above, 
it  is  possible  to  substitute  the  combined  moment  of  bending 
formed  from  the  moment  of  bending  and  the  moment  of  couple. 

As  far  as  the  coordinate  relationships  involved  in  this  illus¬ 
tration  go,  we  have 


M(x)  =  P(R-x) 


(IV-1) 


Prom  the  deformation  of  the  axis  of  bending  of  the  narrow 
neck  component  being  considered,  y,  which  is  caused  by  the 
moment  of  bending  M(x),  it  is  possible,  according  to  the  equa¬ 
tion  for  the  elasticity  curve  to  make  the  calculations  we  are 
discussing.  This  equation  is 


y' 


M(x) 

Ef.(x) 


( IV-2 ) 


In  this  equation,  the  cross  section  moment  ',(*)  should  be 


J.(x)  =  t^C2A(*>]6’ 

(IV-3) 

If  we  take  ^(.x)  =  (.R  +  A/2) - \/2Rx- x1  and  substitute  it  into 

equation  (IV-3),  then,  we  car,  obtain 


/,<*)  =  +  #)  - 


(IV-iJ) 


If  we  take  equation  (IV-4)  and  substitute  it  into  (IV-2), 

then,  we  obtain 


_ 6M(x) _ 

Eb'^R+^-sZR^?] 
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After  integrating  two  times,  it  is  then  possible  to  obtain  the 
bending  deformation  along  the  y  axis,  as  shown  below,  that  is. 


-//■ 


6 P(R-  x)dxdx 


+  “  >/2Rx- x1'] 


+  C'x  +  D' 


( IV-5 ) 


In  this  aquation,  the  integration  constants,  C'  and  D',  are 
determined  from  the  boundary  conditions  of  the  narrow  neck 
component  being  considered. 


Figure  IV.  The  Calculation  of  the  Corresponding  Rigidity 
With  Loading  Along  the  Axis  of  Bending. 

In  the  same  way,  the  rigidity  calculated  for  the  hinge 
assembly  being  considered  is  simply  related  to  the  bending 
deformation  at  the  place  where  x=R,  that  is  to  say,  y<.,.«) 

Also  corresponding  to  this  idea  is  the  fact  that,  when  loading 
is  added  in  the  direction  of  the  axis  of  bending,  the  rigidity 
calculated  for  a  narrow  neck  component,  K'^ending’  can  be 
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figured  on  the  basis  of  the  equation  below,  that  is 


K 9 

bending 


Eb* 


(R—  x)dxdx 


[(r  +  f)~  v'ZRx-xt  ] 


+  C'x  +  D 


'L 


(IV-6) 


REFERENCES 

Cl]  Howe!  E.  W.  and  Savet>  P.  H..  The  Dynamically  Tuned  Free  Rotor 
Gyro,  Control  Engineering,  Vol.  11.  No.  6>  1964,  pp.  67'72. 

[2]  Craig,  R.  J.  G.,  Theory  of  Operation  of  an  Elastically  Supported 
Tuned  Gyroscope,  I.  E.  E.  E.  Trans,  on  Aerospace  and  Electronic  Systems, 

Vol.  AES-8.  No.  3.  May.  1972.  pp.  280-288. 

C  3  3  Craig,  R.  J.  G.,  Theory  of  Errors  of  a  Multigimbal,  Elastically 
Supported  Tur.ed  Gyroscope.  I.  E.  E.  E.  Trans,  on  Aerospace  and  Electronic 
Systems.  Vol.  AES-8,  No.  a.  May  1972.  pp.  289-297. 

C  4  ]  Ensinger,  W.  B.  and  Spring.  M.  S..  Gyroscope  Flexure  Hinge  Ass 
erably,  U.  S.  Patent  No.  3.  614,  894.  Oct.  1971. 

[5]  M.M  (name  which  sounds  like  Fei  Lo  Ning  Ke-Bao  Lo 
Di  Q1  (ed):  Material  Dynamics  Course,  Gao  Deng  Jiao  Yu  Chu 
Ban  She,  1956,  Chinese  language  edition. 


270 


A  THEORETICAL  ANALYSIS  OF  INVOLUTE  HARMONIC  GEARING 


A  Translation 
Yan  Hu" ,  from 


Shen  Yunwen 


f  "Jian  Kai  Xian  Xie  Bo  Chi  Lun  Zhuan  Dong  De 
Xi  Bei  Gong  Ye  Da  Xue  Lun  Wen  Xuan  ( Part  I ) , 
1979 


271 


Summary 


A  Theoretical  Analysis  of  Involute  Harmonic  Gearing 


Shen  Yttmven 


The  harmonic  gearing  is  a  new  type  drive  which  is  being  developed  in 
China  and  abroadi  Thus  far.  no  theoretical  proof  has  been  given  to  justify 
the  use  of  involute  profile.  The  known  methods  for  calculating  transmission 
error  and  for  the  analysis  of  power  harmonic  gearing  are  inadequate  in 
completeness.  A  method  for  selerting  the  optimum  parameters  of  engagement 
with  given  backlash  has  not  yet  been  obtained.  It  is  the  purpose  of  this  paper 
to  fill  in  some  gaps  in  the  theory  of  harmonic  gearing. 

This  paper  studies  the  following  four  main  problems: 

First,  starting  from  the  study  on  engagement  theory  of  harmonic  gearing, 
this  paper  derives  an  equation  of  the  theoretical  profile  and  gives  its  numer¬ 
ical  solution.  The  error  of  the  technological  profile  (involute  profile)  as 
compared  with  the  theoretical  profile  is  evaluated  by  means  of  optimum 
approximation.  The  results  of  calculation  show  that  the  maximum  profile 
error  is  about  0.0016  m.  Therefore,  it  has  been  strictly  proved  appropriate 
to  substitute  involute  profile  for  theoretical  profile. 

Secondly,  this  paper  discusses  the  effect  of  involute  profile  on  trans¬ 
mission  error.  On  the  basis  of  internal  gearing  with  involute  profile,  the 
formulae  for  calculating  the  instantaneous  velocity  ratio  in  normal  and  border 
contact  are  provided. 

Thirdly,  the  author  presents  the  backlash  control  method  and  non-inter¬ 
ference  criterion  which  are  needed  in  optimum  engagement  design.  The 
backlash  control  method  is  essentially  a  constrained  optimization  method 
satisfying  certain  constraining  relationships  (non-interference,  meshing  depth 
of  the  tooth  (f«i  +  m,) - ral>m,  addendum  thickness  0.25m,  radial  clearance 
ru~  (f-u  +m0)  0.2  m,  and  others),  the  minimum  of  the  objective  function 

/(*)  =  /((*)  —  1,  being  found  by  Hooke-Jeeves'  method.  As  a  result  of  optimum 
design,  the  geometrical  parameters  £t<  hm  are  obtained  for  a  given  minimum 
backlash  /«. 

Finally,  by  using  a  discrete  model  and  considering  the  distortion  of  the 
tlexsplint,  a  method  for  analyzing  power  harmonic  gearing  is  provided.  The 
requirincnts  for  contact  between  elements  of  the  harmonic  gearing  are  dcs 
rie-.d  by  equations  F  t  and  /<*  =  _ ?.*tT k.  Using  these  eguations, 


r 

I 

i- 


! 

we  find  the  forces  acting  on  the  meshin6  teeth  and  the  load  distribution 
along  the  arc  of  action  of  flexspline.  and  then  obtain  the  actual  deflected 
middle  line  of  flexspline.  Other  interesting  problems  such  as  replacing  actual 
loading  tests  of  harmonic  gearing  with  computer  analysis,  modification  of 
the  cam  profile  of  generator,  and  backlash  selection,  may  be  solved  by  means 
of  this  method. 
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A  THEORETICAL  ANALYSIS  OF  INVOLUTE  HARMONIC  GEARING 


Shen  Yunwen 


SUMMARY 


This  article  begins  with  a  study  of  the 
influences  of  errors  in  the  theoretical  pro¬ 
files  of  gears,  as  well  as  in  their  technolo¬ 
gical  profile  of  operation,  and  also  initially 
considers  the  influences  of  errors  in  trans¬ 
mission.  It  makes  a  rigorous  theoretical 
demonstration  of  the  feasibility  of  using 
involute  gearing  profiles  to  replace  theoreti¬ 
cal  gearing  profiles.  The  article  presents 
conditions  in  which  transmission  will  not  give 
rise  to  interference  and  uses  optimisation 
techniques  as  part  of  a  practical  method  for 
solving  the  problem  of  controlling  side  cracking. 

At  the  end  of  this  article,  in  considering 
situations  involving  the  deformation  of  soft 
gears,  it  analyses  several  questions  dealing 
with  dynamic  harmonic  gearing  transmission,  and 
presents  ways  of  solving  these  problems. 

From  the  time  when  C.W.  Musser  [I]  first  coined  the  name 
harmonic  transmission  for  this  new  form  of  transmission,  there 
has  been  large  scale  research  work  carried  out  by  both  China 
and  other  countries  into  this  type  of  transmission,  and  this 
research  has  achieved  considerable  success.  At  present,  in  the 
various  financial  agencies  of  our  government,  this  type  of 
transmission  is  undergoing  an  increased  expansion  of  its  use, 
and  an  even  deeper  research  effort  is  going  into  the  use  of 
involute  gear  types  in  harmonic  gearing  transmission  and  the 
practical  significance  that  this  combination  will  have. 


This  article  is  going  to  discuss  several  important  ques¬ 
tions  which  need  solving  in  the  areas  of  design  and  research 
involving  the  use  of  involute  harmonic  gearing  in  transmissions. 
The  article  will  initially  begin  its  study  of  this  topic  with 
research  into  the  theoretical  gearing  profiles  for  a  tran3- 
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mission  involving  harmonic  gearing.  After  numerical  values 
are  solved,  in  order  to  describe  the  theoretical  gearing  pro¬ 
file,  then',  the  article  makes  use  of  the  best  approximation 
method  to  make  a  detailed  discussion  of  the  errors  related  to 
the  use  of  involute  forms  in  operating  gear  profiles.  This 
discussion  goes  a  step  further  in  explaining  the  influence 
which  this  type  of  operating  gear  profile  has  on  transmission 
errors.  The  article  then  goes  on  from  there  r.c  proving,  by 
the  use  of  theory  and  practical  applications,  both  the  ration¬ 
ality  and  feasibility  of  using  involute  gearing  profiles  as 
the  operating  gear  profiles  for  harmonic  gearing.  Following 
this,  this  article  discusses  practical  problems  which  need  to 
be  solved  in  regard  to  the  analysis  of  the  gear  engagement  in 
this  type  of  transmission.  This  section  includes  such  problems 
as  the  conditions  under  which  interference  does  not  occur, 
methods  for  the  control  of  backlash,  and  other  related  oroblems. 
Moreover,  in  the  engineering  aspect  of  the  proeler. ,  tr.is  article 
presents  a  practical  design  method  for  making  ,s-  of  the 
optimized  method  for  carrying  out  the  selection  of  the  best 
possible  gear  meshing  parameters.  And,  besides  this,  this 
article  offers  routes  toward  the  solution  of  problems  involved 
in  the  investigation  of  the  loading  distribution  between  gear 
teeth  in  dynamic  harmonic  gear  transmissions,  the  adjustment 
of  the  gear  profile  lines  in  wave  generators,  and  the  selection 
of  backlash  values  and  other  related  problems  of  a  similar  type. 
In  the  final  section  of  this  article,  it  also  presents  some 
routes  along  which  to  reach  solutions  of  the  problems  associated 
with  the  methods  of  analysis  used  when  dealing  with  elastic 
deformations  in  the  original  curves  of  flexspines. 

I.  RESEARCH  INTO  THEORETICAL  GEAR  PROFILES  AND  OPERATIONAL 
GEAR  PROFILES  AS  WELL  AS  THEIR  NUMERICAL  ANALYSIS 

As  is  commonly  known,  theoretical  gear  profiles  in  harmonic 
gear  transmission  are,  in  general,  very  difficult  to  realize 
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technically.  Moreover,  it  is  not  possible  to  use  elementary 
methods  in  order  to  describe  the  mathematical  curves  involved. 

In  order  to  facilitate  the  manufacture  and  testing  of  this 
sort  of  gearing,  it  is  necessary  to  make  use  of  a  type  of 
gearing  profile  which  is  easier  to  realize  from  a  technical 
point  of  view  and  use  this  profile  as  the  technological  profile 
to  replace  the  theoretical  profile  we  have  mentioned.  What 
this  article  discusses  is  the  type  of  transmission  which  has 
harmonic  gearing  and  makes  use  of  involute  curves  as  the  profiles 
for  this  gearing;  moreover,  this  article  also  gives  the  name 
involute  harmonic  gear  transmissions  to  this  type  of  set  up. 

In  order  to  demonstrate  the  reasonableness  and  feasibility 
of  using  involute  gearing  profile  curves  as  the  technological 
profiles  of  gearing,  it  is  first  necessary  to  study  the  theo¬ 
retical  gearing  profiles  of  harmonic  gear  transmissions.  After 
this,  one  must  then  analyse  she  differences  between  the  techno¬ 
logical  profiles  involved  ur.i  cl.e  icrre spending  theoretical 
profiles.  The  theoretical  gearing  profiles  of  transmissions  with 
harmonic  gearing  point  to  the  use  of  envelope  theory  from  classi¬ 
cal  geometry  in  order  to  solve  the  conjugate  gearing  involved. 
During  the  process  of  reaching  a  solution  for  this  conjugate 
gearing,  it  is  possible  to  take  the  pear  profile  of  a  certain 
gear  wheel,  solve  for  it,  and  then,  use  that  result  to  reach  a 
solution  for  the  conjugate  of  yet  another  gear  wheel  gearing 
profile. 

If  one  is  considering  the  cas^  ir.  which  the  gearing  profile 
of  a  flexspine  is  an  involute  curve,  then,  in  the  case  in  which 
the  form  of  a  wave  generator  is  already  selected  (corresponding 
to  the  original  curve,  (?  ,  which  is  already  known),  it  is  easy 
to  solve  for  the  gearing  profile  S  of  a  rigid  gear  wheel. 
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When  one  is  making  this  sort  of  discussion,  the  assumptions 
involved  are  as  follows: 

1.  In  the  process  of  transmission,  the  length  of  the 
centerline  of  the  flexspine  involved  does  not  change. 

2.  The  moment  of  inertia  of  the  vertical  cross  section  of 
a  flexspine , must  be  much  larger,  than  the  moment  of  inertia  of 
the  vertical  cross  section  through  the  area  between  flexspines. 
When  this  is  the  case,  it  is  possible  to  note  the  fact  that, 
during  operation,  flexspines  do  not  undergo  deformations.  It 
is  only  the  space  between  them  which  deforms. 

3.  Flexspines  are  cut  out  in  situations  in  which  there  is 
no  deformation  involved. 

4.  Under  the  Influences  of  the  forces  of  deformation  and 
the  forces  impelling  the  gears  to  mesh,  the  conf iguration  of 
the  curve  of  elastic  deformation  for  the  centerline  of  flex¬ 
spines  is  stable  and  nen-def ormed .  It  is  also  assumed  that  we 
are  ignoring  the  tiny  vibrations  which  take  place  around  the 
average  positions  which  correspond  to  the  clastic  curvature. 

This  is  caused  by  the  fact  that,  when  the  gears  mesh,  the  place¬ 
ment  of  the  points  of  contact  is  not  the  same  every  time  the 
gears  involved  go  around. 

In  order  not  to  lose  the  universal  character  of  the  pro¬ 
blems  being  discussed,  this  article  also  discusses  the  case 
which  involves  a  fixed  wave  generator. 

As  is  shown  in  Figure  1  it  is  assumed  that  there  is  a 
fixed  coordinate  system  and  a  wave  generator  which  is 

fixed  in  this  system.  The  origin,  0,  is  located  in  the  center 
of  the  wave  generator,  and  the  Y  axis  is  congruent  with  the  long 
axis  of  this  generator.  There  is  also  a  dynamic  coordinate 


system  t*i01.yi&  in  which  flexspines  are  set.  The  origin  in 
this  case,  o^,  is  located  at  a  certain  point,  c,  on  the  origi¬ 
nal  curve,  d  .  The  axis  is  congruent  with  the  axis  of 
symmetry  of  the  flexspines  involved.  In  yet  another  dynamic 
coordinate  system,  ,  there  are  rigid  gears  set.  o ^ 

is  located  in  the  center  of  rotation  of  the  rigid  gears  invol¬ 
ved.  The  axis  is  congruent  with  the  axis  of  symmetry 
between  the  gear  teeth.  Because  of  this,  when  a  flexspine  gear 
has  an  angular  velocity  10^  and  is  turning  in  the  direction  shown 
in  the  Figure,  then,  the  teeth  of  this  flexspine  gear  will  move 
along  the  surface  of  the  wave  generator.  Moreover,  this  same 
force  will  propel  the  teeth  of  rigid  gear  wheels  in  their  move¬ 
ments  as  well.  At  such  times,  as  far  as  flexspines  are  concer¬ 
ned,  except  for  the  movements  which  follow  along  together  with 
the  c  point  on  the  original  curve,  3  ,  the  axis  of  symmetry  of 

these  gears  will  still  correspond  to  the  rotation  of  point  c 
through  an  angle  u.  Because  of  this,  the  origin  of  the 
system,  o.,  (that  is,  the  c  point)  has  coordinates  which,  in  the 
(P,P i)  system,  are  capable  of  being  represented  in  the  form 
of  a  first  degree  approximation  as 

(  Pasrm  +  w f 

l  <plSs<p  +  -± '-m  (1) 

•  m 

In  these  equations,  p  is  the  polar  radius  of  the  original 

curve  in  a  polar  coordinate  system, 
r^  is  the  radius  of  the  center  line  of  a  flex¬ 
spine  before  deformation  takes  place, 
w,  v  are,  respectively,  the  symbols  which 

represent  the  radial  displacement  and  shear 
displacement  of  points  on  the  centerline  of 
flexspines  after  deformation  takes  place. 
When  one  is  considering  the  case  in  which 
use  is  made  of  the  deformation  curvature  of 
the  centerline  of  the  horizontal  cross 
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section  of  the  column  casing  at  its  two 
ends,  when  under  the  influence  of  the 
four  forces  which  deform  the  long  axis 
from  an  angle  6,  then,  on  the  basis  of 
(2),  it  is  not  difficult  to  solve  for 
w  and  v  using  the  equations  shown  below, 
that  is. 


w  =  — 


Wo 


coanffco an<P 

mnP  («*-!)*  ’ 


E  oos  np  ■  w 
o l)* 

"2.4.  «••••'  *■  ' 


»-2,4,« 


V  =  - 


Wo 


cos  n8  gin  rt<P 

- 1  y  • 


V*  cosn0 

. 


(2) 


In  these  equations,  ojq  -  is  the  maximum  radial  displacement. 

<t>  -  is  the  angle  of  rotation  of  the  non- 
deformed  end  of  a  flexspine  which  is 
necessary  to  make  the  angle  of  inci¬ 
dence  into  correct  angle  for  the  situa¬ 
tion.  Concerning  <p  =  t'o(Pi»  and  , 

zi 

<P2  is  the  angle  of  rotation  of  a  rigid 
gear  wheel,  and  z^,  z2  are  respectively 
the  number  of  teeth  in  flexspines  and 
rigid  gears. 


From  (3),  one  obtains  the  equation  for  representing  the 
gear  profile,  £  for  the  right  side  of  a  flexspine  in  the 
coordinate  system  vi°i>’i>'  ,  that  is 


x,  sin(ttt-0,)  +uteo3aco3(u,  -0,  +a)Jt 

y i  =r,[eo3<u,  -Oi)  +  «i«>sasin(H,  -  0,  +  a)]-r*. 
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Figure  1 


equations,  r^ 
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is  the  graduation  of  the  circular 
radius  of  flexspines 
is  a  parameter  representing  the 
angle  of  rotation  which  is  deter¬ 
mined  from  the  conditions  which  pre¬ 
vail  between  a  cutting  tool  and  the 
flexspine  being  cut  when  there  is 
no  slippage  or  rolling  of  the  flex- 
spine  being  cut. 

is  the  original  gear  profile  angle 
of  the  cutting  tool  involved, 
is  half  the  angular  thickness  of  a 
gear  tool  on  a  round  gear,  that  is, 

e'= 4r(f +Ji)m  •  In  thls 

equation,  is  parameter  repre¬ 
senting  the  change  in  the  angular 
thickness  of  a  gear  tooth  on  a  round 
gear.  It  is  possible  to  do  calcula¬ 
tions  on  the  basis  of  the  meshing 
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displacement  of  a  gear,  and  in 
in  this  case  m  is, then,  a  modu¬ 
lus  for  this. 

Due  to  all  of  this,  on  the  basis  of  envelope  theory,  it  is 
possible  to  solve  for  an  equation  to  represent  the  gearing 
profile,  Zr  ,  for  a  rigid  gear  which  is  the  conjugate  of  the 
gearing  profile,  £  ,  of  a  flexspine,  that  is, 


xt  =  *1  coa<P  +  ytsm<P  +  PsinYt 

yt  =  -  x, sin<£  +  yJcos0  +  P<?r>3V, 

3xt  dy±  _  chc±  3y,  _ 

'  3u,  c<P  d<P  da,  U| 

0  =  V  +  M  i 

_ nco9fi^sinn<P 


(4) 


In  these  equations,  the  angles  of  rotation,  and  <J>2,  both 
represent  the  angles  of  rotation  shown  in  the  Figure  as  they 
relate  to  the  base  or  undeformed  direction.  y  represents  the 
angle  of  rotation  which  Is  necessary  to  make  the  angle  of  inci¬ 
dence  coincide  with  the  undeformed  base  direction  for  a  radius 
o.  $  is  the  included  angle  needed  in  order  to  represent  the  two 
coordinate  systems  ^,0,^,}  and  relative  to  each 

other,  and  »  0*  *  a*  » ^  are  all  functions  of  $  . 


If  we  take  equation  (3)  and  substitute  it  into  equation 
(4),  then,  the  equation  for  the  theoretical  profile  for  the 
gearing  of  a  rigid  gear  wheel  can  be  written  in  the  form 


281 


(  *t  =  rl[sm£  +  “t«»aoasA3-r„sintf>  +  PsinV » 

y,  =  r,CcosC-»i<»sa«iDA3-r*co3<P  +  Pco3V  i 

rx(bZ  cos®sin®  +  u*  cos1®]  —  n»£Csin(£  ~ 

+  eos®sin<<P-A)  +  u,cos®cos(<J>- A)] 
-p[cos®coa(A-V)-  cos(£- V) +  u,<503®sin<A- V)] 

—  PtCcos®3^^  —  V)  —  sin(£-V)  -  u,  cos®  cos  (A  _  V)]  -  Oi 
I  £  =  c£-  (u,  -  0i  )i 
s  X  =  0-(ul-$l  +  a). 


(5) 


In  these  equations  P  are  all  derived  from  <£,  V,  P 

as  they  relate  to  <t>  • 

Equation  (5)  can  only  be  used  to  obtain  numerical  solu¬ 
tions.  When  solving,  one  must  first  solve  for  the  value  of 
$  which  corresponds  to  u^  in  the  third  equation  among  those 
shown  above.  Then,  one  must  solve  for  v,  <P>  P  as  well  as 
the  corresponding  values,  .£ ,  A  .  After  substituting  the  first 
and  second  equations  among  those  in  (5),  it  is  easily  possible 
to  solve  for  the  coordinate  values  for  the  gearing  profile  for 
a  rigid  gear  wheel,  S  . 

It  is  not  difficult  to  see  that  the  third  equation  among 
those  shown  in  (5)  is  an  equation  which  represents  a  function, 
the  form  of  which  is  F(uit<P)  =  0  .  It  is  only  necessary, 

within,  the  range  of  values  which  satisfy  the  conditions 
u-rr  “t  (u„,  and  u„,  are  resoectively  the  parameters  which 

correspond  to  the  gearing  profile  for  a  flexspine  in  its  base 
section  and  its  tip  section)  to  select  points  with  appropriate 
numerical  values,  and  then  It  is  easy  to  make  use  of  the  Muller 
method  to  solve  for  the  values  <p  which  correspond  to  these 
points. 
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Concerning  harmonic  gear  transmissions  with  the  parameters 
*i=200,  *t  =  202,  a  =  20%  m  =  0.5  ,  when  the  form  of  the  original 

curve  is  influenced  by  the  four  forces  which  pertain  when  B=30°, 
and  one  selects  tw»  =  m  =  0.5  ,  wall  thickness  6  =  0.9,  r«-50>37ij  mm, 

and  the  coefficient  of  flexspine  displacement  li=3.0  ,  then  one 

can  solve  for  the  numerical  values  of  the  theoretical  gearing 
profile  of  a  rigid  gear.  One  can  use  the  curve  in  Figure  2  to 
represent  this  form. 


Figure  2 


In  order  to  make  it  more  convenient  to  use  involute  gear¬ 
ing  forms  as  technological  gearing  profiles,  it  is  necessary  to 
use  involute  gearing  profiles  to  make  an  optimum  approximation 
to  the  theoretical  gearing  profile  of  rigid  gears  arc  ir.  order 
to  settle  on  reasonable  meshing  parameters.  In  making  this 
approximation,  in  order  to  guarantee  that  the  gearing  profiles 
involved  will  not  give  rise  to  interference,  it  is  necessary 
to  require  that  involute  gearing  profile  curves  involved  be  to 
the  right  of  the  curves  for  the  theoretical  gearing  profiles. 
Moreover,  it  is  also  necessary  to  require  that  the  average 
values  involved  in  the  computations  of  the  distances  between  the 


283 


corresponding  points  on  the  involute  curve  gearing  profiles 
and  the  theoretical  gearing  profiles  act  as  a  control  on  errors 
in  the  process  of  approximation,  that  is  to  say,  that  one 
should  cause  the  average  error 

e  s  fcJ*1 
n 

to  be  as  small  as  possible.  The  quantity,  d^,  in  this  equation 
is  the  distance  between  the  kth  corresponding  points  on  two 
gearing  profiles.  Obviously,  dk  =  “»*  are,  respectively, 

the  parameters  for  the  displacement  and  the  kth  point  on  the 
involute  gearing  profile  of  a  rigid  gear  wheel.  Because  of 
this,  e  is  also  a  function  of  c->  and  u~,..  Concerning  the  nece¬ 
ssity  of  satisfying  the  condition  that  be  as  small  as  possible 
and  d„>Q  ,  this  is  a  question  of  solving  for  values  corre¬ 
sponding  to  the  extremes  cf  the  ccniioi^uc  involved.  It  is 

C  0  3  5 1  D  I C  r  c  TT*  3.  C  '•!  3  C  3 1'  C.  Dn*^  —  —  ‘3  3  *  ^  L  3  3  '*  i"i  *2*  ^  HC  ul  1  3  S 1°  i  r* 

to  carry  out  a  unilateral  approximation  in  a  positive  direction. 
The  results  of  calculations  by  computer  show  that,  when 
52  =  2.66696  ,  the  best  results  are  obtained.  At  this  time 

e  =  0.00053718  mm.  The  largest  error  involved  in  this  is 
0. 0007723mm.  This  corresponds  to  0.0016m.  Moreover,  in  Figure 
2,  the  curves  for  involute  gearing  profiles  and  theoretical 
gearing  profiles  are  already  congruent. 

From  this,  one  can  see  that  it  is  only  necessary  to  make 
a  reasonable  selection  for  the  disc  la  •  smer.t  parameter  involved, 
and  the  involute  gear  form  curve  is  capable  of  very  closely 
approximating  the  theoretical  gearing  profile  form.  Moreover, 
the  manufacturing  processes  involved  in  such  a  case  are  easily 
managed,  and  it  is  possible  to  make  good  use  of  gear  wheel 
cutting  tools  and  testing  equipment  which  is  available  "off-the 
shelf."  Because  cf  this,  it  is  possible  to  make  use  of  involute 
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curve  gear  forms  as  the  technological  gear  profiles  of  harmonic 
gears.  This  application  is  also  reasonable,  and  the  method  is 
worthy  of  expanded  use.  It  is  also  true  that  other  possible 
shapes  for  gear  teeth  (triangular  teeth,  for  example)  lack  the 
excellent  characteristics  of  these  harmonic  forms. 

The  forms  of  analysis  which  have  been  discussed  above  also 
lead  directly  to  a  type  of  method  -for  the  determination  cf  dis¬ 
placement  parameters  for  harmonic  gear  transmissions  when  there 
is  no  backlash  present  in  the  meshing  of  the  gears. 

II.  THE  INFLUENCE  OF  INVOLUTE  GEARING  PROFILES  ON  THE 
PRECISION  OF  HARMONIC  GEAR  TRANSMISSIONS 

When  flexspines  and  rigid  gear  wheels  both  make  use  of 
involute  gear  profiles,  then,  if  their  parameters  of  displace¬ 
ment  are  solved  accurately  on  the  basis  cf  the  methods  dis¬ 
cussed  above,  it  is  possible  to  recognize  the  fact  that  the  pro¬ 
files  of  the  two  gear  wheels  are  conjugates,  and  that  both  of 
them  are  capable  of  realizing  a  condition  in  which  there  is  no 
backlash  in  meshing  of  the  gears.  However,  practically  speak¬ 
ing,  if  one  makes  use  of  transmissions  with  differing  require¬ 
ments,  then,  there  will  be  different  requirements  in  terms  of 
backlash.  Because  of  this,  it  is  necessary  to  make  tho  selec¬ 
tion  of  meshing  parameters  on  the  basis  cf  these  different 
requirements.  In  such  a  situation,  the  coefficients  of  dis¬ 
placement  which  are  chosen  will  not  necessarily  be  a  match  for 
the  requirements  set  by  the  optimum  approximation  of  the  invol¬ 
ute  gearing  profile  involved  to  the  corresponding  theoretical 
gearing  profile.  Because  of  this  fact,  the  two  types  of  gear 
wheel  profiles  involved  in  a  situation  like  this  are  approxi¬ 
mate  conjugates,  and,  because  cf  this,  it  is  not  possible  to 
guarantee  that  there  will  be  precise  rules  governing  the  move¬ 
ments  involved  in  the  transmission.  The  rates  of  instantaneous 
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transmission  in  a  situation  like  this  will  produce  changes. 
Concerning  the  rules  which  govern  changes  in  the  rates  of 
instantaneous  power  transmission  in  harmonic  gearing,  these 
rules  depend  not  only  on  the  configuration  of  the  outline  pro¬ 
file  of  the  wave  generators  involved  but  also  on  the  configura¬ 
tion  of  the  gearing  profiles.  What  this  section  will  discuss 
is  nothing  else  but  to  try  to  present  a  universally  applicable 
type  of  method.  With  this  method,  (after  one  has  a  given  ori¬ 
ginal  curve,  and  one  is  then  confronted  with  unexpected  errors  in 
the  manufacture  and  installation  of  a  system,)  one  can  make  a 
precise  determination  of  the. errors  in  transmission  caused  by 
the  approximate  character  of  the  gearing  profile  curves  invol¬ 
ved  . 


Concerning  the  question  of  flexspines  as  flexible  compon¬ 
ents,  when  a  flexspine  follows  a  course  of  movement  along  the 
surface  of  a  stationary  wave  generator,  then  on  the  basis  of 
the  assumption  that,  after  deformation  takes  place,  each  cross 
section  of  the  flexspine  returns  to  maintaining  its  original 
plane  form,  it  is  possible  to  recognise  the  fact  that  the 
instantaneous  center  of  revolution  for  each  cross  section  of  a 
flexspine  body  is  distributed  somewhere  along  the  involute 
curve,  3  ,  of  the  original  curve  (Figure  3)-  From  the  Willis 
principle,  we  knew  that,  if  the  point  of  contact  between  two 
gear  profiles,  15  and  $  j  is  k,  then,  from  the  figure  one 
can  know  that  the  point  of  intersection,  P,  of  the  curve  /1^9 

through  k  and  the  extension  of  the  curve  formed  by 
connecting  the  centers  of  instantaneous  revolution  into  the 
line  00,  is  nothing  but  the  nodal  point  of  instantaneous 
meshing.  Because  of  this  fact,  the  ratio  of  instantaneous 
transmission  for  this  meshing  position  is 

PQ  Pp 

tu~w,~  PO -Hr  * 


a 


The  value  of  or  =00,  can  be  solved  for  without  great  diffi¬ 
culty  through  differential  geometry.  If  the  coordinates  of 
0&  are  (X„Y.)  ,  then, 


X.  =  Psm<Pi  - 


Y.  =  Pc-os^i  - 


(P*  +  /d'XPsinfl5!  +  Pcos^i) 
P*  +  2P2  -  PP 

(P1  +  P*)(Pe oa^i  -  Psinffi) 
P1  +  2P*  -  PP 


(7) 


The  value  of  PO  can  be  solved  for  on  the  basis  of  the  geometri¬ 
cal  relationships  which  relate  to  the  involute  curves  present 
in  the  meshing  of  gear  transmissions. 


Due  to  the  fact  that  gear  wheels  are  machined  in  a  state 
before  the  application  of  any  deforming  forces,  if  we  assume 
that,  during  operation,  there  is  no  deformation  of  these  gear 
wheels,  then,  due  to  these  facts,  when  flexspines  are  deformed, 
their  base  circles  will  move  following  along  with  the  gear 
wheels  Involved  on  the  basis  of  fixed  relationships  which  are 
maintained  between  gear  wheels  throughout  the  movement.  From 
this  perspective,  it  is  possible  to  view  transmission  by  har¬ 
monic  gearing  as  a  series  of  gear  wheels  with  different  center 
distances  meshing  with  rigid  gear  separately  at  different  mesh¬ 
ing  positions.  Because  of  the  fact  that  the  center  of  base 
circles  is  supposed  to  be  located  on  the  curve  of  symmetry  of  a 
gear  wheel,  at  the  meshing  positions  shown  in  the  illustrations, 
the  centers  of  the  base  circles  are  located  at  01X  .  At  such 

t 

a  time,  the  meshing  angle  a^,  which  corresponds  to  the  parti¬ 
cular  meshing  position  k,  can  be  solved  for  according  to  the 
normal  methods.  For  the  case  of  double  wave  transmissions, 
this  means 


a  l  = 


t  =  arc  cos 


( zt  -  z, )  m  cog  a  _ 


2a 


mcos<c 
=  arc  cos — — , 

O  a 


(8) 
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In  this  equation 


a’c  =  0(5/,  =  s/rl,  +  P*  -  2r„PeoaP 


The  geometrical  significance  of  a'k  and  ai  is  obvious. 

However,  in  the  case  of  practical  transmissions,  the  center  of 

instantaneous  revolution  for  the  meshing  positions  concerned 

is  not  O; i  .  It  is  0,  .  Because  of  this  fact,  the  actual 

angle  of  meshing  in  such  a  case  should  be  at  =  a'k  +  ja„  . 

can  be  solved  for  by  the  use  of  cosine  theorems  jOtOOlt  ■  If  we  as  sum 

that  the  radius  of  curvature  at  point  c  on  the  original  curve 

is  re  =  0,c  then,  r  can  be  solved  for  the  radius  of  curvature 

c 

equations  used  to  solve  for  curves  in  differential  geometry.  It 
is  also  possible  to  reach  solutions  by  making  direct  use  of 
the  coordinates  0,(X„Y ,)  and  c(X,,  Y.)  .  When  this  method 

is  used,  OA,=r,-r.  ,  and,  on  the  basis  of  this 


*4«*  =  arc  cos 


a? 


When  a;>j,  ,  takes  on  a  negative  value.  In  the  opposite 

case,  it  takes  on  a  positive  value.  Because  of  these  facts. 


(  PO  =  mz ,-^fL, 

<  cos 

(  at  =  a'k+jau.  (11) 

If  one  is  considering  the  case  in  which  equation  (7)  and 
equation  (11)  are  substituted  into  equation  (6),  that  is  to 
say  that  it  is  possible  to  solve  for  the  instantaneous  trans¬ 
mission  ratio,  < jr  ,  for  a  given  meshing  position,  then,  on 
the  basis  of  this  approach,  the  amount  of  change  in  the  instant¬ 
aneous  transmission  ratio  is 

(12) 
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The  magnitude  of  J 1  verifies  the  magnitude  of  the  trans¬ 
mission  error.  However,  the  methods  of  calculation  discussed 
above  are  only  suitable  for  use  inside  the  limits  of  the  normal 
range  of  meshing.  In  the  same  way,  the  point  of  contact,  k 
should  be  located  within  the  operational  section  of  a  gear  pro¬ 
file.  If  the  point  of  contact,  k  is  located  outside  the  tech¬ 
nological  range  of  a  gear  profile,  then,  theoretically  speaking, 
there  ought  to  be  no  contact.  If  we  follow  this  line  of  reason¬ 
ing  in  the  direction,  then,  duo  to  the  results  of  the  elastic 
properties  of  flexspines,  even  if  the  gears  do  come  in  contact 
with  each  other,  the  gear  teeth  will  then  be  put  into  a  con¬ 
figuration  in  which  only  the  tips  of  the  teeth  are  in  contact. 


The  condition  which  decides  whether  or  r.c*:  gear  wheels  are 
in  a  normal  meshing  configuration  is 


r.t<y/Xl  +  Yl<rn 


(13) 


In  this  relationship,  ra2  -  is'  the  apical  radius  of  a  rigid  gear 

rg2  -  is  the  radius  at  the  end  point  of  an 
involute  curve  on  a  rigid  gear  wheel 
X^,  -  the  coordinates  of  contact  points 

within  {XOY} 


The  coordinates  (Xk,Y k)  are  determined  by  the  inter¬ 

section  point  of  the  common  normal  with  the  gearing  profile  of 
the  rigid  gear  wheel  involved.  In  order  to  simplify  the  cal¬ 
culations,  the  gearing  profile  for  the  rigid  gear  wheel  can  be 
replaced  by  a  straight  line  (the  error  in  this  case  does  not 
exceed  0.01m).  The  equation  for  the  normal  line  which  crosses 
the  point  of  contact  is 


f  Y  =  KtX  + 


r,co3g 
cos'?  ’ 


!  K i  =  ts*?» 

j  *1  =  0  +  <*'k- 

^“arccos 


■<P  ii 

g'S  +  p'-rj 
2  <t[P 


(14) 
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The  equations  which  represent  the  rigid  gear  gearing  pro¬ 
file  within  < XOY }  which  correspond  to  the  meshing  positions 
which  were  studied  are 


Y-Y'l  =  Kl<.X-X.th 
re  _  j rjx  ~  ^ 

!  K *  '  ^-XT’ 


!  AT,,  =  r.  { sin  DP,  -  ( ««  -  0,  >3  +  «« cos  a cos  [<P,  -  < -  0,  +  a )]} , 
Yat  =r.{  cos  [<Pt  0*>]  -  U(,iCOsasinC<Pj  -  ( ua,  -  0,  +  «)]}» 

X  „  =  r ,  { sin  DP*  -  <  «/i  -  9 , )  ]  +  «« cos  a  cos  O,  -  ( «  «  -  0*  +  a )  ]  h 
'  K/,  =  r,  { cos  [9>,  -  ( u/i  -  0» )]  -  u«oos  asin  [<P,  -  ( un  -  0,  +  «>]>. 


(15) 


In  these  equations  A*« ,  Y „t  and  Xn ,  Y fl  are  respectively 
the  coordinates  for  the  rigid  gear  apex  and  gear  base  with 
{XOY\  .  The  meaning  of  the  other  symbols  is  the  same  as  it 
has  been  in  other  equations  before.  The  subscript  "2"  under 
some  symbols  stands  for  the  case  of  a  rigid  gear.  However,  one 
must  take  careful  note  of  the  fact  that  6^  calv  -i  fr 
the  interval  between  rigid  gears. 

On  the  basis  of  all  of  this,  the  coordinate  values  which 
are  obtained  for  the  point  of  contact  are 


r 

i 

i 


is  V  y  .  r_t  COS  ® 

v-  KtA“  ~Y‘*+.  COgT} 
'M*  '  tr  E?  * 


Ki-Kl 

K  iaC1X„-Yl,l)+Kt:i(~? 

k^tk, 


The  situation  in  which  one  is  dealing  with  contact  only  on 
the  tips  of  the  gear  teeth  is  relatively  complicated.  Because 
of  this,  the  instantaneous  transmission  ratio,  «*,  ,  for  such 

a  case  can  only  be  calculated  in  the  form  of  an  estimate. 
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In  the  case  in  which  there  is  a  fixed  wave  generator,  if 
one  recognizes  in  an  approximate  way  that  the  polar  radius 
which  exists  as  an  instantaneous  quantity  at  the  top  of 
the  flexspines  being  studied  does  not  change,  then,  when  the 
in-coming  end  of  a  flexspine  turns  through  d<P  degrees  of 
angle,  the  minute  angular  displacement  through  which  the  flex- 
spine  turns  is 


d<Pal 


(r, i  -  rm)A+-ii>  tg  a.-, 
r*0 


If  at  this  time,  the  angle  through  which  the  rigid  gear  wheel 
turns,  J<Pi  ,  satisfies  the  condition  of  being  equal  to  the 
rotational  angle  of  the  point  of  contact  concerned,  then,  one 
obtains 


=  '  .  '  .  r"* 

Tj*\ 1  +  rm)  ~('rai~  r” ^  +  xi’ 1 5  (  17  ) 

In  this  equation,  «.i  is  the  gear  profile  angle  for  a  flex- 
spine,  and  it  is  possible  to  make  an  approximate  solution  for 
it  on  the  basis  of  the  straight  line  gear  profile.  u>,  v 
and  u  both  are  derivatives  of  w,  v,  u  from  <j> .  The  polar  radius 
which  exists  for  the  top  of  a  flexspine  at  a  given  meshing  posi¬ 
tion  should  theoretically  be  determined  by  the  coordinates  for 
the  top  of  the  gear  at  that  point  of  meshing  being  considered; 
however,  because  of  the  fact  that  u  is  very  small  (usually  less 
than  2°),  it  is  possible,  in  order  to  simplify  calculations, 
to  get  a  solution  of  an  approximate  sort  by  using  the  equation 
below 

rN*r„  +u/.  ( 18  ) 

In  this  equation,  ral  is  the  apical  circle  radius  of  a  flexspine. 
If  one  solves  for  »m»  ,  then,  it  is  possible  to  solve  for 

A *  . 
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Calculations  demonstrate  that,  as  far  as  the  parameters 
of  transmission  which  were  discussed  before  go,  when  we  take 
I,  =3.075  and  l»  =  2.746  ,  the  normal  scope  of  the  area  of 
meshing  is  approximately  4.75°.  The  error  in  the  instantaneous 
transmission  ratio,  which  is  caused  by  the  approximate  nature 
of  the  form  of  the  gears  involved  is  not  larger  than  0.5%.  It 
can  be  seen  that,  because  of  the  fact  that  the  influence  which 
this  exerts  on  the  precision  of  transmission  is  not  large, 
during  the  design  process,  there  is  no  necessity  to  go  back 
through  the  procedures  which  were  used  before,  that  is  to  say, 
solving  for  the  numerical  values  of  a  theoretical  gearing  pro¬ 
file  and  then  using  a  numerical  approximation  method  in  order 
to  determine  the  coefficients  of  displacement,  and  so  on. 

Instead  of  this,  it  is  possible  to  make  use  of  direct  computer 
selection  of  the  parameters  of  displacement  on  the  basis  of  the 
backlash  requirements  involved.  This  provides  data  for  research 
into  the  control  of  backlash. 

Because  of  the  fact  that  the  transmission  of  power  by 
harmonic  gearing  has  a  form  of  meshing  of  gears  which  is  compli¬ 
cated  in  the  extreme,  in  the  field  cf  theoretical  calculations, 
it  is  usually  only  possible  to  make  a  qualitative  estimate  and 
it  is  difficult  to  completely  reflect  the  actual  situation. 

When  one  is  considering  the  case  in  which  the  effects  of  mom¬ 
ents  of  bending  are  involved,  deformations  due  to  elastic 
twisting  in  flexspines  as  well  as  gear  wheel  deformation  cause 
a  simultaneous  increase  in  the  number  of  teeth  meshing,  and  each 
of  these  influences  has  its  own  independent  ratio  of  instant¬ 
aneous  transmission  relating  to  the  gear  teeth  which  are  mesh¬ 
ing.  At  the  same  time,  due  to  the  fact  that  gear  contacting 
at  acute  angles  have  relatively  small  rigidities  as  compared  to 
the  total  rigidity  of  these  same  gears  in  different  circum¬ 
stances,  most  of  the  transmission  errors  for  these  gears  is 
averaged  out  by  the  effects  of  elastic  deformation.  Moreover, 
th'e  elastic  deformation  of  components  carries  with  the  capa¬ 
bility  of  leading  to  an  enlargement  of  the  normal  area  of 
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meshing  (when  the  bending  moments  involved  are  large  enough 
to  cause  the  appearance  of  distortions  in  the  original  curves 
involved,  then,  it  will  be  necessary  to  do  ether  analyses). 

This  type  of  overall  averaging  effect  which  is  caused  by  elas¬ 
tic  deformations  is  one  of  the  reasons  for  the  high  precision 
of  power  transmission  by  harmonic  gearing. 

III.  MESHING  INTERFERENCE  PROBLEMS  AND  BACKLASH  CONTROL 

Among  the  phenomena  associated  with  interference  in  har¬ 
monic  transmissions,  the  main  ones  are  the  following:  super¬ 
imposition  interference  in  gearing  profiles  and  excessive 
curvature  interference. 

If  one  wants  to  eliminate  the  occurrance  of  interference 
when  two  gears  are  meshing  with  each  other,  then,  it  is  necess¬ 
ary,  at  a  given  point  of  meshing,  for  the  circumferential  spac¬ 
ing  to  be  jt>Q  .  Because  of  this,  interference  calculations 
and  the  control  of  the  amount  of  backlash  are  two  aspects  of  the 
same  problem.  This  problem  is  how,  during  the  design  of  a  trans¬ 
mission,  one  is  to  maintain,  within  the  conditions  necessary  for 
non-interference,  a  backlash  which  can  be  obtained  at  a  reason¬ 
able  value. 

1.  The  Conditions  for  Preventing  the  Occurrence  of  Inter¬ 
ference  In  the  Instants  when  Gears  are  Meshing  and 
Unmeshing 

Obviously,  the  condition  for  the  non-occurrence  of  gearing 
profile  superimposition  interference  at  the  moments  when  the 
gears  have  just  meshed  is  as  follows:  the  angle  of  rotation 
<f>tl  which  corresponds  to  the  coordinates  for  the  top  of  the 
gear  teeth  on  the  technological  tooth  surface  of  a  rigid  gear 
should  be  larger  than  the  angle  of  rotation  which  corres¬ 

ponds  to  the  coordinates  for  the  top  of  the  teeth  on  the  tech¬ 
nological  gear  tooth  surface  of  a  flexspline. 
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Due  to  the  fact  that  at  the  instant  when  gears  are  mesh¬ 
ing  (or  unmeshing),  in  ( XOY }  the  coordinates  for  the  tops  of 
flexspline  teeth  are  equal  to  the  coordinates  for  the  tops  of 
rigid  gear  teeth  in  contact  with  them.  Because  of  this 


✓  XJ.  +  KJ.  =r„.  (19) 

If  we  take  the  equation  which  represents  the  flexspline 
gearing  profile  in  ■hYOi'}  and  substitute  it  into  equation 
(19),  and  we  go  through  the  appropriate  transformations,  then, 

X*.  +  yh  +  PZ-  2P<-»».sin.u-  y„cosA)  -rl.  =0.  ( 20  ) 


In  this  equation,  *»•  and  are  coordinates  for  the  tops  of 

flexspline  teeth  in  (-■*1ol.y1}  .  It  is  only  necessary  to  take  the 
parameter  u„,  which  corresponds  to  the  top  of  the  teeth  and 
substitute  it  into  equation  (3),  and  it  is  then  possible  to 
solve.  After  we  have  solved  for  and  y «.  ,  except  for 

r ••  ,  the  other  various  quantities  are  all  functions  of  it. 

This  makes  it  easy  to  solve  for  <t>  from  equation  (20).  This  is 
easier  if  we  let  <p  be  equal  to  4>r .  If  we  again  give  thought  to 
the  matter  of  gear  displacement,  as  far  as  the  angles  of  rota¬ 
tion  of  the  axes  of  symmetry  and  such  other  related  influences 
as  the  thickness  of  the  tops  of  the  gear  teeth  go,  it  is  possi¬ 
ble  to  solve  for  the  angle  <f>u  which  corresponds  to  the  end 
point  of  the  area  of  meshing  In  the  first  quadrant,  that  is, 


v 
r  m 


+  (rnt-r„)fi  +  -jj  tg  S,„ 

+  2 r„  ' 


!  7  1 


'l 


Angle  It*,  is 


<Az.l  =  T2  + 


Wm, 

2r,r 


(22) 


In  this  equation,  S  ^  -  is  the  thickness  of  the  top  of  the 

teeth  on  a  flexspline 


vi^2  ~  is  the  thickness  of  the  space  between 
the  top  of  the  teeth  on  a  rigid  gear 

Prom  this  it  is  possible  to  solve  for  the  non-interferenc 
condition  for  the  instant  when  gears  are  meshing  and  unmeshing 
that  is. 


Due  to  the  fact  that  u  is  very  small,  if  we  are  thinking 
in  terms  of  making  the  calculation  process  easier,  then,  con¬ 
cerning  the  original  curve  which  was  recommended  by  this  artie 
when  e  =  303,  then,  it  is  possible  to  solve  for  H(<p)  on  the 
basis  of  the  equation  below,  that  is, 


H(<P)  = 


After  this,  we  go  to  Figure  4  and,  from  it,  obtain  a  pretty 
good  value  for  4>n,  then,  we  take  v'n  and  substitute  it  into 
equation  (20),  and,  by  making  quite  a  small  number  of  test 
calculations,  we  can,  then,  solve  for  the  value  of  4>  .  H(<p) 

;  a  parameter  which  is  related  to  radial  deformations. 


Figure  4 


Of  course,  using  computers  to  do  the  calculations  for 
the  solution  of  equation  (20)  is  also  very  convenient.  Due 
to  the  fact  that  the  function  of  equation  (20)  graphs  out,  in 
the  area  of  common  use,  to  be  very  close  to  a  straight  line 
with  a  very  small  rate  of  slope,  it  is  possible  to  make  use  of 
the  halving  method  in  the  solution. 

2.  Calculations  of  the  Non-Interference  Conditions  for 
a  Given  Meshing  Position  as  Well  as  for  Backlash 

If  we  assume  that  .*/,( A/*,,  K»t)  are  the  coordinates  for  a 
certain  point  on  the  gearing  profile  of  a  flexspline  within 
{XOY)  %  and,  if  we  further  assume  that  we  take  r„  =  v/X5,  +  Yi, 
to  be  the  radius  of  arc  'which  intersects  with  the  gearing 
profile  of  a  neighboring  rigid  gear,  then,  we  get  a  point  of 
intersection  which  is  Mt(Xui>  (Figure  5).  In  such  a 

case,  when  the  point  of  meshing  which  is  being  considered  is 
in  the  first  quadrant,  then,  the  conditions  for  non-interference 
are  obviously 


Xj,z-Xm,>0> 

Yui-Ymx>  0.  (24) 

In  these  Inequalities,  the  values  for  the  coordinates 
are 

X  «i  =Msin[tf-(«ui-0|)]  +u.ificos«cos0- 
(«j#i  -  <?i  +  o)3)  +Psin<P!  -r„sintf  i 
^  i/i  -  ri  ( cos  —  cos  agin  O  — 

(“ui  -  Oi  +  <*)])  +Pcog<p,  -r„,costf » 

{A'j/t  =  r,{sin [<P:-  (Uji, -  0i>]  +  u„,co3acos|>*-  («*, 

Y  m.=  cos  0»  -  (  u>»t  -  Qt )]  -  uut  cos  <*sin  C^j  -  ( u  ut 

-9t  +  a)]\ 


Mi*  Mx 


(25) 
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Figure  5 

During  this  solution,  first  settle  on  the  which  goes 

with  a  selected  point  on  the  gearing  profile  of  a  flexspline. 
Then,  substitute  in  equation  (25),  and  solve  for 
From  this  one  can  obtain  fv  .  Then,  from  ”,  get  a  precise 

value  for  on  the  basis  of  -arc cos .  Substitute 

r  u 

this  into  equation  (26),  and  get'  Xux,Yux 

The  situation  in  the  second  quadrant  is  entirely  similar. 

In  such  a  case,  one  should  take  (-<p)  and  substitute.  After 
this,  equation  (24)  should  add  a  change,  but  it  would  be  use¬ 
less  to  discuss  it  here. 

Because  of  all  this,  after  one  fixes  the  »<u  which 
correspond  to  the  coordinates  M1  on  the  gearing  profile  of  a 
flexspline,  one  should  then  fix  a  series  of  values  for  <t> . 

When  this  is  done,  then,  it  is  possible  to  solve  for  the  coordi¬ 
nates  M0  which  correspond  to  different  positions  of  meshing. 

If  one  satisfies  equation  (24),  then,  there  will  be  no  inter¬ 
ference.  By  contrast,  if  one  does  not  satisfy  it,  then, 
interference  will  occur.  If  one  uses  this  method,  then,  it  is 
possible  to  make  test  calculations  concerning  the  state  of 
interference  at  given  points  of  meshing. 
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When  doing  these  calculations,  it  is  possible  to  carry 
them  out  along  the  line  defined  by  certain  high  points  on  the 
gear  teeth  involved.  In  the  general  run  of  situations,  it  is 
only  necessary  to  do  the  calculations  for  the  apical  points 
of  the  flexspline  teeth  involved,  and  that  will  do.  i>  can  be 
chosen  as  any  value  within  the  range  0  ~  +  90°  .  As  a  general 

practice,  the  unit  increment  used  is  5°,  and,  depending  cn  the 
actual  situation  involved,  it  is  possible  to  add  to  the  den¬ 
sity  of  the  calculations  within  certain  ranges  of  values  of  p. 

When  the  results  of  calculations  demonstrate  that  there 
will  be  no  occurrence  of  interference,  then,  it  is  an  easy 
thing  to  figure  out  the  corresponding  backlash  values.  These 
backlash  values  can  be  calculated  cn  the  basis  of  the  equation 
below. 


Xsn~  Xui)l+  (^*1  ~  ' 

In  each  place  where  there  is  meshing,  we  calculate  the 
minimum  backlash  for  a  certain  number  cf  high  points  cn  the 
gear  teeth  involved,  and  these  values  then  function  as  the  back¬ 
lash  values  for  the  meshing  locations  involved. 

Concerning  the  transmission  of  power,  in  a  situation 
involving  the  effects  of  a  moment  of  bending,  the  elastic  bend¬ 
ing  deformation  of  the  body  of  a  flexspline  will  cause  the 
addition  of  an  extra  shear  displacement  to  the  gear  wheel 
involved.  The  magnitude  of  this  displacement  is  determined  by 
the  angle  cf  the  bending.  If  one  is  dealing  with  a  case  in 
which  the  backlash  is  excessively  small,  then,  it  is  possible 
that  this  will  give  rise  to  interference  in  the  form  of  elastic 
distortion.  Because  of  this,  as  far  as  the  transmission  of 
power  is  concerned,  it  is  still  necessary  to  take  into  consid¬ 
eration  the  amount  of  backlash  reduction,  Je,  which  is  caused 
by  the  elastic  deformation  of  the  body  of  a  flexspline.  The 
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value  of  J  can  be  approximated  on  the  basis  of  the  equation 
presented  below  (Jl),  that  is, 


d\dG 


(28) 


In  this  equation,  M 

b 

6 

G 


is  the  moment  of  bending 
is  the  width  of  the  teeth 
is  the  thickness  of  the  wails  of  a 
f lexspline 

is  the  modulus  of  elastic  shear 


It  is  necessary  to  point  out  that,  in  the  case  of  harmonic 
gearing,  due  to  the  effects  of  elastic  adjustments  and  compensa¬ 
tions  in  the  meshing  of  deformed  flexsplir.es,  the  appearance  of 
a  certain  amount  of  interference  will  most  certainly  not  mean 
that  the  transmission  will  become  jammed.  However,  in  the 
meshing  in  such  a  situation,  there  will  b-  the  appearance  of 
excesses,  leading  to  the  intensification  of  losses  due  to 
friction,  and  a  reduction  in  efficiency.  Because  of  this, 
during  the  design  process,  one  must  do  everything  possible  to 
avoid  it. 


3.  The  Control  of  Backlash 

The  influence  which  the  magnitude  of  backlash  has  on  the 
operation  performance  of  harmonic  gear  transmissions  is  rela¬ 
tively  large.  The  backlash  requirements  associated  with  other 
forms  of  transmission  use  are  also  different  is  seme  respects. 
Harmonic  transmissions  involved  in  the  transmission  of  very 
precise  movements  require  that  the  minimum  backlash  be  zero. 

In  the  case  of  harmonic  transmissions  used  in  the  transmission 
of  power  in  servosystems ,  the  requirement  will  be  that  back¬ 
lash  will  be  controlled  within  the  limits  of  a  certain  range. 

On  the  one  hand,  if  the  backlash  at  the  end  point  of  the  mesh¬ 
ing  arc  is  excessively  small,  then,  one  will  see  the  appearance 


cf  elastic  deformation  interference.  On  the  other  hand,  if  the 
minimum  backlash  is  excessively  large,  then,  one  will  see  the 
creation  of  hopeless  return  differences,  and  this  will  influence 
the  performance  of  the  systems  involved  in  both  the  static 
and  dynamic  modes.  Because  of  these  considerations,  in  the 
design  process,  it  is  necessary  to  exercise  effective  control 
over  bdcklash. 

What  is  referred  to  as  backlash  control  is  the  idea  that, 
in  a  situation  in  which  one  is  satisfying  the  requirements  for 
a  minimum  backlash  of  a  given  value,  that  one  makes  a  reasonable 
selection  of  the  meshing  parameters  involved  (for  example,  the 
coefficients  of  displacement  for  flexspline  and  rigid  gear 
bodies,  or  the  technological  section  high  in  the  gearing 

profile  involved,  hn).  Because  of  the  complexity  of  the 
functional  relationships  between  the  backlash  and  the  meshing 
parameters  in  a  harmonic  transmission,  it  is  difficult  to  get 
solutions  when  one  makes  use  of  the  orthodox  methods  of  mechani¬ 
cal  design  as  they  have  been  used  in  the  past.  It  is  necessary 
to  assist  the  process  with  the  addition  of  a  new  type  of  solu¬ 
tion  method  involving  an  arithmetical  mechanical  search. 

After  analysis  it  is  not  difficult  to  see  that,  actually, 
the  problem  of  backlash  control  is  this.  Given  the  condition 
that  the  meshing  parameters  involved  satisfy  a  set  of  con¬ 
straining  conditions,  one  must  contrive  to  get  a  value  for  the 
difference  value  (jt  -  j'c)  which  is  as  small  as  possible.  The 

value  j  which  is  used  here  is  a  value  of  backlash  which  ir 
c 

given  on  the  basis  of  the  operational  requirements  of  the  situa¬ 
tion  involved  (the  case  in  which  j  =  0  is  also  included  here). 
Because  of  this  fact,  the  solution  to  this  problem  can  be 
reduced  to  the  form  of  a  problem  in  which  an  optimum  value  must 
be  achieved  within  accompanying  constraining  limits  [5] .  As 
far  as  the  transmission  of  power  is  concerned,  it  is  also  nece¬ 
ssary  to  carry  out  test  calculations  at  points  along  the  boundary 
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arc  involved  in  the  meshing  process. 


If  we  establish  the  target  functions  as 

.  f  when  i.+ o 

«  ;«(*>,  when  yc  =  0  (29) 

then,  in  these  equations, 

x-  i  jCi.  xit  x-,  }  and  *1.  **•  *»t  -*4  respectively  represent  the 

chosen  values  for  £,,£*.  <P,  hH 

The  constraining  conditions  with  J,(*)>0d'  =  l,2,3 . ,  k) 

are  ; 


(1)  There  be  no  production  of  superimposition  interference 
on  the  gearing  profile.  On  the  basis  of  equation  (24),  we 
obtain 


(  JCn(Xi,  X),  xt)  —  xit 

9‘ (*  '  (  YmiXi,  *„  xt)~  Y x,,  x4»0  ’ 

(2)  There  be  no  production  of  excessive  curvature 
interference 

3i(&)  =  [rn( X})  —  r x t  )3  —  ( x t  +  u/,  )^>0i 


(3)  The  height  of  the  technological  section  of  the  gear¬ 
ing  profile  should  not  exceed  its  permitted  maximum  limiting 
value 


Sj(*)a  +  +  lj-r„(xl)-x4>0, 


(4)  One  must  be  sure  that  the  depth  of  meshing  not  be 
smaller  than  m 

5i(#)  =  -  — -[rM(.*4)  -  rtl(x, )  +  mi-  wo]>0i 

(5)  One  must  be  sure  that  there  is  a  certain  definite 
radial  interval  between  the  gear  tooth  tips  of  a  flexspline 
and  the  base  of  the  gear  teeth  of  a  rigid'  gear  wheel 

05<*>  =rlx(x1)  -  [r.tCx,,  x4)  +  u»0  +0.2»»]>0i 

(6)  The  tips  of  gear  teeth  must  not  become  sharp. 

($«,(•*„  *«)-0.25m>0 
(  Sat(.xlt  *,)-0.25"»>0 

(7)  One  must  make  sure  that  the  wave  generator,  in  the 
direction  of  the  short  axis,  can  transmit  power  and  smoothly 
disengage  from  meshing. 

=  Cr„(x„  x4)  +  1.09  u>0]-ralUt,  *4)>0 

(8)  One  must  insure  that  the  value  which  is  chosen  for 
the  backlash  is  within  the  range  of  the  meshing  arc. 

$•(*)  X„  x4) -«„»(*„  X4)S®0 

In  these  conditions,  »■«<•*»>»  rw(xt)  represent  respectively  the 
radii  at  the  start  point  and  end  point  of  the  involute  curves 
of  a  flexspline  and  a  rigid  gear.  Both  of  these  quantities  are 
functions  of  their  coefficients  of  displacement  [6].  The 
methods  used  to  express  the  other  various  quantities  are  the 
same,  and  their  meanings  are  the  same  as  they  were  previously. 
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Because  of  all  this,  the  problem  becomes  one  of  simply 
being  able  to  find  x  inside  the  working  region  L*  =  {x\gi(x)^Q)czR'' 
This  makes 


;'(*)  =  min  /(*) 
xe£* 


(30) 


In  this  problem, 

(1)  Because  of  the  fact  that  the  value  chosen  for  x  is 
only  related  to  j  (x)  in  f(x),  in  order  to  make  the  conditional 
extreme  value  change  to  a  simple  extreme  value,  one  must  make 

(  j,(x),  xe.L* 
y‘(*)  =  l  N,  xe.L" 

In  these  equations,  N  is  a  sufficiently  large  positive 
number  to  make  jVs>/,(*) 

(2)  Make  use  of  the  initial  point,  x°,  of  a  structure  of 
false  random  numbers  in  an  even  distribution  in  order  to  solve 
for  the  integral  minimum  value  in  this  problem. 

(3)  Make  use  of  the  Hooke-Jeeves  method  for  solving  for 
the  extreme  minimum  value  of  f(x). 

Concerning  the  use  of  this  method,  as  far  as  the  carrying 
out  of  the  designing  of  the  harmonic  transmission  of  power  in 
certain  servosystems  goes,  the  parameters  of  transmission  are 
r,  - 29C  =  202 ,  m  =  0.5 ,  <?  = 20 0  .  The  original  curve  makes  use 

of  the  four-force  effect  form  for  3=30°  a  wall  thickness  of 
5=0. 9mm,  v,  =  w  =  0.5  ,  flexsplines  which  were  finished  by  the 

use  of  hobbing  in  their  machining,  and  rigid  gear  wheels  which 
make  use  of  gear  cutters  in  their  machining  ?*  =  60»  £« =  0  It  is  required 
that  in  order  to  guard  against  elastic  deformation  inter 

ference.  It  is  also  required  that  the  gear  backlash  at  the 
end  point  of  the  meshing  arc  be  ;e>  =  0.030  ±0.005  mm.  After  we 
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make  use  of  electronic  computers  to  optimize  our  designs,  we 
obtain  the  following  values:  £1  =  2.801,  £,  =  2.520,  A.=  0,828  mm, 

<\»»  =  5l.7SS4  mm,  <’,,  =  50.7234  mm,  ri*  =  51.6087  mm,  ,  r„  =  52. 1020  mm , 
/foil.  =6.926 x  10"5  mm,  and  a  backlash  value  at  (two  characters 
unreadable)  point  of  /, *  =  0.03258  mm.  The  backlash  curve  for 

this  is  as  shown  in  Figure  6. 

To  present  another  example,  if  a  certain  piece  of  electronic 
equipment  precisely  determines  parameters  to  transmit  power, 
then,  the  parameters  of  it  are  c,  =  l24,  ^,-126,  m  =  0.2,  a  =  20#,'^o=  m  =0.2  , 
the  original  curve  has  8=30°  and  6=0.22  mm.  The  flexsplines 
involved  make  use  of  hobbing  in  their  machining,  and  the  rigid 
gears  involved  make  use  of  gear  cutters  in  their  machining; 
the  gear  cutter  parameters  are  -n  =  60,  £o  =  0.28  ,  and  it  is 

required  that  j  =0.  The  results  of  these  optimized  designs  are 
ii  =  3.J)79j£i_-  2.506,  h,  =  0.279  mm,  r01  =  l3.1457  mm,  -i  =  12. 7438  mm, 
n<ii  =  13. 1077  mm,  r .  =  13.3875  mm,  /t»t  =  7.57  *  10“5  mm. 


Figure  6 


When  one  makes  use  of  the  methods  discussed  above,  it  is 
important  to  pay  attention  to  the  following  point,  that  is,  the 
selection  of  an  increment  of  search  which  is  reasonable  in  the 
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situation  at  hand.  In  order  to  quicken  the  rate  of  decrease, 
it  is  possible,  when  the  pattern  direction  is  being  extended, 
to  add  in  an  extending  factor  T>1;  moreover,  on  the  base  of 
experimental  calculations  and  an  appropriate  compression,  to 
select  a  parameter  range  for  initial  points.  In  such  a  way, 
accuracy  control  during  calculations  can  be  determined  on  the 
basis  of  actual  requirement . 

IV.  A  CONSIDERATION  OF  THE  PROBLEM  OF  DEFORMATIONS  OF 

ORIGINAL  CURVES  DURING  RESEARCH  INTO  THE  TRANSMISSION 
OF  POWER  THROUGH  HARMONIC  TRANSMISSIONS 

In  the  transmission  of  motive  force  through  transmissions, 
when  one  is  dealing  with  the  effects  of  both  meshing  forces 
and  deforming  forces,  the  original  curves  of  the  gear  profiles 
will  produce  distorted  forms  and  configurations  which  are  des¬ 
cribed  by  deviation  distance  equations  (1).  In  such  a  situation 
the  leading  distribution  in  the  intervals  between  gear  teeth 
will  also  give  rise  to  alterations.  In  order  to  make  precise 
studies  of  problems  involved  with  the  strengths  of  power  trans¬ 
mitted  through  harmonic  transmissions,  it  is  necessary  to  find 
the  rules  which  govern  the  loading  distribution  between  teeth. 

At  the  same  time,  when  doing  an  analysis  of  the  meshing  which 
goes  on  in  the  transmission  of  power,  although  it  is  possible, 
in  situations  where  one  is  doing  very  gross  sorts  of  calcula¬ 
tions  and/or  is  involved  with  elastic  deformations,  to  select 
the  coefficients  of  displacement,  if  one  needs  to  get  the  best 
possible  meshing  performance,  then,  it  is  necessary  to  get  an 
accurate  solution  for  the  original  curves  involved,  and,  with 
this,  to  make  corrections  to  the  meshing  parameters  or  to 
correct  appropriately  the  convex  gearing  profile  of  the  wave 
generators  involved.  This  section  will,  while  giving  simultaneous 
consideration  to  the  cases  of  flexsplines  and  rigid  gear  wheels 
as  well  as  to  wave  generators  in  terms  of  their  responses  to 
elastic  deformation,  discuss  practical  analytical  methods  for 
use  with  the  subject  of  the  transmission  of  power  through  har- 
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monic  transmissions.  In  order  to  make  the  results  of  these 
studies  as  universally  applicable  as  possible,  we  will  not 
discuss  the  situation  involving  the  convex  gear  forms  of  wave 
generators.  Other  forms  of  wave  generators  can  all  be  seen 
and  described  as  special  cases  of  this  generalized  situation. 


All  the  experimentation  which  has  been  done  inside  China 
and  abroad  concerning  this  subject  demonstrates  that  the  area 
of  meshing  involved  in  the  transmission  of  power,  deviations 
will  occur  at  symmetrical  positions  toward  one  side  or  the  other. 
The  configurations  of  flexsplines  will  give  rise  to  distor¬ 
tions.  There  will  be  sections  of  the  inner  walls  of  these 
gears  where  there  will  be  separation  between  them  and  the  sur¬ 
face  of  the  wave  generator  involved.  In  the  same  type  or  situa¬ 
tion,  some  sections  of  wall  will  adhere  to  each  other  very 
closely.  The  surfaces  of  the  wave  generators  concerned  will 
also  give  rise  to  distortions.  For  example,  in  a  double  wave 
transmission,  things  even  go  to  the  point  where  one  sees  the 
appearance  of  two  upper  areas  of  meshing  [7],  and  this  causes 
a  new  distribution  of  the  loading  between  gear  teeth.  In  this 
case,  we  make  use  of  a  type  of  dispersion  set-up  [8]  in  order 
to  make  calculations  of  the  configuration  of  the  original 
curves  involved  after  they  are  deformed. 


Figure  7 


3  C  6 


We  must  first  take  the  loading  which  is  effecting  a  flex- 
spline  and  carry  out  a  dispersion  within  the  arc  of  meshing, 
taking  as  the  points  to  be  dispersed  the  nodal  points  which 
are  the  points  of  intersection  between  the  axes  of  symmetry 
of  the  gears  involved  and  the  centerlines  of  the  flexsplines 
(Figure  7).  The  pressure  which  is  having  an  impact  on  the 
gears  being  considered  is  P^.  The  component  forces  which 
correspond  to  the  radial  direction  and  the  tangential  direction 
are 

7\  as  P,t cos 

(One  character  unreadable)  is  the  angle  of  the  pressure  on  the 
gear  tips  of  the  flexspline),  and  the  opposing  force  which  the 
wave  generator  exerts  on  the  flexspline  is  F.  .  If  we  consider 
the  case  in  which  we  ignore  the  effects  of  the  arm  of  curvature 
force  of  the  gears  involved,  then,  we  take  these  forces  and 
work  with  their  respective  effects  on  the  various  individual 

nodal  points  (*=1,2, . ,« )  .  If  one  gives  seme  thought  to 

the  total  deformation  which  is  impressed  on  the  gears  involved 
under  the  effects  of  loading,  the  radial  displacement  of  the 
original  theoretical  curve  for  the  same  gear  ought  to  equal 
the  amount  of  deformation  of  the  wave  generator  at  the  same 
spots.  In  the  same  way,  the  amount  of  deformation  of  gears 
ought  to  be  equal  to  the  amount  of  meshing  excess  in  the  gears. 
Because  of  these  relationships,  it  is  possible  to  make  the 
following  equations 

f  -  w„  =  Fh, 

‘/«=-/ur*.  (3D 

Moreover,  the  relationship  between  the  forces  involved  and  the 
moments  of  force  is 

2r«.eo (32) 
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Equations  (31)  and  (32)  are  the  basic  equations  used  in 
solving  for  the  unknown  forces  and  F  .  In  these  equations, 
is  the  theoretical  radial  displacement  of  a  point  k  on 
the  centerline  of  a  flexspline,  and  this  is  calculated  on  the 
basis  of  equation  (2).  is  the  total  radial  displacement 

produced  at  a  certain  point  in  the  nodal  point  forces  operating 
there,  and  the  direction  of  centerline  from  the  back  of  the 
component  is  positive.  Aw*%A«*  are  respectively  the  flexibi¬ 
lities  of  the  wave  generators  and  the  corresponding  gears 
involved  in  the  situation.  The  values  of  these  quantities 
ought  to  be  verified  by  experimentation.  However,  from  [9] , 
one  can  generally  recognize  the  fact  that  the  various  points 
are  equal  in  these  respects. 

In  order  to  make  the  calculations  more  convenient,  the 
backlash  can  be  represented  as  the  linear  forms  of 

vt%  nk  [10],  and,  in  the  situations  under  study,  that  means 

that 

i Ik  =  jo  ~  a-  ~—  -  (r«,  -  rm)l*k -wktg  a„-  vk,  ^  3  ) 

In  this  equation,  the  first  quantity  represents  the  flexspline 
before  it  has  been  deformed  and  its  initial  backlash  which  is 
determined  by  the  initially  corresponding  positions  on  the  axis 
of  symmetry  of  the  flexspline  and  the  axis  of  symmetry  of  the 
rigid  gears  involved  (that  is  to  say,  the  backlash  when  <+>  =  0). 

The  second  quantity  represents  the  amount  of  change  in  the  back¬ 
lash  as  a  response  to  a  change  in  the  angle  $ .  Finally,  the 
third  quantity  represents  the  amount  of  change  in  the  backlash 
caused  by  changes  in  position  in  radial  and  shear  directions  as 
well  as  due  to  rotation  of  the  normal  line  involved. 

Because  of  the  fact  that  the  ratio  between  the  amount  of 
deformation  of  the  flexspline  involved  is  very  small  compared 
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to  the  corresponding  radii,  for  the  purposes  of  our  discussion, 
we  will  recognize  the  fact  that  the  principle  of  superposition 
is  still  in  effect.  On  the  basis  of  what  is  explained  in 
[2  and  11],  by  using  energy  principles,  we  can  take  R^,  and 
use  to  make  the  respective  substitutions.  After  one  does 
this,  then,  it  is  possible  to  obtain  the  equations  which 
represent  R^,  at  the  ith  nodal  point  under  the  effects  of 
all  the  forces  which  are  felt  at  nodal  points,  that  is  to  say, 
in.,  ,  \)  and  u . 


-  HP.coaa,,  y 
T  "(n'-l)1  j 

r3  f 

=  ItEl !.  £].P*(a,*sioa,,  +  b.icoga,,) J, 

r3  r 

It "ij1  E  2JPi(c.i0to<*a,  -  J,kcos«„,)  1, 

k  k  j 

4  . .  u  * 

+  z :pv***..  e 

t  (n  -i>*  J 

l  "  ,T£y  [  c>-  ~  sina,„  -  /«.cos«r„)  j. 

*  t  J 


(34) 


Careful  attention  should  be  paid  to  the  fact  that,  during 
calculations,  the  angular  starting  points  are  congruent  with 
the  long  axis  of  the  wave  generator.  If  one  takes  equation 
(33)  and  equation  (34)  and  substitutes  them  into  equation  (3D, 
then,  after  an  appropriate  exchange  of  subscripts,  it  becomes 
easily  possible  to  get  the  set  of  equations  for  all  the  nodal 
points  set  out  below.  If  we  use  a  matrix  form  to  express  this. 
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we  get, 

(  (LAul  +A/,[£3){FJ  -  tBuliPA  =  <uU, 

1  LD^iF,,}  +  (CC<k]  +A.cosa„.CE]){Pk>  =  {G-,}  (35) 

In  these  equations,  the  parameter  matrices  are 

=  ><*3| 

r» 

[Su]  =  -^j(aina0,Ca<k3  +  «*<*«,  £&«])> 

[C(l]  =  { sin ffa.(tg«„[a,i.]  -  [c4t]  [e,*]) 

+  coaa..(tga,.C6<*]  +  [<f4*3 -C/.*]>  }» 

CZ?.J  =  3^7-  <  -  tg  +  [cu]  -  "-C«**3)t 

CF1 -  (unit  matrix) 

Moreover , 

n  -  ^.s.*~-s0 1**  m  —  i 
{jr*  ~  ,  <Pi~]a 

Z1 

From  equation  (35)  and  equation  (32),  it  is  easily  possible 

to  set  out  the  (2n  +  1)  equation.  When  we  solve  for  this,  we 

ought  also  to  take  j  and  look  at  it  as  an  unknown.  On  this 

o 

basis,  if  we  solve  the  set  of  linear  equations,  then,  it  is 
possible  to  solve  for  the  corresponding  values  of  J  as  well  as 
for  the  2n  unknown  forces  F,  ,  P.  and  Flf  Ft,  —  ,  Fm  which 

are  applied  at  the  n  nodal  points.  If,  after  we  solve  for 
these  quantities,  there  is  the  appearance  of  the  conditions 
Pi< 0  and  Fk< 0  ,  then,  this  demonstrates  the  existance  of 

a  condition  in  which  suitable  contact  is  not  being  made.  In 
such  a  condition,  one  ought  to  respectively  take  the  following 
measures.  He  should  take  measures  to  get  rid  of  the  extreme 
values  among  all  the  forces  for  which  P*<0  and  Ft<0  are 
the  largest.  Then,  one  should  make  repeated  calculations,  and 
solve  for  the  technological  points  at  which  the  contact  condi¬ 
tions  are  satisfied.  At  these  points,  the  following  conditions 
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should  apply  Pk> 0  ,  Fk>0  ,  /,*<0  ,  .  When 

beginning  the  calculations,  one  can  determine  the  individual 
nodal  points  on  the  basis  of  the  central  angles  which  correspond 
to  the  arc  of  meshing  (see  the  previous  section  for  the  methods 
to  be  used  in  these  calculations).  After  this,  it  will  be  possi 
ble  to  precisely  determine  the  actual  technological  points  on 
the  basis  of  the  solution  results.  Moreover,  it  will  also  be 
possible  to  obtain  the  graph  for  the  loading  distribution 
between  the  gear  teeth  involved.  This  is  the  foundation  for 
relatively  more  advanced  strength  calculations  regarding  the 
study  of  harmonic  transmissions. 

This  method  can  also  be  used  in  the  study  of  such  problems 
as  those  listed  below,  that  is. 

1.  The  simulation  of  the  loading  of  harmonic  transmissions 
First,  on  the  basis  of  /<■!«  make  a  precise  determination  of 
the  initial  corresponding  positions  of  for  flexsplines  and 
rigid  gears.  Concerning  rigid  gear  transmission,  after  this 
initial  step,  take  an  appropriate  increment  of  length  ij. 

and  gradually  rotate  the  flexsplines  involved.  From  this,  make 

a  precise  determination  of  j  .  It  is  also  cossible  to  make 

0 

direct  changes  in  j  .  After  this,  solve  for  P,  and  F,  on  the 

O  X  K 

basis  of  equation  (35),  and,  after  that,  equation  (32)  acts 
as  the  test  condition.  The  process  of  calculation  continues 
until  a  force  is  solved  for  which  satisfies  equation  (32),  then, 
it  stops.  In  this  way,  it  is  possible  to  see  the  process  of 
loading  in  the  transmission  being  studied.  Moreover,  after 
all  of  this  is  done,  it  is  then  possible  to  obtain  the  graph 
for  the  loading  distribution  between  gear  teeth.  Of  course, 
during  the  time  of  the  calculations,  all  the  technological 
points  must,  in  the  same  way,  satisfy  the  conditions  stated 
above . 

2.  Adjusting  the  convex  gearing  profile  configuration  of 
wave  generators.  Take  the  unknown  forces  which  we  have  already 


solved  for  and  substitute  them  into  equation  (3^).  In  this  way, 
one  can  get  the  configuration  of  the  deformation  after  the 
loading  of  a  flexspline.  After  doing  a  comparison  with  the 
theoretical  profile,  one  should  then,  on  the  basis  of  require¬ 
ments,  carry  out  the  appropriate  adjustments  in  the  convex 
gearing  profile  of  the  generator  involved.  This  should  make  it 
easier,  after  the  application  of  loading,  to  make  the  configura¬ 
tion  of  the  deformation  involved  more  closely  approach  the 
theoretical  configuration,  and,  thereby,  improve  the  meshing 
performance.  However,  this  operation  is  relatively  complicated, 
and  requires  the  consideration  of  many  types  of  factors. 

3.  On  the  basis  of  the  values  for  w, ,  v, ,  which  were 

already  obtained,  one  can  apply  the  methods  of  the  previous 
section  to  good  advantage  or  use  equation  (32)  to  solve  for 
'in  .  When  this  is  done,  then,  it  is  possible  to  offer  a  basis 
for  the  making  of  reasonable  selections  of  the  backlash  and  mesh¬ 
ing  parameters  for  the  transmission  of  power. 

V.  CONCLUSIONS 

From  the  analysis  presented  above,  it  can  be  seen  that: 

1.  This  article  does  not  just  present  a  method  for  the 
numerical  analysis  of  problems  associated  with  research  into 
the  areas  of  the  theoretical  meshing  of  harmonic  transmissions, 
and  make  use  of  these  methods  to  rigorously  demonstrate  the 
reasonableness  of  the  utilization  in  harmonic  transmissions  of 
involute  gearing  for  which  a  =  20°.  When  one  is  using  this  type 
of  gear  form,  it  is  only  necessary  to  carry  out  the  appropriate 
displacements,  and  that  is  that.  This  gives  a  theoretical  basis 
to  the  widened  use  of  involute  harmonic  transmissions.  Besides 
this,  the  principles  which  were  discussed  in  this  article  in 
the  context  of  the  utilization  of  harmonic  gear  transmissions 
with  certain  original  curves,  can  also  be  applied  to  the  cases  of 


harmonic  transmissions  with  gear  forms  of  other  types,  and  this 
can  be  done  with  equal  applicability. 

2.  Concerning  the  backlash  control  presented  in  this 
article,  for  the  purposes  of  engineering  design,  this  article 
presents  a  type  of  practical  method  for  selecting  the  optimum 
meshing  parameters  when  deciding  on  a  specific  value  of  backlash. 
This  type  of  method  is  not  only  capable  of  being  used  in  order 

to  control  minimum  backlash.  It  is  also  capable  of  being  used  in 
the  control  of  backlash  on  the  boundaries  of  the  meshing  arc  so 
as  to  guarantee  that  there  will  be  no  occurrence  of  elastic 
deformation  interference.  Theoretical  analysis  and  actual  des¬ 
ign  applications  demonstrate  that  using  the  meshing  parameters 
which  this  method  precisely  quantifies  is  very  satisfactory. 
Moreover,  this  method  is  just  as  effective  when  it  is  used  in  the 
selection  of  meshing  parameters  for  gear-type  transmissions  and 
in  the  design  of  co.nplex-type  transmissions. 

3.  Concerning  how  this  article  gave  overall  consideration 
to  the  ways  in  which  elastic  distortion  occurs  in  the  components 
of  transmissions,  it  discussed  several  important  problems  relat¬ 
ing  to  research  in  the  area  of  harmonic  transmissions,  for 
example,  the  leading  distribution  betwreen  gears,  loading  simula¬ 
tion,  the  adjustment  of  the  convex  gearing  profiles  of  wave 
generators,  the  selection  of  backlash,  and  other  problems  of  a 
similar  type.  Actual  calculations  demonstrate  that  it  is  con¬ 
venient  to  make  use  of  conjugate  slope  methods  of  solution  when 
working  with  these  methods.  However,  this  type  of  operation 
still  needs  to  wait  on  a  large  amount  of  experimental  work  before 
it  can  serve  as  a  replacement  for  current  methods. 

Finally,  it  is  still  necessary  to  point  out  the  following. 

In  the  process  of  this  research,  the  large  amount  of  calculation 
work  involved  met  with  the  ardent  help  of  such  comrades,  from 
the  National  Yellow  River  Machine  Plant,  as  Cheng  Bao-yuan,  Fan 
Shou-liang,  Li  Fu-ying  and  others.  For  this,  the  author  wishes 
to  express  his  gratitude. 
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Summary 


A  Method  of  Evaluation  of  the  Torsional  Rigidity 
and  the  Third  Stress  Intensity  Factor  of  Prismatical 
Bar  of  Rectangular  Cross-section  with  Cracks 

Chen  Yizhou 


Id  this  paper.  a  method  of  evaluation  of  the  torsional  rigidity  and  the 
third  stress  intensity  factor  of  rectangular  bar  with  cracks  is  discussed.  In 
all  the  three  cases  considered  Here,  the  crack  is  perpendicular  to  the  edge  of 
the  rectangular  section  of  the  prismatical  bar.  The  three  cases  are:  (1)  one 
straight-line  crack  not  originating  from  the  midpoint  of  one  edge.  (2)  one 
straight-line  crack  originating  from  the  midpoint  of  one  edge.  (3)  two 
straight-line  cracks  of  equal  length  originating  from  the  midpoints  of  opposite 
edges. 

Case  (2)  was  solved  by  Westmann10.  In  his  paper,  he  reduced  the  problem 
to  a  mixed  boundary-value  problem  for  Poisson's  equation  in  two  dimensions. 
Utilization  of  Sneddon's  double-series  method  of  solution  then  permits  the 
further  reduction  of  the  problem  to  the  numerical  solution  of  a  Fredholm 
integral  equation  of  the  second  kind.  We  can  see  that,  the  method  used  in 
Westmann's  paper  is  rather  complicated  not  only  in  the  theoretical  analysis 
but  also  in  the  computation  work. 

Sih  pointed  out  that1*1,  if  the  conformal  mapping  technique  is  used,  in 
the  case  of  complex  geometries,  the  determination  of  the  entire  stress  field 
of  cross-section  with  cracks  might  require  a  great  effort. 

For  the  purpose  of  introducing  something  better  than  the  existing  methods, 
the  author  proposes  a  new  method,  which  is  based  on  both  the  compliance 
method  in  fracture  mechanics  and  the  continuation  theorem  of  harmonic 
fonctions.  As  can  be  seen  later,  the  method  in  th  s  paper  is  very  effective, 
provided  the  crack  is  perpendicular  to  the  edge  of  the  rectangular  section. 

It  is  well  known  that,  in  linear  elastic  fracture  mechanics,  the  inverse 
of  the  torsional  rigidity  is  the  compliance,  and  by  differentiating  the  compli¬ 
ance  with  respect  to  crack  length,  K,  can  be  obtained.  This  is  the  so-called 
compliance  method. 

As  we  know,  the  torsion  problem  in  elasticity  can  be  turned  into  a 


Dirichlet's  problem  of  Laplace's  equation.  The  rectangular  cross-section  with 
cracks  is  divided  into  several  rectangles.  and  along  the  dividing  lines  unde- 
termined  functions  are  placed.  Now  the  Dirichlet's  problems  for  all  the 
rectangles  can  be  solved.  The  undetermined  functions  can  be  determined  by 
requiring  the  normal  derivatives  of  two  harmonic  functions  to  be  equal  to 

i  . 

each  other  along  the  dividing  lines.  The  solution  so  obtained  satisfies  the 
given  boundary  value  problem.  The  condition  of  continuation  of  the  harmonic 
function  always  leads  to  the  problem  of  solving  a  linear  algebraic  system. 
After  the  Dirichlet's  problem  is  solved,  the  calculation  of  the  torsional 
rigidity  and  Kt  will  be  easy  and  convenient. 

Corresponding  to  these  three  cases,  the  numerical  results  for  torsional 
rigidity  and  K i  are  listed  in  tables  1.  2.  3.  4,  5  and  6  respectively. 
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A  Method  of  Evaluation  of  the  Torsional  Rigidity  /l6l 

and  the  Third  Stress  Intensity  Factor  of  a  Prismatic 
Bar  of  Rectangular  Cross-section  with  Cracks 

Chen  Yizhou 

In  this  paper  a  method  of  calculation  of  the  torsional 
rigidity  and  the  third  stress  intensity  factor  of  a  rectang¬ 
ular  bar  with  cracks  is  discussed.  Under  the  three  conditions 
discussed  in  this  paper,  the  cracks  are  perpendicular  to  the 
edges  of  the  rectangular  cross-section  of  the  prismatic  bar. 

The  three  cases  covered  in  this  paper  are:  1)  a  single  crack 
not  originating  from  the  center  of  the  edges  of  the  rectangu¬ 
lar  cross-section;  2)  a  single  crack  originating  from  the 
midpoint  of  one  edge  of  the  rectangular  cross-section,  and  3) 
two  cracks  of  equal  length  originating  from  ohe  midpoints  of 
opposite  edges  of  the  rectangular  cross-section. 

The  problem  was  solved  by  Westmann  under  condition  2), 

[1],  In  his  paper,  he  reduced  this  problem  to  a  two-dimen¬ 
sional  Poisson  equation  with  mixed  boundary  values.  This 
problem  is  used  to  reduce  the  problem  further  to  a  Fredholm 
integral  equation  of  the  second  kind.  It  is  obvious,  not 
only  in  terms  of  theoretical  analysis  but  also  based  on  the 
calculation  process,  that  the  method  used  in  Westmann 's 
paper  is  very  complicated. 

On  the  other  hand,  Sih  [2]  pointed  out  that  the  use  of 
the  conformal  mapping  technique  to  determine  the  entire  stress 
field  of  the  cross-section  with  cracks  requires  a  tremendous 
amount  of  effort  in  the  case  of  complex  geometries. 
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In  order  to  improve  the  existing  methods  in  solving  the 
torsion  problem  of  prismatic  bars  with  cracks,  we  are  going 
to  propose  a  new  technique  which  is  based  on  the  compliance 
method  in  fracture  mechanics  and  the  continuation  theorem  of 
harmonic  functions.  It  can  be  demonstrated  later  that  our 
method  is  very  effective  as  long  as  the  crack  is  perpendicular 
to  the  edge  of  the  rectangular  cross-section. 


It  is  well  known  that  the  torsion  problem  in  elastic 
mechanics  can  be  turned  into  a  Dirichlet  problem  of  a  Laplace 
equation.  The  cracked  rectangular  cross-section  is  divided 
into  several  rectangular  regions.  Undetermined  functions 
are  also  placed  along  the  dividing  lines.  The  Dirichlet 
problems  can  be  solved  for  all  the  rectangles  involved.  The 
undetermined  functions  can  be  determined  by  letting  the 
normal  derivatives  of  the  two  harmonic  functions  be  equal  to 
each  other  along  the  dividing  lines.  This  method  provides 
real  solutions  satisfying  the  given  boundary  value 
conditions.  Harmonic  functions  and  continuation  conditions 
usually  require  the  solving  of  a  series  of  linear  algebraic 
equations.  Once  the  Dirichlet  problem  is  solved,  the  calcu¬ 
lation  of  torsional  rigidity  and  becomes  a  direct  and 
simple  task. 


Corresponding  to  the  three  conditions  discussed  above, 
the  numerical  values  of  the  torsional  rigidity  and  are 
expressed  in  Tables  1,  2,  3»  ^ ,  5  and  6 


I.  TORSIONAL  RIGIDITY  AND  K.,  STRESS  INTENSITIY  FACTOR 
OP  CRACKS  NOT  PASSING  THROUGH  THE  MIDPOINT  OF  THE 
EDGE  OF  THE  RECTANGULAR  CROSS-SECTION . 


The  rectangular  cross-section  of  a  bar  with  a  crack  of 
one  edge  is  discussed  in  this  section  (Figure  1).  A  method 
to  calculate  the  torsional  rigidity  D  and  stress  intensity 
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Introducing  a  new  function  u(x,y),  we  get 

0< *,>)=*  -xt  +  u(x,y),  (3) 

Substituting  (3)  into  (1)  we  get  harmonic  functions 

uix,y ) 


Figure  1.  The  Geometrical  Shape  of  the  Rectangular 
Cross-section  with  crack. 
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In  the  cross-section  shown  in  Figure  1,  it  is  possible  to 
divide  into  four  rectangles  along  OByOEsOB'  directions. 
These  regions  are  designated  as  Flt  FK,  Fa  and  Fa,  with  their 
corresponding  stress  factions  <fi(x,y)  and  «(x,y)  as 
4>z  ftattaitw  and  ,  respectively. 

Let  us  set:  u(x,y)\.mt  =  g(y),  ‘  <-c<y<0) 

u(*»y)|».«  =  -ex  +  h(x),  •  (  -  e<x<0) 

u(x,y)\,ml>  =  fx  +  f(x),  <0  <*</>  (5) 

IF(x)  =  x1-  fx,  V(x)  =  x*  +  ex  . 

where  f(xY,  h(x)  and  g(x)  are  undetermined  functions. 


It  is  not  difficult  to  see  that  the  fixed  solution  problems 
of  harmonic  functions  «!•«■>>>■  and  h  in  regions  OBC? , 
OEAB,  OB  A fE  and  OF  C  B  are: 


£a*  +  2!“r  _n  * 

3x 1  3yx  _0’ 

ul(x,d)  =  fx  +  fi/(x), 

UI  (.fry)  ~  /*» 

«z(x,0)  =  /*  +  /<*), 

«i(0,y)  =0. 


.  (0<X</,  0<y<d) 

(0<y<<0 

(0<*</> 

.  (0<y<d) 


(6) 


and 


and 


3*u *  ,  5Vu*_0 
~3~xx  +  3yl 

M*,0  )-fx  +  f(x). 


M/.y>  =  /S 

ua(x,-c)  =  fx  +  W(.x), 


un(0,y)  =  9O'>. 


<0 <*</,  -c<y<0) 

(  0<*</> 
(-c<y<0) 

(  0<*</) 

( -c<y<0) 


a**  0  ’ 

“■(*,  0)  =  -ex  +  hi,  x), 


“a<0  ,y)  =  9{y), 

u,(x,-c)  =  -<?x  +  y(.x), 
“«<  ~e,y)  =  e1 , 


<-e<x<0,  -c<.v< 0) 

<-*<x<0> 

<-*<y^0> 

(  -e<x<0) 

<-c<y<0) 


(7) 


(8) 
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and 


dlun  d*ua 
dx‘  dy * 


=  0 


9 


(~e<jf<0,  0 <y<d) 


u9(x,d)  =  -ex  +  r(x), 

«»<0  ,y)  =0, 

“*(*.0)  =  -ex  +  h(x). 


(  -e<*<0> 
<  0  <y<d) 
(  -  e<*<0) 
'  (0<jv<d) 


(9) 


It  is  also  not  difficult  to  see  that  solutions  exist  f: 
the  above  four  equations: 

sh(,nx(d  -  y)/f) 


Uz(x,y)  =  /x+  £/. - Sin  (  nnx/f)  + 

+  2 n'nnd'!{ ) sin ( "**//)•  (10) 


(  10) 


u«(*,.y)  =  /*+  £ 9 *~—^~sii(n3tfJc)C )  sin(n.T(y  +  c)/c)  + 

+  £)/-  sh(sh(nx+c/fi*)~ 3'n ( nnx/f)'  (0 <*</,  -C<y<0) 


(ID 


u«(*j.y)  =  -  ex+  2  ^ ( n.Tc/gT^ sin  ( n  ?r(  %  +  g )  /<? )  + 

.  A,  sh(nn(y  +c)/e)  .  ,  .  ... 

+  - sKn™/7) - »»<»«<*  +  •>/•>  + 

.  A-  sft(n«(x  +  e)/c) . .  . 

(  -  e<-r<0,  -  c<_y<0) 


(12) 


-ex+  {/'{—  sin(nff(*  +  e)/e)  + 


mml 


shjnny/e'i 

sh(nxd/e) 


sin(nx(x  +  e)/e). 


(13) 
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m 

La9 


In  the  above  equations, 
J,  are  the  following: 


/„,  S„,  A.,  W%,  V . 


and 
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nltx/f  )dx,  gm  =  5(»sin  <  +  e  )/c  )</>,, 

-  2  f 0 

/I*=~J  . * )sin  ( nn( x+e)/e )dx  , 


(1U)  /16a 


(F  =  -  J?/  ^  y  -  -  8e*  .  . 

'  n3.7^"  » 


1  +(  -  !  )•♦• 
2 


n  =  1  »2.  • 


According  to  the  continuation  theorem  of  harmonic  functions, 
[3]  along  the  sections  OE ,  OE  and  OB  there  should  be: 


dut 

1 

!  C 

ay 

Ir.t  dy 

duz 

-  ^u* 

dx 

>.i  dx 

3um 

[  =  duM 

3y 

r.i  dy' 

(0  <*</) 


(-c<><0) 


(15) 


(16) 


v  -  :  ) 


Now  let 

F 


-  =  -  mfm  ,  Gm  =  (-  l)mm9m  ,  //»  =  (-  l)"mA„  .  m=  1,2- 


(13) 


If  we  substitute  equations  (10),  (11),  (12),  and  (13) 
into  (15),  (16),  and  (17)  and  then  execute  Fourier  series 
expansion  on  both  sides,  the  algebraic  equations  correspond¬ 
ing  to  F  ,  G  ,  and  H  can  be  obtained  by  also  taking  (13) 
mm  m 

into  consideration. 


Gm 


Fm=Im  +  ^^OTh'+bnc)'  ’  . 


m  =  1,2,3- 


Gm  =  Jm  +  Pm  £  (nc).  +  (m/)a  +  U  fj  (  ,  m  =  1,2,3- 


(19) 

(20) 
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Hm  =  Km  +  0-  X] 

••I 


g. 

(n*)1  +  (me)1  * 


"•-1,2,3-  (2D 


where  (  0„,  JHt  Pm,  fcm  and  Qm  )  are  the 

following  known  coefficients: 


,  8 /•  EX  Pi-  mite/ f)  +  EXP(  -  mxd/f)  „ 

*m~  m1*1  1  +  EXPi.  -  mnb/ f) 

q  _  2mcf _ 1 _ 

"  «r  cth(mnc/ /  )  +  cth(mnd/f  )  ’ 

■  7w  =  f-2<£i/>f+(_i)-J«l(fA(m^//2C)  +  /A(m^/2c))]  • 

L  iwr  7T  m  J 


cthimitf  /c)  +cth(mne/c)  ’ 


p  =  2mc/ _ 1 _ __ 

"  «■  cth(mnf/c)  +  cthinme/c)  ’ 


l_  -  2  meg  _ 1 _ 

jt  cthimnf  /c)  +  cth(rnne/c)  ’ 

_  8^*  EXP(  -  mne/e)  +  EXP(  -  m.td /e)  , 

"  "  '  1  +  £XP<  -  tnnb/e)  "  ’ 

O  -  2  mce _ 1 _  _  ,  9 

nr  cth(mKcJe)  +cth(mnd/e)  *  ~ 


If  we  substitute  equations  (10),  (11),  (12)  and  (13)  into 
(3),  and  then  substitute  (3)  into  (2)  and  carry  out  a  fixed 
integration  calculation  followed  by  turning  f  ,  g^  and  h^  into 
Fm>  G  ,  and  using  equation  (18),  the  torsional  rigidity 
can  finally  be  obtained. 


D  , 
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(23) 


Summarizing  our  discussion,  we  can  obtain  the  torsional 
rigidity  by  solving  F  ,  Gm  and  Hm  using  equations  (19),  (20), 
and  (20)  and  then  plugging  into  the  above  equation. 


From  common  theory  in  fracture  mechanics  we  know  that 
the  following  equation  is  valid: 


ML  &  (  i  \~  Ml 

2  d(d)\l*J(d)/~  2J*  ' 


(24) 


where  G^  is  the  energy  release  rate,  M  is  the  torque  on  the 
end  of  the  bar,  l/dJ(d)  is  the  softness  of  the  cracked  bar, 
d  is  the  length  of  the  crack  and  6  is  the  symbol  for  dif¬ 
ferentiation.  From  the  above  equation,  we  get 

•  <-’5) 


The  solutions  to  equations  (19),  (20)  and  (21)  are  obt  .ined 
using  Seidel's  iteration  technique  with  a  15  term  cutoff.  The 
corresponding  F  ,  G  ,  and  H  are  then  substituted  into  (23)  to 
obtain  the  torsional  rigidity  D  as  shown  in  Table  1.  From 
(25)  using  a  three  point  differential  method  the  values  of  K, 
are  obtained  as  presented  in  Table  2  (Note:  the  "K^"  used  in 
this  paper  is  yH  times  greater  than  those  in  other 
books).  For  Tables  ^/and  1L,  b  =  2a;  which  means  that  the 
calculations  were  made  for  square  cross-section  with  cracks. 
Using  ALGOL-60  language  and  a  DJS-21  electronic  computer,  the 
values  reported  in  this  paper  were  determined. 


II.  TORSIONAL  RIGIDITY  AND  K,  STRESS  INTENSITY  FACTOR 
OF  CRACKS  ORIGINATING  FROM  THE  MIDPOINTS  OF  THE 
EDGES  OF  A  RECTANGULAR  CROSS-SECTION 


When  a  crack  originates  from  the  midpoint  of  an  edge  of 
the  rectangle  (Figure  2),  it  corresponds  to  a  special  case  in 
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the  previous  section  (i.e.,  a  =  e  =  f).  Prom  symmetry,  we  find 
that  /<x)  =  A<-x)  <0<*<a)  .  Based  on  equations  (14)  and 

( 18 ) ,  we  get 

/-  =  (  -  !>—•*•,  Fm  =  Hm.  m=  1,2,— 


In  this  case,  equations  (19),  (20),  and  (21)  can  be 
simplified  as: 


•.  =  /»,+  0.» X](na)l  +"{mc),  ,  m*  1,2,- 


’  y"  +  <nc )*  -M ma )*»  w-1'2»- 


/here  I  ,  0  ,  J  ,  and  P„,  were  obtained  from  (22)  an 
m  m1  m  m 


i  _  8a1  EXP(  —  tuczc / u)  +  EXP(  —  mxd/a) 
•'.iW  '  "  1  +  EXPi-  mnb/a)  <L>n  ’ 

O  -  2 mac  1 

*  .  cth(mnc / o)  +  cthimnd / a)  ’ 

+  <  “Jr ?f t h S2®)  .  -2£-/A i252  , 

\  sm  •  2c  /  j»*m  c 


p  -  mac  th  mlta 


m  =1,2,- 
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Figure  2. 

The  torsional  rigidity  D  can  be  obtained  by  simplifying 
equation  (23)  as  below: 


£=/*/, 

/  a  _  8g^  yy  1  I  80*  p  \f.h  nnc  ,  ruid  \ 

3  *' *)[  +  /A*r)- 


-  -§-t-  y  nJta 

**  .1^,  «*“  2c 


(29) 


Similar  to  the  previous  section,  fifteen  terms  were  taken 
into  account  when  using  the  Seidel  iterative  method  to  solve 
equations  (26)  and  (27)  to  obtain  the  torsional  rigidity.  The 
",  stress  intensity  factor  can  also  be  obtained  using  (25). 

The  results  are  shown  in  Tables  3  and  4.  They  were  found  to 
be  identical  to  those  calculated  by  Westmann  [1]  [8].  We 
also  used  a  boundary  matching  method  to  calculate  this  problem 

which  offered  a  similar  result.  The  technique  used  here  is 
actually  more  superior  to  the  boundary  matching  method. 
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III.  TORSIONAL  RIGIDITY  AND  K-,  STRESS  INTENSITY  FACTOR 
FOR  SYMMETRIC  CRACKS  ON  OPPOSITE  SIDES. 


When  two  cracks  originate  symetrically  from  the  midpoints 
of  two  opposite  edges  of  the  rectangle  (Figure  3)>  equations 
(1),  (2),  (3)  and  (4)  still  apply.  The  coordinate  system  and 
the  dimensions  are  shown  in  Figure  3-  Just  as  in  the  first 
section,  let 


-.  =  50), 

=  a* +  /(*),  <0<x<a) 
•V(x)  =xt-ax  . 


(30) 


where  f(x)  and  g(y)  are  undetermined  functions.  Due  to  the 
symmetric  nature  of  the  problem  g(y)  is  an  even  function. 


Figure  3 
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It  is  apparent  that  the  fixed  solutions  to  the  harmonic 
functions  u^x^)  and  in  regions  GHDC 

and  FGCB  obey  the  following: 


ut(x,6)  =ux  +  lV(x) 
=  a* , 

ut(x,c)  =  ax  +  f(x)  , 
ui(0,y)  =0. 


(0<*<a,  c<><6) 

(c<y<6) 


(3D 


and 


dtuM  <3*11, 

+  ay 


=  o 


uu(x,c)  =  ux(x,  - c)  =  ax  +  f(x), 

“*<0  ,y)  =ff(y), 

ua(a,y)=a*  , 


(0<x<a,  -c<y<c) 

(0<x<a) 

(  -c<y<c) 


The  solutions  to  the  above  two  equations  are: 


(32) 


»X  (X,y)  =ax  + 


A  ,  sh( nx(b  -  y)/q) 
sh^mtd/a) 


sia(ttxx/d )  + 


sh(.ntz(y- c'i/a) 
“  *  sh(nnd/a) 


sin  (ruix/a). 


(0<*<a,  c<y<6) 


u*(x,y)  =aar  + 


A,  sh(nx(.a-  x)/2c ) 

*  sh(nna/2c) 


sin  ( nx(y  +  c)/2e) 


chinnc/a) 


sininxx/a). 


where  fn,  gn,  and  are 


(33) 


(34) 


/.  =  J-Jt/(*)ein(n«x/a)<fx,  <0(.y)sin<nxO»  +  c)/2c)</.y, 

,*.=«<  l  +  <-l)"*l>/2.  n-1,2,- 


328 


Based  on  the  continuation  theorem  of  the  harmonic  function, 
the  following  conditions  exist  along  sections  GC  and  PG 
(see  Figure  3): 


dut  _  3uk 
dy  >_c  “  dy  * 


(36) 


auw 

dx 


=  0  . 


<  -c<y<c) 


(37) 


Now,  let  us  assume  that 

Fm  =  -  mfm .  m=l,2,—  Gm=-in9m.  m  =  1,3-  (38) 


Plugging  (33)  and  (34)  into  (36)  and  (37),  expanding 
both  sides  into  Fourier  series,  ana  using  the  above  equation, 
the  following  equations  relating  to  Fm  and  G^  can  be  obtained: 

*  Q 

Fm  =  Hm  +  JmJ2  („a )*"+  hmc )2  '  m=  (39) 


Gm  =  Im+  Km  X]  (2nc),  +  (ma)r  '  mi=  1,3,‘ 


(40) 


where 


//„ 


8<f2  c_/<(  inxcj  a )  . 

ch(rnnb/a)  m  ’ 


m  =  1  >2,— 


t  =Jmca _ 1 _  - 

“  *  th{mnc/a)  +  cthimxd /a)  ' 

Im=  ~  (h(.mna/ 2c),  m  =  1 ,3,— 


thimna/ 20. 

A 


m  =  1 ,3»"* 


(41) 


Substituting  (33)  and  (34)  into  (3)  and  then  plugging  (3) 

03  SO 

into  (2),  followed  by  integration  and  turning  fm  and  gm  into 

F  and  G  ,  the  torsional  rigidity  D  can  finally  be  obtained  as: 
m  m 


329 


Z?=P/, 


1 = -3-  -  - 16?‘  £:  — ;-(/a  + 

3  *  "  4c  *'  .t^3  nM  a  2a  / 


I28a4 


-Ua^ 

n‘  2a 


(42) 


Similar  to  the  first  section,  using  the  Seiiel  iteration 
method  to  solve  (39)  and  (40)  and  taking  15  terms  into  account, 
the  torsional  rigidity  can  be  obtained.  In  equation  (25),  by 
changing  d  into  2d  the  factor  can  be  determined.  The  re¬ 
sults  are  shown  in  Tables  5  and  6. 
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Table  1.  Table  of  Torsional  Rigidity  Coefficient  /l 61 

of  a  Rectangular  Cross-section 

with  Cracks. 


d/b(Q,  0.05, . ,0.95) 

//*( 0.1,  0.2,  0.3,  0.4,  0.5) 


d/b 

I  0 

1 

0.05 

0.10 

0.15 

m 

m 

m 

B 

B 

B 

0.1 

1 

J  1405.8 

1401.3 

1391.7 

1378.2 

1381.8 

1343.1 

1322.7 

1301.3 

1279.4 

1257.6 

0.2 

1 

1405.8 

1395.5 

1370.0 

1342.8 

1307.2 

1268.1 

1227.0 

11185.21 

1143.6 

1103.3 

0.3 

1405.8 

1390.9 

1357.7 

1312.9 

1260.7 

1204.4 

1146.2 

1088.1 

1031.3 

977.00 

1 

0.4  !  1405.8 

1388.0 

1348.0 

1293.8 

1231.1 

1163.5 

1094.2 

1025.3 

958.61 

895.62 

0.5 

1405.8 

1387.1 

1344.9 

1287.8 

1221.1 

1149.6 

1076.4 

1003.8 

933.84 

867.86 

d/b 
f/b  \ 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

B 

0.95 

0.1 

1236.3 

1216.2 

1197.6 

1180.9 

1166.6 

1155.0 

1146.3 

1140.4 

1137.2 

1130.1 

0.2  |  1065.1 

1 

1029.8 

998.13 

970.63 

947.78 

929.86 

916.89 

908.56 

904.23 

902.74 

1 

0,3  j  926.44 

880.50 

839.78- 

-80S  .<20 

776 .96 

755.19 

739.70 

729.92 

724.93 

723.25 

... 

837. 4T 

785.10 

739.27 

700.35 

669.00 

wm 

628.lt 

817.53 

612.16 

610.38 

0.5 

807.11 

J 

752.55  j  704.92 

864.74 

632.26 

590.07 

579.22 

673.72 

571.89 

Equation:  DsliJ  /  =  £)*10“«*** . 

Example:  =0.35.  {-=0.2.  &  /  =  0.11852 5‘. 

0  o 
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Table  2.  Table  of  Stress  Intensity  Factor 

Coefficient  *«.  i)  of  a  Rectangular 
Cross-section  with  Cracks. 


d/b  (0.05,  0.10, . 0.90) 

fib  (0.1,  0.2,  0.3,  0.4,  0.5) 


d/b 

//6X\ 

o.os 

0.10 

0.15 

0.20 

0.2  5 

0.30 

m 

m 

0.45 

0.1 

.8484T 

1.0932 

1.2556 

1.3782 

1.4733 

1.5463 

1.6998 

1.6346 

1.6901 

0.2 

1.302T 

1.8779 

1.9157 

2.0941 

2.2350 

2.3487 

[2.4379! 

2.5022 

2. 5388 

0.3 

1.5869 

2.0887 

2,3803 

2.8191 

2.8155 

3.1182 

3.2334 

3.3121 

0.4 

1.7459 

2.2909 

2.6541 

2.9415 

3.1886 

3.4044 

3.5948 

3.7673 

3.8841 

0.6 

1.7946 

2.3603 

2,7460 

3.0531 

3.3178 

3.5539 

4.1004 

'VS.  < d/b 

f/b^\ 

0.50 

0.65 

0.80 

0.65 

0.70 

mm 

m 

G 

0.90 

0.1 

1.6454 

1.6184 

1.5569 

1.4878 

1.3778 

1.233T 

1.0524 

.83282 

.57931 

0.2 

2.5433 

2.5102 

2.4335 

2.3070 

2.1254 

1.6855 

1.5878 

1.2353 

.84208 

0.3 

3.3492 

3.3378 

3.2590 

3.1028 

2.1410 

1.6696 

1.1238 

0.4 

3.9846 

3.9828 

3.9281 

3.7893 

3.4994 

3.1194 

2.62T9 

2.0389 

1.3781 

D 

4.2018 

4.2381 

4,1898 

4.0377 

3.7848 

3.3628 

2.8350 

2.1970 

1.4870 

Equation:  Ks  =  B^.  -LyM/b** . 

Example:  ^=0.35.  £-  =  0.2.  »  tfs  =  2.4379 M/b**  . 
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Table  3.  Table  of  Torsional  Rigidity  Coefficient 

"F/  of  Rectangular  Cross-section 
with  Crack 

d/b(0,  0.05,- . ; . ,0.95) 

a/b  (0,1,  0.Z,  0.25,  0.5,  1,  2,5,  5) 


0 

1 

.05 

1 

.10 

1 

.15 

■ 

.20 

1 

.25 

■ 

! 

1 

22.698  21.773  20.792  19.800  18.815  17.820  16.825  15.830  14.835 


159.59  156.54  150.66  143.83  136.11  128.39  120.60  112,81  106.06  9T.390 


285.85  280.79  j  270.83  257.94  244.04  229.69  214.95  200.31  185.84  171.77 


I 

1405.8  1387.1  |  1344.9  1287.6  1221.1  1149.6  1076.4  1003.8  933.84  867.86 


3.7  4534.6  4446.9  4326.0  4179.8  4022.3  3857.6  3695.5  3546.0  13398.51 


14567  14509  14400  14252 


13691  13497  13322  13140 


I 

31245  31181  31037  30881  30702  I  30521  30326  30124  29943  29776 


.50  0.55  0.60  0.65  0.70  0.75  0.80  0.85  0.90  0.95 


13.841  ]  12.847  |  11.855  |  10.887  9.8909  8.9377  8.0348  7.2359  6.6259  6.3032 


.20  |  89.849  I  82.499  j  75.426  j  68.747  82.820  57.229  52.797  49.527  47.635  48.718 


.25  |  158.04  144.91  132.53  121.27  111.37  102.83  96.208  91.504  88.892  87.880 


i 

0.50  j  807.11  752.55  704.92  684.74  832.26  607.50  590.07  579.22  673.72  571.89 


1.0  3265.1  3150.8  3054.1  2975.2  2914.2  2869.7  2839.9  2882.5  2814.3  2813.7 


2.6  |  12988  12852  12740  12649  12580  12530  12498  12480  12471  12469 

! 

6.0  |  29628  29498  29390  29304  29239  29193  29164  29147  29139  29137 


Table  4. 

Table  of 

Stress  Intensity  Factor  Coefficient 

s(f  7 

j  of  Rectangular  Cross-section  with 

Crack. 

d/b  (0.05,  0.10, . ,0.90) 

a/b  (0.1,  0.2,  0.25,  0.5,  1,  2.5,  5) 

.40  0.4S 


.05  0.10  0.15  0.20  0.25  0.30 


.10  17.355  j  20.094  21.395  22.483  23.687  25.070  28.660  28.238  30.138 


I 

.20  8.0942  I  7.5775  8.4240  9.0906  9.7208  10.371  11.074  11.847  12.694 


.25  4.4347  5.8168  8.3455  8.9182  7.4473  7.9792  8.5367  9.1081  9.7291 

.50  1.7945  2.3603  2.7460  3.0631  3.3178  3.5539  3.7658  2.9507  4.1004 


.78944  j  1.0337  1.1989  J  1.3274  1.4134  1.4856  1.5250  1.5460  1.5424 


2.5  |  .28278  I  .35231  .39894  .42930  .44759  .45659  .45628  .44863  I  .43409 

I  I 


5.0  .14628  .17062  .18748  .19801  .20369  .20503  .20273  .19722  .18887 

0.60  j  0.55  j  0.60  0.65  0.70  0.75  0.80 


0.10  {32.303  34.790  37.651  40.924  44.573  48.306  51.316  51.445  46.199 

' 


11.017 


3.614  14.589  15.572  18.468  17.710 


.25  10.387  11.093  11.597  !  12.020  I  12.165 


18.485  14.481 

10.942  9.2492 


.50  I  4.2018  4.2381  4.1898  4.0377  3.7648  !3J628i  2.8350  2.1976 


1.5154  !  1.4546  I  1.3689  I  1.2539  I  1.1115  I  .94768  .76367  .56626 


I 

40303  |  .38593  !  .35337  I  .31570  j  .27384  .22829  .18042 

I 


I 

.16475  1.14948  .13243  .11394 

l 


Equation:  A . 

Example:  =  0.75.  £=0.5.  $  Kt  =  3.3628  M/6va  . 


.094328-  -  .074009  I 


■ 


8.7680 


1.4870 


.36796 


Table  5.  Table  of  Torsional  Rigidity  Coefficient 

Rectangular  Cross-section 

with  Crack 

d/b( 0,  0.05, . . . ,0.95) 

a/26  <0.1,  0.25,  0.5,  1,  2.5,  5) 


m 

E 


d/b 

o/26  '  . 


3831.1 

3696.2 

13649 

13486 

.25  0.30  0.35  0.40  0.45 


I  , 

.10  I  23.301  22.871  22.115  21.227  I  20.283  j  19.314  18.334  17.349  |  18.361  !  15.372 


.25  265.85  282.73  275.95  268.73  255.79  243.69  230.79  217.38  203.73  |  189.94 

I 


.50  |  1405.8  1394.4  1368.8  1332.0  I  1286.1  !  1233.6  I  1176.1  I  1115.3  I  1052.8  !  990.10 


4548.6  4498.5  4420.8  4325.9  4215.8  4094.1  3964.8  3831.1  j  3696.2 


14623  14452  14367  14240  14107  13961 


5.0  |  31252  31179  31086  30974  30846  30704  I  30554  I  30397  I  30238  I  30081 

i 


.50  0.55  0.60  0.65  0.70  0.76  0.80  0.85  0.90  0.95 


14.382  |  13.393  1  12.405  |  11.420  |  10.441  I  9.4770  I  8.5441  |  7.6823  1  6.9430  !  8.4271 


0.25  !  176.21  I  162.71  149.81  137.10  125.42  114.80  105.55  |  97.961  I  92.299  !  88.858 


.50  '  928.16  868.29  811.56  758.97  i  711.44  !  669.73  I  634.76  I  607.04  I  587.06  !  576.27 


1.0  j  3563.1  3434.8  j  3313.4  3201.3  I  3100.5  3012.8  I  2939  6  j  2882.3  !  2841.7  ’  2818.4 


l 

13329  13178  13035  12905  12789  12688  12606  12543  12500  |  12476 


i 

29143 


13035 

12905 

29648 

2952r 

Equation:  d  =  mj,  ^)-10~«(2&)« . 

Exmaple  if:  4  r  0.35.  A  =  2.5.  /=  1.3808(25)4 


Table  6. 


Table  of  Stress  Intensity  Factor  Coefficient 
lb)  of  octangular  Cross-section  with 

Crack. 


d/6  (0.05,  0.10, . ,0.90) 

o/26(0.1f  0.25,  0.5,  1,  2.5,  5) 


.10 

1 

.15 

1 

.20 

1 

.25 

■ 

E 


15,178  18.404  20.206  21.599  22.894  24.221  25.650  2T.228  28.997 


.25  3.5426  4.6081  5.3436  5.9542  6.5083  7.0463  7.5863  8. 


.50  1.3858  1.8334  2.1690  2.4474  2.8970  j  2.9316  3.1547  3.3674  3.5718 


1.0  .61301  .79714  .93640  1.0489  j  1. 1439  1.2253  1.2952  1.3539  1.4010 


I 

2.5  .23460  .28260  .32088  .35134  .37510  .39305  |  1.40599! 


5.0  .13087  .14580  .16832  .16831  .17598  .18144  .18474  .18594 


\  d/b 


H  j 


0.50  0.55  0.60  0.85  0.70  0.75 


.10  31.002  33.291  35.919  38.939  42.369  46.114  49.649  61.951 


.25  9.3861  10.045  10.714  11.358  11.903  12.2 


0.50  3.7641  3.9345  4.0729  4.1641  4.19001  4.1208 


5.0  !  .182 


1.2280 

1.0830 

.88685 

1 

.30212 

.25952 

! 

.20711 

.12202  ; 

""  ‘  ’  1 

.10382 

.082569 

Equation: 

Example  if:  4  =  0.35.  £  =  2.5.  K,  =  0.40599 M/{2b)in 
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Summary 


The  Automatic  Matrix  Force  Method  and 
Techniques  for  Handling  More  Complex 
Computations  with  Given  Computer  Capacity 


Yang  Qingxiong 


Usually,  the  matrix  displacement  method,  including  the  direct  stiffness 
method,  is  used  in  aircraft  structural  analysis.  But  the  automatic  matrix  force 
method,  as  presented  in  this  paper,  is  sometimes  to  be  preferred;  computer 
programs  for  it  were  accordingly  prepared  and  applied  to  the  detail  analysis 
of  structural  joints  and  to  the  integral  analysis  of  major  assemblies  of  an 
airplane. 

In  the  early  days  of  the  matrix  force  method,  both  the  selection  of  the 
basic  system  and  the  calculation  of  &o  and  6,  matrices  had  to  be  done  by 
band.  The  manual  method  is  very  troublesome  and  mistakes  are  hard  to  avoid. 
For  this  reason,  in  the  case  of  complex  structures  with  high  degree  of  redun- 
dar.cy.  the  matrix  force  method  was  abandoned.  The  automatic  matrix  force 
method  presented  in  this  paper  can  overcome  the  above-mentioned  difficulties, 
oi.i  the  basic  system  and  the  b 0,  bt  matrices  can  be  obtained  automatically  in 
-  straightforward  manner  without  iteration.  The  procedure  is  as  follows: 

The  equilibrium  equations  of  all  the  structural  elements  are  written  out. 

.  ..  -u.rntntcd  matrix  of  these  equations  are  eliminated  by  the  Gauss-Jordun 
•-  T!*....  the  residual  columns  of  the  augmented  matrix  after  elimination 

will  automatically  give  the  basic  system  and  the  b„  6,  matrices  (a  proof  of 
this  conclusion  is  given  in  this  paper).  With  6,  and  matrices  known,  the 
regular  procedure  of  the  matrix  force  method  is  used,  i.  e.,  the  flexibility 
matrix  f  and  the  applied  load  column  vector  P  are  substituted  into  the  formula 
.S  =b,P  -  bx(b'if  b,)~‘  b'x  fbtP  to  find  the  unknown  internal  force  column  vector 
S.  In  eliminating  the  augmented  matrix,  the  largest  element  is  always  chosen 
as  the  pivot.  In  the  special  case  where  the  chosen  largest  element  happens  to 
be  zero,  a  discussion  about  the  meaning  and  the  proper  treatment  ol  such  a 
special  case  is  also  given  in  this  paper. 


With  e  32  K  intern*.  I  storage  and  a  24  K  external  storage*  ^program  A* 
prepared  for  the  procedure  presented  above  can  solve  a  problem  of  the  fol¬ 
lowing  sice: 

number  of  equilibrium  equations  m<155» 

number  of  unknown  internal  forces  "<180, 

number  of  applied  loads  ",<25, 

number  of  redundancy  ",<87, 

with  an  additional  condition  m(n  +  ",)<27800. 

In  order  to  cope  with  problems  of  greater  size*  the  sparse  matrix  method 
is  used  in  this  paper  for  storing  and  operating  with  the  augmented  matrix 
and  the  flexibility  matrix.  Furthermore* .  the  symmetric  and  positive'definite 
property  of  the  dti(  =  b[fbt)  matrix  is  utilized  to  permit  the  “halfstore* 
operation  in  forming  dlt  matrix  and  in  finding  its  inverse.  With  the  same 
iaternal  and  external  storage  as  before*  “program  B"  can  handle  a  problem  of 
greater  size  as  follows: 
m< 2000, 

"<2210, 

",<50, 

",<210, 

an  additional  condition  being  that  the  sum  of  nonzero  elements  of  the  b, 
■  and  bi  matrices  is  less  than  or  equal  to  12000. 
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THE  AUTOMATIC  MATRIX  FORCE  METHOD  AND  TECHNIQUES  FOR  HANDLING 
MORE  COMPLEX  COMPUTATIONS  WITH  GIVEN  COMPUTER  CAPACITY 

Yang  Qingxiong 
Abstract 

In  this  paper  we  reviewed  the  history  of  using  matrix  force 
method  for  structural  computation  in  domestic  aeronautic  circles 
and  the  development  and  application  of  automatic  matrix  force 

methods  in  recent  years. 

In  the  early  days  the  matrix  force  method  was  limited  in 
its  application  because  both  the  selection  of  the  fundamental 
system  and  the  computation  of  the  matrices  bQj  b ^  required  hand- 
calculation.  The  automatic  matrix  force  method  was  what  brought 
a  solution  to  this  problem.  We  shall  describe  the  principles  of 
this  method:  For  a  statically  indeterminate  system  when  the 
equilibrium  equations  for  all  the  elements  are  written  down, 
the  augmented  matrix  may  then  be  eliminated  by  the  Gauss— Jordon 
method  and  finally  the  fundamental  system  may  be  selected  and 
the  matrices  b  .  b.  obtained. 

O  X 

Froblems  solvable  by  the  basic  automatic  matrix  force 
method  are  very  limited  In  size.  By  using  the  sparse  matrix 
method  we  may  Increase  the  sizes  of  the  augmented  and  the  flex¬ 
ibility  matrices.  Also  the  symmetricity  and  positive  definite¬ 
ness  of  the  d^  matrix  may  be  used  to  take  advantage  of  the 
"half  store"  operation  in  increasing  the  size  of  d^.  Combin¬ 
ation  of  these  two  methods  will  greatly  extend  the  size  of  the 
problem. 

I .  FORWARD 

From  very  early  on  our  domestic  aeronautic  design  office 
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had  made  use  of  the  first  generation  electronic  computers  to  do 
structural  analysis.  The  principal  references  at  that  time 
were  the  papers  [1],  [2]  by  Argyris.  The  matrix  force  method 
and  the  matrix  displacement  method  were  both  used.  Later  on  it 
was  felt  that  for  statically  indeterminate  systems  of  high  rank 
with  complex  structure,  hand  calculation  of  bQ  and  b^  was  diffi¬ 
cult  and  error-prone  and  emphasis  was  gradually  shifted  toward 
the  displacement  method.  (Argyris  did  the  same  thing  and  later 
used  the  displacement  method  exclusively).  Thenceforth,  the 
displacement  method  was  practically  the  only  method  used  in 
domestic  aeronautic  circles  (including  the  stiffness  method). 
However,  because  the  force  method  had  a  long  history  of  develop¬ 
ment  and  is  more  direct  and  comprehensible  for  structural 
strength  computation  and  design,  people  continued  to  research  it. 
As  an  example,  Professor  Chan  Baipin  spent  years  in  research  and 
finally  developed  a  way  to  formulate  the  matrix  force  method 
from  the  equilibrium  equations. 

In  recent  years  detailed  analysis  was  required  for  fatigue 
lifetime  computations  and  the  force  method  was  favored.  Accord¬ 
ing  to  foreign  references  the  force  method  was  also  used  5 .  • 

The  lack  of  reference  resources  on  the  method  compelled  us  to 
work  independently  until  finally  we  mastered  the  automatic 
matrix  force  method  and  applied  it  to  practical  problems  such 
as  the  detailed  analysis  of  rivet  connections  [4]  and  the 
structural  analysis  of  the  mid  section  of  a  wing.  In  fact,  Cenke 
et  al. at  Douglas  in  the  U.S.  have  long  mastered  the  aut:matl: 
matrix  force  method  (which  they  refer  to  as  redundant  force 
method).  They  started  to  code  a  general  computer  program  for 
the  automatic  matrix  force  method  in  1959,  used  it  in  1967  and 
are  now  developing  a  large  program  called  FORMAT  encompassing 
both  the  force  method  and  the  displacement  method  [5].  At  the 
same  time,  other  people  in  U.S.  and  in  Canada  such  as  Robinson  et 
al. [6]  also  worked  on  the  automatic  matrix  force  method.  How¬ 
ever,  during  this  period,  domestically  we  did  not  have  any 
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material  to  introduce  the  works  of  Denke  et  al, and  what  we  could 
find  was  all  rather  vague.  As  a  consequence  we  failed  to  pay 
much  attention  to  it.  It  was  not  until  after  197^  that  we 
obtained  hooks  [eg.  9,10]  referring  to  this  method  without 
much  detailed  explanations. 

In  this  paper  we  shall  describe  the  principles  of  our  own 
automatic  matrix  force  method  and  the  practical  measures  that 
we  have  used  to  extend  the  size  of  the  computation. 

II.  PRINCIPLES  OF  THE  AUTOMATIC  MATRIX  FORCE  METHOD 

As  we  pointed  out  in  the  elementary  matrix  force  method, 
the  internal  forces  in  a  statically  indeterminate  system  are 
the  superposition  of  the  internal  forces  of  the  fundamental 
system  and  the  unknown  force  system 

5*6,  P  +  b,  X 

•*»  «X»,  »,X«  «4XI  (  ) 

and  the  unknown  force  may  be  obtained  from  the  normal  equations 
reflecting  the  displacement  compatibility  conditions 

bl  f  b ,  X+bl  f  b,  P  =0 

«eX«  »X«  »,XI  <,*»  «x»  *#XI  (  2  ) 

where  S  =  total  internal  force  column  vector 

?,X  =  external  load  and  unknown  force  column  vector 

b  =  transformation  matrix  from  external  load  to  funda- 
o 

mental  system  internal  force 

b1  =  transformation  matrix  from  unknown  force  to  internal 
force  in  the  unknown  force  system 
f  *  flexibility  matrix 
n  -  number  of  total  internal  forces 
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rip  =  number  of  external  loads 

nc  =  redundancy  number  i.e.  number  of  unknown  forces  or 
number  of  cutouts. 

X  may  be  solved  from  (2)  and  substituted  into  (1)  to  obtain 

5=6,  P  -6,  (6J  /  6,)-‘6{  f  b,  P 

•XI  »X«p  »pXl  ,X«8  «{X»  »X»  "X»f  »,X«  »X*  *X»p  »pXI  ^  ^ 

where  P  is  known,  f  may  be  written  down  straight-forwardly  and 
S  may  be  computed  if  fag,  b^  are  found.  The  key  to  automatic 
matrix  force  method  is  to  find  bQ  and  b.^  automatically.  (In 
the  FORMAT  program  this  computational  program  is  called  "the 
structural  disector''.)  This  aim  is  to  be  realised  by  applying 
me  uetusa-Jordon  elimination  method  to  the  system  of  equilibrium 
equations 

A  S  =  B  P 

«XI  mxrn  m  XI 

’  '  (  4  ) 

where  A  =  ~o=f f icient  matrix  of  internal  forces 

3  =  transformation  matrix  from  external  load  to  the  RHS 
term  of  the  system  of  equilibrium  equations. 

The  overall  equation  of  equilibrium  of  the  structure  need 
not  be  included  in  the  system  of  equilibrium  equations  since  it 
if  linearly  dependent  on  the  above  equation. 

To  apply  the  Guass-Jordon  method  to  a  square  matrix  is  to 
reduce  if  to  a  unit  matrix  E  .  Now  the  A  in  (4)  is  not  a  sauare 

mXM 

matrix  for  m<n.  Thus  S  cannot  oe  solved  directly.  Monet  he- 
Ic-oc  we  still  apply  the  Gauss-Jordon  elimination  method  on  it. 
m0  avoid  getting  cero  for  the  principal  element  on  the  diagonal 
(thus  bringing  the  computational  process  to  a  halt)  as  well  as 
to  reduce  computational  errors,  we  choose  the  major  element 
(i.e.  element  with  the  largest  absolute  value)  as  the  pivot 
element.  The  major  element  may  be  chosen  by  rows  or  it  may  be 
chosen  from  all  the  elements  In  the  remaining  rows  and  columns 
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not  yet  computed.  We  shall  use  the  first  method.  The  column 
being  eliminated  may  not  be  in  sequence  when  we  eliminate  the 
the  major  element  as  the  pivot  element.  In  order  to  arrange 
the  columns  eliminated  in  sequence  (which  is  really  not  necess¬ 
ary),  we  move  the  column  with  the  major  element  forward  so  that 
the  major  element  falls  on  the  diagonal.  After  m  eliminations, 
the  first  m  columns  of  A  are  reduced  to  E  »  leaving  n-m  =  n 

«*•  m*M  C 

columns  not  yet  reduced  to  unit  column  vectors.  To  maintain  the 
validity  of  the  RHS  of  equation  (A),  when  the  columns  of  the 
first  matrix  A  are  interchanged,  we  also  interchange  the  corre¬ 
sponding  rows  of  S  so  that  their  product  remains  unchanged. 

After  m  steps,  (A)  becomes 


2t«»3=Si«i  P 
mx»  "Xl  mx*p 


where  the  superscript  m  denotes  that  this  is  the  result  after  m 
eliminations  and  the  symbol  denotes  that  columns  and  their 
corresponding  rows  have  been  interchanged.  In  the  computation 
it  is  a  general  practice  to  use  the  augmented  matrix  form,  i.e. 
equation  (4)  and  (5)  are  written  as 


ZA  |  53 

mX*  mx»m 


LZ,",1 5'-‘] 

MX* 

Since  the  first  m  column  of  i?',  ' 


( 4 '  ) 
(5'  ) 


is  an  E  »  we  may  separate  it 


into  2  parts: 


( 5  ”) 


also 


A, 

IlM  * 


.  E 


(6) 


We  may  do  the  same  thing  to  (4')  and  write 


(V) 
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Similarly  we  exchange  corresponding  rows  in  S and  separate  it  so 
that  (4)  remains  valid 


C 


a*i  The 


rsjti 


*  B  P 

«**>  v* 


After  expanding,  we  get 


x»*nx»  mw9\*9*l 


(7) 


We  may  represent  the  m  step  elimination  process  as  a  transforma¬ 
tion  matrix  T,  i.e. 


c  a'.?",  a’-'ifi'-'  ]« 


From  this,  then 


a* 

_ '  mxm  m*m 
•wi 

a,"'=*r  a.« 

*■  «•. 

5'"'=r  3 

Comparing  the  first  equation  and  equation  (6),  it  may  be  seen 
that 


t  =  a-^ 

WKm 


(3.1) 


Substituting  this  into  the  last  two  equations,  then 


a*"1  =  a>*  a.y  ( 8 » 2 ) 

s‘-'  «a-‘3  (8.3) 

*•**»  toon 
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In  the  following  we  shall  investigate  the  physical  meaning  of 
(5")  in  two  cases: 

(1)  fundamental  system  and  bQ 

We  cut  7,  at  the  n  internal  forces  (the  number  of  cutouts 

Vi  c 

is  exactly  equal  to  the  number  of  unknown  forces  n  ),  then 


Su  =  O 

*•*>  *,* i 

(9) 


Equation  (7)  becomes 


P 

««  "XI  «X" , 


-1 


A-  is  an  mxm  square  matrix.  If  exists. 


S.u-  TJ  B  P 
•'»*»  V" 


then 


Prom  (8.1)  we  know  that  if  we  can  realise  m  steps  in  the  elimina¬ 
tion  process  (we  will  also  discuss  the  case  where  this  is  not 
possible  later),  then  Xl1  actually  exists  and  hence  s'o 

mum,  ™*  I 

has  a  set  of  unique  solutions.  For  a  statically  Indeterminate 
system  under  external  load  P  ,  if  we  can  obtain  a  set  of 

unique  solutions  to  the  above  equation  after  making  np  cutouts, 
then  apparently  the  system  with  the  cutouts  is  a  fundamental 
system  & 


Substituting  (8,3)  into  the  above  equation  yields 


=  B'm' 


9 


Combining  equation  (9)  into  the  above,  then 
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By  definition 


(10) 


This  is  to  say  that  if  we  augment  in  (5")  with 

after  applying  m  step  Guass-Jordon  elimination  method 
to  (4").  then  we  shall  obtain  b  which  needs  to  be  row- 
exchanged  into  the  right  sequence. 


To  obtain  with  the  original  row  sequence,  all  we 

need  to  do  is  reverse  the  row  interchange  process  that  obtains 
S  from  3 


(2)  Unknown  force  system  and  b1 


When  the  external  load  is  taken  away,  the  unknown  force 
system  may  be  obtained  by  applying  the  unknown  forces 
to  the  various  cutouts  of  the  fundamental  system.  Namely, 
when  we  substitute 


P  =  0 


Si.  •X 

•  xl  *ex\ 


(n) 


into  equation  (7),  then 


3u  +  3 If  V  =  0 

-1  ^ 

Since  exists,  Sg  may  be  solved  and  the  relation 

between  Su  and  X  amy  be  derived,  i.e. 


5  u=  *  X 

"»>  mm  ",x*,  *e*‘ 
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We  substitute  (8.2)  in  this 


5 

•HA  I 


I'Z'X 


and  combine  with  (11) 


3  = 
•*1 


5u 

«x  1 

3c 


r  -  X  n 

»x?e  V*_l 

A' 


r-  l‘m' 

mx*  e 

____ 

'.X». 


X 


By  definition,  then 


(12) 

That  is:  if  we  add  a  negative  sign  to  all  the  rows  in  (5") 
not  yet  eliminated  and  then  augment  it  from  below  with  .  £ 

c  A  "  # 

then  we  get  b^  which  needs  to  be  row-exchanged  into  the  right 

sequence . 


During  elimination,  a  special  case  may  arise  when  the  maxi¬ 
mum  element  chosen  is  zero  which  terminates  the  process.  The 
maximum  element  should  have  the  largest  absolute  value.  If  it 
is  zero,  then  all  the  elements  in  that  row  must  vanish.  This 
may  be  separated  into  two  cases.  (1)  If  the  elements  in  all 
the  augmented  columns  of  this  row  are  also  zero,  then  this  row 
is  linearly  dependent  on  the  other  rows  above  it  and  is  not  an 
independent  equation.  We  may  then  eliminate  it  all  together 
and  continue  with  the  computation.  The  final  degree  of  redund¬ 
ancy  is  n  =n-(m-  number  of  linearly  dependent  equations).  (2) 

If  not  all  the  elements  of  the  augmented  colums  are  zero,  then 
this  row  is  incompatible  with  the  previous  rows,  and  is  a  con¬ 
tradictory  equation.  Now  if  we  skip  over  this  row  and  continue 
with  our  computation,  we  can  only  check  for  more  dependent  or 
contradictory  equations.  The  result  is  meaningless.  The  appear¬ 
ance  of  contradictory  equations  may  be  caused  by  errors  in  the 
current  or  previous  rows  of  the  equilibrium  equations.  If  not, 
then  it  may  be  due  to  the  fact  that  the  structure  in  the  stress 


direction  as  represented  by  one  of  the  equations  is  unable  to 
support  the  load,  i.e.  it  contains  mechanical  structures . 

In  general,  by  this  elimination  method,  we  can  in  one  sweep 
(1)  examine  whether  there  exist  dependent  or  contradictory 
equations  and  identify  them  (2)  automatically  find  the  fundamen¬ 
tal  system  and  (3)  automatically  find  bQ  and  b^. 

In  actual  computation,  it  is  not  necessary  to  exchange  rows 
after  selecting  the  major  element.  We  need  only  record  the 
rule  of  the  exchange  and  use  it  to  exchange  rows  for  bQ  and  b^. 

The  computer  program  (program  a)  developed  for  this  basic 
computation  under  the  condition  of  32K  word  internal  memory 
and  24k  word  external  memory  can  solve  problems  of  the  following 
size:  number  of  equilibrium  equations  m  <  155,  number  of 
internal  forces  n  <  180,  number  of  external  loads  no  <  25  (with 
the  auxiliary  condition  m(n  +  n^ )  <  27800),  degree  of  redundancy 
nc  <80  (may  be  extended  to  87). 

III.  METHOD  TO  EXTEND  PROBLEM  SIZE 

The  basic  computational  method  above  limits  the  problem  size 

because  (1)  the  augmented  matrix  of  the  equilibrium  equations  is 

too  big.  Its  number  of  elements  is  m(n  +  n  ).  Maximum  problem 

P 

size  is  reached  when  it  fills  the  internal  memory.  (2)  The 
coefficient  matrix  of  the  normal  equations  has  a  limited 

size  since  it  has  to  be  stored  in  the  internal  memory  together 
with  b^  and  f.  To  solve  these  two  problems,  we  have  adopted 
the  sparse  matrix  method  and  made  use  of  the  symmetric  positive 
definiteness  of  d^.  Probram  b,  developed  in  this  way,  with  32 
K  internal  memory  and  24K  external  memory,  can  solve  problems  with 
m  <  2000,  n<  2210,  n  <50  (with  the  auxiliary  condition  that 
the  number  of  non-zero  elements  In  bQ  and  b^  together  may  not 
exceed  12000),  nc  <  210. 


349 


A.  Application  of  Sparse  Matrix  Method 


We  have  applied  the  sparse  matrix  method  in  the  following 
two  situations: 

1.  Augmented  Matrices 

Although  the  size  of  the  augmented  matrix  is  very  large, 
its  non-zero  elements  in  each  row  generally  number  between  2  to 
5,  with  most  of  the  elements  zero.  Therefore  we  have  adopted 
the  sparse  matrix  storage  method  —  storing  only  the  non-zero 
elements  and  not  the  zero  elements.  The  actual  methods  of  stor¬ 
age,  retrieval  and  counting  may  be  found  in  another  paper.  We 
briefly  Introduce  it  as  fellows: 

The  non-zero  elements  of  the  augmented  matrix  are  randomly 
distributed.  For  each  non-zero  element,  both  its  row  and  column 
number  must  also  be  stored.  Two  memory  locations  are  used  to 
store  data  for  a  non-zero  element,  the  first  to  store  its  value 
and  the  second  to  store  its  related  information.  We  shall  call 
the  two-location  unit  the  "address"  of  the  element  and  assign 
to  each  address  a  sequence  number.  Thus  the  2-dimensional  array 
AXS(1:12000,  1:2)  has  its  row  number  equal  to  the  "address" 
number  with  a  total  of  12G00  addresses.  When  storing,  we  take  the 
non-zero  elements  of  the  augmented  matrix  by  row  and  store  it  in 
AXS  with  the  column  number  in  increasing  sequence.  The  first 
non-zero  element  of  a  row  in  the  augmented  matrix  is  called  the 
"head"  of  that  row  and  the  last  non-zero  element  the  "tail"  of 
that  row.  We  then  define  another  one  dimensional  integer  array 
HTW  (l:m)  to  store  the  "head"  number  HT  and  the  "tail"  number 
HW  of  each  row,  i.e.  in  HTW  (i)  we  record  the  "head"  number  HT 
and  the  "tail"  number  HW  of  the  Ith  row  in  a  compact  way,  using 
the  rightmost  5  digits  for  HW  and  the  6th  and  higher  digits  for 
HT.  Thus  we  can  determine  the  position  of  each  element  if  we 
store  the  column  number  in  the  second  word  of  the  "address".  For 
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a  particular  row  number  i  and  column  number  j  we  first  find 
from  HTW  (i)  the  values  for  HT  and  HW,then  we  check  the  number 
LH  in  the  second  word  of  each  of  the  "address"  from  HT  to  HW 
to  see  if  it  is  equal  to  j .  If  so,  then  the  value  stored  in 
the  first  word  at  that  address  must  be  the  i,  jth  element  in  the 
augmented  matrix.  Otherwise  the  value  must  be  zero. 

We  assign  12000  addresses  to  AXS  but  when  we  store  the 
augmented  matrix  in  memory  according  to  the  sparse  matrix  method, 
usually  only  a  small  portion  of  the  addresses  is  used.  The 
last  address  number  is  called  WH.  From  WH  to  the  end  address 
number  12000  is  an  empty  "warehouse". 

In  the  elimination  process  sometimes  we  may  reduce  an  ele¬ 
ment  to  zero  and  sometimes  we  may  change  a  zero  element  to  non¬ 
zero.  Generally  speaking,  the  non-zero  elements  will  be  greatly 
Increased.  Thus  we  need  to  move  many  of  the  addresses  back  ar.o 
forth  between  -he  "warehouse"  and  the  address  array.  To  avoid 
this  back  and  forth  movement,  we  define  an  "artificial  sequen¬ 
tial  chain".  This  is  done  by  storing  another  integer  —  the 
"next  address"  XYDZ  in  the  second  word  of  the  "address",  which 
shows  the  address  number  of  the  next  address  in  the  artificial 
sequential  chain.  To  change  the  position  of  an  address,  we  only 
need  to  change  its  artificial  sequential  chain  number. 

2.  Flexibility  matrix 

The  flexibility  matrix  is  also  a  sparse  matrix,  but  it  is 
also  a  pseudodiagonal  matrix  with  miner  matrices  arranged  along 
the  diagonal  in  a  regular  manner.  Corresponding  to  the  uniform¬ 
ly  varying  axial  force  moment  is  a  2x2  minor  matrix 
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Corresponding  to  the  support  and  reaction  force  moments  is  the 

lxl  minor  matrix  (g— ^-)  >  and  corresponding  to  the  shear  plate 

(rectangle  or  nearly  rectangular  trapezoid)  is  a  lxl  minor 
P 

matrix  (— £■) ,  etc.  Using  the  typical  sparse  storage  method  for 

a  band  matrix,  we  "squeeze"  the  pseudo-diagonal  matrix  into  a 

"column".  Although  this  is  really  a  sequence  of  minor  matrix 

and  not  a  true  column,  we  arrange  the  similar  elements  togetner, 

factor  out  the  common  factor  of  the  minor  and  only  store  the 

special  individual  factors,  (e.g.  in  equation  13  we  do  not 

store  [,  but  only  store  g-  Thus  we  actually  "squeeze" 

the  matrix  into  a  column.  For  example,  the  original  f  is 

mxn 


(14) 
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After  "squeezing",  we  store  it  as 


(15) 


where 


*  -  1.  2,  — ,  u 

i  =  u  +  i ,  ••• ,  on 
i  =  u  +  v  +  1 ,  n  +  y  +  w 


u,v,w  =  number  of  uniformly  varying  axial  force 

moments,  support  and  reaction  force  moments 
and  shear  plate  respectively 
E  =  elastic  modulus  of  the  material  chosen  as 

O 

standard  modulus 

E. 

23,  =  =  specific  elastic  modulus 

-  _P_i  =  soecific  shear  modulus 

— « 

Ett  Gt=  elastic  modulus  and  shear  modulus  of  each 
element 


/,  A,  t,  F-=  beam  length,  beam  crcss-section  area,  plate 
thickness,  plate  surface  area 

During  computation,  for  any  f^  the  minor  matrix  must  be  at  the 
ith  row  and  ith  column.  If  i  <  u,  then  we  have  to  multiply  f. 

2  1m  " 

with  2^  while  for  u  <  i<u+v  and  u  +  v  <  i<u  +  v  +  w,  we  have 
to  multiply  f^  by  6.  In  this  way  an  nxn  matrix  need  only  be 
stored  as  a  one  dimensional  array  of  size  (u  +  v  +  w)xl  with 
u  +  v+  w  <  n,  which  is  generally  less  than  one  row  of  the  original 
f  matrix. 
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B.  Using  the  Symmetricity  and  Positive  Definiteness  of  d^ 

The  f  matrix  in  the  coefficient  matrix  of  the  force  method 
normal  equations 


= 


as  in  (14)  is  a  pseudo-diagonal  matrix.  Since  each  of  its 
minor  matrices  is  positive  definite  and  symmetric,  the  f  matrix 
must  itself  be  positive  definite  and  symmetric.  If  the  rank  of 
is  equal  to  n^jthen  when  f  is  symmetric  positive  definite, 
dn  will  also  be  symmetric  positive  definite.  This  may  be  proved 
briefly  as  follows.  Multiply  equation  (16)  on  booh  sides  with 
an  arbitrary  non-zero  column  vector  and  its  transpose 

a'  du  a=a'  b'x  f  6,  a 

««,  •,**,  "o’*1  |x*«  **x*  ***  ,x*e  ’,*1 

=  (6,  a)'/  ( b ,  a  )>0 

«x«e  *exl  «x»  »x»e  »CXI 


Since  the  rank  of  *i  is  n  ,  b,  must  have  n  linearly 

•»«,  c  l  C 


indeoendent  columns. 


Since 


/  0 ,  then  ,0=b ,  a  *  0 

»,XI  »xl  "X«,  *,XI 


and  6  must  also  be  an  arbitrary  non-zero  column  vector. 
According  to  an  equivalent  definition  of  symmetric  positive 
definiteness,  f  symmetric  is  positive  definite  implies  that 
<3'f8>0.  From  the  above  equation  a'd^a  (  =  6'f8)>0.  Hence  d^ 
Is  symmetric  positive  definite  by  reverse  argument. 


If  some  of  the  elements  in  the  structure  are  stiff  (e.g. 
the  support  and  reaction  force  moment  which  represents  the 
stiff  support),  then  the  corresponding  f^  in  the  flexibility 
matrix  f  will  be  zero.  Thus  f  will  be  semi-positive  definite 
and  not  positive  definite.  But  the  rows  and  columns  corresponding 
to  the  vanishing  f^s  are  all  sero,  and,  therefore,  may  be 
eliminated  to  reduce  f  to  an  (n-z)x(n-z)  matrix  (assuming  the 
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—in  . 


the  number  of  vanishing  rows  to  be  z).  Likewise  the  correspond¬ 
ing  rows  of  b^  may  be  eliminated  to  reduce  its  size  to  (n-z)xnc- 
From  the  above,  we  can  see  that  provided  nfi  <  n-z ,  the  columns  of 

the  reduced  b!f  will  remain  linearly  independent  (which  is  always 
1  * 
true  for  a  correctly  obtained  fundamental  system).  Thus  b^'s 

rank  is  still  nc  and  will  still  be  symmetric  positive  defi¬ 
nite.  Hence,  in  general,  even  if  there  are  still  elements  in 
the  structure,  provided  that  their  number  is  not  too  large,  d^ 
will  always  be  symmetric  and  positive  definite.  A  symmetric, 
positive  definite  matrix  such  as  d^  may  always  be  separated  into 
a  triangular  matrix  and  its  transpose,  i.e. 


'/..=  £  V 

», *eX«c 


and 


U  =  L' 


where  L  is  a  lower  triangular  matrix  and  U  an  upper  triangular 
matrix.  U  can  be  easily  obtained  if  L  is  known.  Thus  we  need 
only  store  L  and  not  U.  Since  L  is  a  lower  triangular  matrix,  we 
need  not  store  the  zero  elements.  Only  the  non-zero  elements 
in  the  lower  triangle  (including  the  diagonal  elements)  need  be 
stored.  As  d^  is  symmetric,  we  also  need  only  store  its  lower 
triangular  elements.  Thus  d^  may  be  "half-stored"  and  separated 
"at  the  same  location"  into  the  lower  triangular  part  of  L.  In 
this  way  we  only  need  nc(nc+l)/2  memory  locations,  realizing  a 
saving  of  nearly  a  half. 


If  d-^  is  obtained  from  ( 1 6 ) ,  then  we  need  av  least  to  store 
in  the  internal  memory  the  matrix  b^,  the  "squeezed"  f  and  leave 
space  for  half-storing  d^.  To  save  internal  storage  ,  we  shall 
proceed  as  follows: 

f  (or  the  reduced  f*)  is  also  a  symmetric,  positive  definite 
matrix,  and  may  be  analysed  as  shown  above,  namely: 


/»/.  /  i. 
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where  f  is  a  lower  triangular  matrix.  Since  f  is  a  pseudo¬ 
diagonal  matrix,  then  f  must  also  be  a  psuedo-diagonal  matrix 
formed  from  lower  triangular  minor  matrices  derived  from  each 
minor  matrix.  For  f  in  (l1*),  the  f  is 


V  2  0  1 

v/T  v/eT 


/  =  - 1 


2  J 


w. 

VI  0 

v/T  v/T 
L  2  2  J 


w, 


v/  6  v/ /»♦ i 


v/  6  v/  /  W  +  !»♦  1 


The  actual  formation  of  fx  is  not  necessary.  In  our  computation, 
we  need  only  remember  the  form  of  fx  and  store  it  in  the  form  of 
(15)  according  to  the  method  described  in  the  passages  after 
equation  (15). 


Cnee  f  is  obtained,  we  may  write  d..  as 


<*m=  f.  /'  6,.(  bi  /.)  (bif.y 

"jX*,  »#X«  *X»  «X»  "X»,  I  >,X"  "X«  |  |  I 


■»Tx»“ 


As  b^  is  an  ncxjjnatrix,  so  is  b'  x  fx.  We  shall  form  b’  fx 
from  b^  "at  the  same  location"  without  using  extra  internal 
storage.  We  then  compute  the  lower  triangular  part  of  row 

by  row  from  bottom  up.  After  each  row  is  computed,  the  corres¬ 
ponding  row  in  b.Jf  will  no  longer  be  needed.  We  may  erase  it 

X  X 

and  release  the  memory  location  for  other  use.  Thus  within  the 
space  for  the  "half-stored"  d.^,  we  may  store  b’  and  the 
"squeezed"  f,  complete  the  multiplication  of  b,’f  ,  form  the 

X  X 

lower  triangular  part  of  d^  and  separate  d^  to  obtain  the  lower 
triangular  part  of  L. 
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The  internal  forces  of  the  unknown  force  system  are 
abbreviated  as 

A  =  6,  /  b,)-'b i  f  bt  P 


*xi  »x»e  »tfxi 

sl=-bl  dtl-' 

»xl  —  “ 


.  •  -X*  *x*  «x*. 


P  —  —  bt  dn  *  Du 

,*1  »X»,  •-*».  ».X1 


We  shall  not  find  the  inverse  of  d 


11’ 


but  shall  use  the  fact 


that  d-^  has  been  separated  to  solve  the  equations  for  X, 
namely , 

*=-<*?.*  A»=-<4  A. 


=  L->  Dt, 

».xn.  «.««.  *,xi 


Let 


f  =  l->  o,. 

■v 


then 


I  Y  =  A* 

»,*«  *.Xl 


Y  may  be  conven- 


eX!  «eX«e  «eXl 

iently  solved  from  this  set  of  equations  since  L  is  a  lower 

triangular  matrix.  After  Y  is  solved,  we  substituted  if  into 

the  above  equation  to  get  X^-gr'Y^  or  •  X  is 

then  obtained  by  solving  the  upper  matrix  equation  and  finally 

substitution  of  X  into  (1)  will  yield  the  final  result  —  the 

internal  forces  of  all  the  elements  S. 

nxl 


In  conclusion,  after  applying  the  "half-store"  methods  as 
described  above,  with  32K  internal  memory  and  24k  external 
memory,  we  increased  the  degree  of  redundancy  to  210  while  in 
the  original  "full  store"  method  (Prog,  a)  it  was  only  80  (at 
most  87 ) . 
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Summary 


Structural  Analysis  of 

Fuselages  with  Cutouts  by  Finite  Element  Method 

Gt  Shoulian,  Sun  Can,  Tang  Xuanchun . 
and  Y»  Tianqi 

Much  investigation  has  been  done  in  the  analysis  of  fuselage  struc¬ 
tures  with  cutout.  such  as  by  Kuhn.  Schletchte.  BJIACOB.  KJIHMOB.  and 
PyZUJX.  But  the  theories  and  techniques  proposed  in  these  papers  are  not 
suitable  to  the  analysis  of  conical  fuselage  structures  with  largn  cutout; 
moreover  the  elastic  behavior  of  bulkheads  needs  to  be  considered.  A  finite 
element  method,  which  is  different  from  Argyris's  force  method,  is  used 
in  this  paper  to  analyze  fuselage  structure  with  cutout.  The  method  and  the 
program  developed  can  be  applied  to  any  of  these  fuselage  structures. 

As  an  example,  the  rear  part  of  a  tranport  aeroplane's  fuselage  is  cal¬ 
culated.  It  consists  of  two  sections,  the  front  section  being  a  closed  cylinder 
with  a  floor  and  the  other  section  containing  a  large  cutout.  An  idealized 
structure  is  considered  to  have  1950  degrees  of  freedom.  In  this  analysis, 
three  kinds  of  finite  element  have  been  adopted.  The  first  is  a  flange  element 
with  various  cross  sections.  The  second  is  a  constant-shear-flow  quadrilateral 
of  arbitrary  shape.  The  last  is  a  beam  element  of  various  cross-section  taking 
account  of  eccentricity  of  the  nodes  from  the  axes  of  moment  of  inertia.  A 
factorization  algorithm  is  adopted  in  the  solution  of  the  system  of  linear 

a 

algebraic  equations.  The  bandwidth  of  the  sparse  matrix  is  396.  A  block 
decomposition  and  elimination  procedure  is  included  in  the  program.  Packed 
form  of  storage  in  the  computers  has  also  been  utilized.  Calculations  were 
completed  in  a  computer  with  small  storage. 

According  to  the  Wagner-BJIACOB  theory,  the  tensile  and  compressive 
normal  stresses  in  the  fuselage  have  a  two-wave  circumferential  variation. 
However,  when  the  elastic  behavior  of  the  bulkhead  is  considered,  the  normal 
stresses  have  a  three-wave  circumferential  variation  (figure  3-5).  This  has 
been  verified  experimentally.  The  calculated  displacements  along  the  length 
of  fuselage  arc  in  agreement  with  experimental  data  obtained  in  the  full  scale 
test  of  the  aeroplane. 
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STRUCTURAL  ANALYSIS  OP  FUSELAGE  WITH  CUTOUTS  BY  FINITE 

ELEMENT  METHOD 


Ge  Shoulian,  Sun  Can,  Tang  Xuanchun,  Ye  Tianql 

In  the  past  there  have  been  many  theoretical  computational 
methods  on  the  structure  of  fuselage  with  cutouts,  but  they  all 
have  their  limitations.  The  rear  section  of  the  fuselage  with 
the  cutout  as  shown  in  Figure  1.1  possesses,  on  the  one  hand, 
large  taper  and.conicity  and,  on  the  other  hand,  a  very  com¬ 
plicated  internal  structure.  In  analysing  the  structure,  we 
have  to  compute  simultaneously  the  middle  section  with  a  floor 
and  the  tail  section  with  full  body  plate  frame,  both  of  which 
are  closed  sections.  In  addition,  the  stiff  frame  assumption 
is  no  longer  appropriate,  and  we  must  take  into  consideration 
the  effect  of  elasticity.  Thus  various  traditional  methods 
of  theoretical  computation  cannot  be  used  to  solve  this  kind  cf 
structural  problem  .  Ir.  this  paper  the  finite  element  method 
is  used  in  our  analysis. 

The  method  and  program  developed  in  our  paper  is  suitable 
not  only  for  a  fuselage  with  cutout,  but  also  for  strength 
computation  of  a  fuselage,  wing  or  other  parts.  It  can  also 
be  applied  without  any  substantial  difficulty  to  treat  com¬ 
posite  structures  of  diverse  elements  simply  by  suitably 
increasing  the  types  of  elements  used. 

In  this  paper  we  have  chosen  to  use  a  constant  shear  stress 
plate  element,  eccentric  beam  element  with  variable  cross- 
section  and  equal  axial  force  bar  element  with  variable  cross- 
section.  The  capacity  of  the  plate  to  bear  normal  stress  is 
converted  into  the  long  trusses  and  the  flanges.  Because  of 
the  chain  structure,  the  stiffness  equations  have  a  band  form. 
The  solution  is  obtained  directly  through  factorization.  The 
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singularity  of  the  matrix  is  treated  with  the  row  and  column 
reduction  method.  The  dimension  of  the  matrix  is  1950  with 
a  half  bandwidth  of  280.  After  compression,  the  dimension 
is  1239  with  a  half  bandwidth  of  198.  The  complete  computation 
was  carried  out  on  a  DJS-8  computer,  and  the  results  were  in 
good  agreement  with  the  test  data. 

* 


Figure  1.1.  Tubular  Model  of  the  Rear  Fuselage 
I.  Idealization  of  the  Structure 

To  simplify  the  practical  structure  into  a  computational 
model,  the  long  trusses  and  the  frames  are  combined.  Gener¬ 
ally,  strengthened  frames  and  long  trusses  are  used  in  their 
computation,  and  the  number  of  computed  frames  and  .  x  trusses 
around  the  cutout  region  are  suitably  increased.  m;  ■igid 
support  of  the  complete  rear  fuselage  is  in  the  mid  section  and 
the  axial  displacement  of  the  nodal  point  in  the  plane  of 
support  where  the  long  beam  is  cut  is  not  zero.  In  the  ideal¬ 
ised  model,  the  force  on  the  floor  of  the  luggage  compartment 
is  taken  into  account,  while  that  on  the  floor  of  the  fuel 
tank  is  not. 

The  dividing  frame  and  the  longitudinal  and  cross  beams 
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of  the  floor  In  the  structure  are  simplified  as  eccentric  beam 
elements,  or  a  combination  of  plate  and  bar  elements.  The  for¬ 
mer  is  used  to  simplify  beams  of  small  height,  while  the  latter 
is  used  to  simplify  composite  thin-walled  beams  of  greater 
heights . 

II.  Element  Stiffness  Matrix  [K]e 

1.  Stiffness  matrix  of  shearing  plate  element 

The  stiffness  matrix  of  an  arbitrary  quadrilateral  shear¬ 
ing  plate  element  is  derived  with  the  plane  coordinate  system 
in  Figure  (2.1)  as  the  local  coordinate  system.  The  shear 
stress  t  of  the  shearing  plate  element  is  constant.  Hence  we  may 
consider  the  arbitrary  quadrilateral  shear  plate  as  part  of  the 
rectangular  pure  shear  plate  as  shown  in  Figure  (2.2).  The 
interaction  between  the  quadrilateral  shearing  plate  element 
1234  and  the  rest  of  the  rectangular  pure  shear  plate  is  exp¬ 
ressed  through  statically  equivalent  nodal  point  forces.  For 
example,  the  nodal  point  force  of  nodal  point  2  in  the  x  direc¬ 
tion  is  where  t  is  the  plate  thickness.  In  Figure  (2.2)  we 


F„=  --J.Tl(*a-*l)-.J.r/(*1_,j)  (2.1) 


Figure  2.1  Figure  2.2 
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put  nodal  point  1  at  the  origin  of  the  local  coordinate  system, 
so  that  x^O,  y1*0  and  equation  (2.1)  is  simplified  to 


vlf  ut,  vlt  u„  v)f  uit  v<\  (2.5) 

in  which  u  is  the  displacement  along  x;  v  -  the  displacement 
along  y;  and  the  subscript  denotes  the  nodal  point  number. 


According  to  the  relation  that  the  external  work  is  equal  to  the 


strain  energy  of  the  plate  element,  we  have 


(2.: 

where  S  is  the  area  of  the  arbitrary  quadrilateral  plate  ele¬ 
ment  and  G  is  the  shear  modulus  of  the  plate  material. 

Substituting  equation  (2.4)  into  (2.6),  then 


r  =  ^-Un<3  > 


Therefore  the  stiffness  matrix  of  the  arbitrary  quadrilateral 
plate  element  is 


rA'3r 


(2.8) 


i .  e . 


(  xt  -  X,  ) 

-  y. 


.  A  = 


Ct 

AS 


.  }  *■  *  y* 9  “  f «  ( *4  —  )f  ~  y,  1 

-  (  ,V4  -  Jf,  )  I  L  J 


>'4 

x3  ' 

■  y,  ‘ 


( 2-9 ) 


where 
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1  *j  yt 

1  >1 

25  = 

l  *t  yt 

+ 

1  x,  y, 

1  *1  yt 

1  *4  y 4 

•  =  >\  a  >1  =  0 

2S  =  xtyt  +  y3(  xt-xt) 


(2.10 


Coordinate  transformation: 


The  coordinates  of  the  nodal  point  in  the  global  coordi¬ 
nate  system  are  X3  Y,  Z.  The  direction  cosines  of  the  local 
x,  y  axes  relative  to  the  global  coordinate  axes  may  be 
expressed  by  using  the  coordinates  of  the  points  1,  2  and  3. 

If  the  direction  cosines  of  the  x  axis  and  the  y  axis  relative 
to  the  global  axis  are  respectively  1.,  ,  m1 ,  n,  and  1^,  ru ,  n5, 
then 


/,  =  ] 


m,= 


J-ti 
=  Zt-Zi 
Lu 


(2.i: 


where 

1,1  =  [<  )l  +  (f ,  -  2 ,  )l  +  (  Zi  - 


(2.12 


Figure  2.3. 
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Through  point  3  draw  a  line  perpendicular  to  the  x  axis  inter¬ 
secting  it  at  point  5,  as  shown  in  Figure  (2.3).  Then 


Ln  =/i< Z» +  -?i)  +  «i( Zi  -  Zi) 

£«  =  [<?,-£,  >*  +  <?,-?,  )'  +  (Z*- Zi  (2.13) 

The  direction  cosines  are  then 


7-m 


W)J=  i 

7bj  j 

_  _  C(  Zs  —  Z\ )— 

n, - -  - - 


(2.1U) 


Transformed  to  the  global  coordinate  system,  the  stiffness  mat¬ 
rix  of  the  shearing  plate  element  is 


cEr-cm/mr] 

r  c13 

tLl 

[/-] 

L  IL1  J 


IL1  =  [ 


h 


m, 

m2 


(2.15) 


(2.16) 

(2.17) 


From  equation  (2.9)  we  can  see  that  [K]e  is  expressed  in  terms 
of  the  nodal  point  coordinate  values  in  the  local  coordinate 
system,  but  in  structural  calculations  it  is  usually  the  global 
coordinate  values  of  "be  nodal  point  that  are  known.  For  con¬ 
venience,  it  is  neces-  ry  to  transform  the  local  coordinate 
values  in  the  stiffness  matrix  to  global  coordinate  values. 
Their  relations  are 


x* 


~ Ti~Ti  z»~  z i  -i  r  1 1 
Zi  -  Zi  |  m, 
L ?«-?,  zt-Zi J 


(2.18) 
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_  r5s~?i  T»~Ti  (  ) 

‘  y*>  =  •■£*-*.  ?4-?i  Z*-Z,  J  (m*  j  (2.19) 


The  displacement  column  matrix  in  the  global  system  is 


l 


(2.20) 


According  to  equation  (2.7),  the  shear  stress  of  the  shearing 
plate  element  is,  after  .being  transformed  from  the  local 
coordinate  system  to  the  global  system. 


T  =  -^-MrC7X5)  (2.21) 

T 

where  the  local  coordinate  values  in  {A}  are  again  transformed 
into  their  global  values  in  accordance  with  (2.18)  and  (2.19). 

2.  Stiffness  matrix  cf  the  beam  element  with  variable 
cross-section 

Figure  (2.M  shows  the  beam  element  with  variable  cross- 
section  in  which  El  changes  linearly,  i.e. 

E I  =  El  1  —  E  lt)  (  2  22) 

Using  the  same  method  as  applied  to  a  beam  with  constant  cross- 
sect!  on,  we  can  derive  the  stiffness  matrix  of  the  beam  element 
with  variable  cross-section  as 


367 


where 


•  Cu 

,  vt . 

L  / 

C|2~  Z.Cu  LxCu  -  2LClt  +  On 

U,  / 

)  0,  ( 

~  Eu  ECu  —  Cit  Cji 

,i 

( -W, ; 

LCu  —  Cii  Ci,  C„  ■ 

j-EI, 

LD 

c;i  =  c:5 


C  -  In  P 


P-1  Cli  =  -(P- T7(1-p+PlaP) 

n, (?■>*?- 32P‘+2P-  ')  P.U 


I  cr i  j  Cl*  i 

D'~\Cn  C„  |“C*,C«-C1,C„ 


(2.23) 


The  bar  element  stiffness  matrix  with  variable  cross-section 
in  which  the  bar  cross-section  changes  linearly  as  shown  in 
Figure  (2.4)  is 


A  -  A  i  —  - .  ( A  i  —  A  , ) 

Lt 


f  ~ 
V  C 


Using  a  similar  method  as  applied  to  a  bar  element  with  con¬ 
stant  cross-section,  we  may  derive  the  stiffness  equations  for 
a  bar  element  with  variable  cross-section  as 


)  Ei  l  EAi  (r_- 1)[ 
(  Ff)~  L  In  r  l 


where 


r  = 


EAi 

EAi 


(2.25) 


Figure  2.4 
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The  stiffness  equations  of  a  beam  element  with  variable  cross- 
section  under  an  axial  load  may  be  obtained  by  combining 
equation  (2.23)  and  (2.25): 


!  Ft 

'Qs 
'  M. 

:F‘ 

,'q,  | 

v  Af,  l 


EA,  (r-1) 

L  In  r 

0  J(Ctt-LC„)  J ( £lC,i  -  2Z.Ci,  +  Ct* )  0, 

I  0 

ln  r  L  In  r  1 

®  ~  JCn  J(LCn  —  Cn)  0  JC\\  •  r, 

®  J(ECit-Cu)  0  JCit  JCtt  (0, 


This  may  be  written  as 


(2.26) 


(2.27) 


where  [K]e  is  the  stiffness  matrix  of  the  beam  element. 


If  =  A1=A2,  then  P  =  1,  =  1,  C12=L/2, 


r  -ML  n -  — _  _ 

c„-  3  »  V-  12  ’  I nr 


^  =  1 


Stiffness  matrix  of  eccentric  beam  element 


The  stiffness  matrix  of  the  beam  element  in  (2.26)  is 
derived  relative  to  the  axis  of  the  beam  element,  but  in 
practical  structures  there  exists  an  eccentricity  between  the 
axis  and  the  computational  node  if  we  use  as  nodal  point  the 
intersection  point  of  the  membrane,  the  long  truss,  and  the 
frame.  The  effect  of  this  eccentricity  will  be  considered  below. 


Figure  (2.5)  shows  a  beam  element  with  axial  nodes  1  and  2. 

If  the  computational  nodes  are  1'  and  2',  they  are  also  in  the 


xy  plane  with  eccentricities  e1}e2  from  the  nodes  1  and  2.  We 
denote  by  {6*}  the  displacement  column  vector  of  the  computa¬ 
tional  nodes  in  the  x’y'  coordinate  system. 

vi,  Bi,  v[,  v'lf  e'A  (2.28) 

The  displacement  column  vector  of  the  axial  nodes  1  and  2  in 
the  xy  plane  is 

{3}  =  ■(“* »  Vj ,  6t »  ui  >  vt  t  0A  (2.29) 

Let  us  transform  the  stiffness  matrix  [K]e  from  the  xy 
coordinate  system  first  to  the  x"y  coordinate  system  and  then 
to  the  x’y'  coordinate  system.  Relative  to  the  x"y  system,  we 
have 

UjSU  j'+e,0y  ) 

u,a.u£.  +etBi’  j 

(2.30) 


But 


02'  *  02 

therefore 

'  o,  (  1  0  et 

u,  0  10 

02  I  o  0  1 

•  jo,  0  0  0 

;  V,  0  0  0 

0!  I  0  0  0 


Vy  =v,  l 
vi-  =vt  ) 

(2.31) 

o  o  o  '  «;•  ■ 

ooo  vi  ! 

ooo  el 

1  0  *i  “I' 

0  10  vi- 

0  0  1  v  0i' 


or  in  simplified  form  {3)  =  [7YH3'y 

If  we  shift  the  force  and  torque  acting  at  nodes  1  and  2  to 
nodes  1’  and  2’,  as  shown  in  Figure  (2.6),  then 


370 


Ml>  =elFl  +A/|  | 
Ml>  =  etFt+Mt  1 


(2.33) 


or 


:n 

i  05' 

:  mi- 

)n 

|0J< 


s 

r  i 

0 

0 

0 

0 

0  1 

/ 

0 

1 

0 

0 

0 

0 

Vl 

0 

] 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

-  0 

0 

0 

*1 

0 

1 

o, 

Mt 

F, 

Q. 


{F')  =  lTty{F} 


(2.34) 

(2.35) 


Transformed  to  the  x"y  coordinate  system, 'the  stiffness  matrix 
0 

[K  ]  becomes 


ik.j  ^iT.riKyiT'i 


(2.36) 


Transforming  [Ke]e  to  the  x'y'  coordinate  system,  we  have 


<dr>=zTlim 

<F')  =  [7YHF'} 
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where 


crj 


f  v«  **  o  0  0  0' 
:  ~vt  vi  o  ooo 

I  0  0  1  ooo 

I  0  0  0  V,  V,  0 

j  0  #  0  0  [ 

1  0  0  0  0  0  1  J 


(2.38) 


V, 

vl 


SB  1  - 


(2.39) 

(2.40) 


Therefore 

ZK'y = [7\rc7’.mjrrcrj[7\3  (2*ill) 

[K']e  is  the  stiffness  matrix  of  the  beam  element  after  being 
transformed  into  the  x 'y  '  coordinate  system.  In  general,  L  is 
much  larger  than  e-^e^  hence  when  e 1  is  about  equal  to  e^,  *,*0, 
»’i*»l,then  [T1]  is  the  unit  matrix. 

We  further  transform  from  the  local  coordinate  system  into 
the  global  coordinate  system,  assuming  that  the  frame  only 
bends  in  its  own  plane,  while  disregarding  the  ability  of  the 
membrane  and  the  long  beam  to  support  bending.  The  displacement 
column  vector  in  the  global  coordinate  system  is 

=  vu  alt  vtf  §,}  (2.42) 

Its  transformation  relation  to  6'  is 


m  =  Cn<SJ 


(2.43) 


where  the  transformation  matrix  is 


with 


[  LI  0 
0  L  LI 


] 


[L]  = 


r  /i  mi 

lt  m» 
0  0 


On 
",  0 
0  1  J 


(2. MU) 


After  the  coordinate  transformation,  the  stiffness  matrix  in 
the  global  coordinate  system  with  the  eccentricity  of  the  beam 
element  taken  into  consideration  is 


cg]'= cmrj'iT.i’TK  ycrjcrjcn  (2.^5) 

In  (2.44)  the  direction  cosines  are  determined  as  follows: 

An  arbitrary  reference  point  3’  is  chosen  in  the  plane  of  the 
beam.  Then  the  points  1’,  2'  and  3'  are  co-planar.  The 
direction  cosines  In  (2.44)  may  then  be  obtained  by  changing 
1,2  and  3  in  (2.11)  -  (2.14)  to  lr ,  2'  and  3'. 

III.  Sample  Computation  and  Results 

We  have  carried  out  computations  using  the  method  des¬ 
cribed  in  this  paper  for  the  fuselage  with  cutout  as  shown  in 
Figure  (1.1)  for  the  cases  of  symmetric  loading  and  of  side 
loading.  The  results  are  as  follows: 

(1)  In  the  case  of  symmetric  loading,  the  longitudinal 
displacement  of  the  cross-sections  on  either  side  of  the  fuse¬ 
lage  cutout  is  basically  in  agreement  with  the  planar  assump¬ 
tion.  The  result  of  the  computation  is  shown  in  Figure  (3.1). 

(2)  In  the  case  of  symmetric  loading,  the  theoretically 
computed  torsion  of  the  fuselage  and  the  static  testing  results 
are  tabulated  in  Table  (3.1).  The  curve  is  shown  in  Figure 
(3.2.  ) 
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(3)  In  the  case  of  symmetric  loading,  the  distribution  of 
the  axial  force  on  the  longitudinal  truss  of  the  fuselage  is 
shown  in  Figure  (3*3). 

From  Figure  (3.1),  (3.2)  and  (3*3)  we  see  that  under 
symmetric  loading  the  computational  results  fit  the  loading 
characteristics  of  the  fuselage  better  when  it  bends  vertically. 

( 4 )  In  the  case  of  side  loading,  besides  bending  moment, 
the  rear  section  of  the  fuselage  also  has  a  torsional  moment 

mz .  Here  there  is  torsional  buckling  in  the  axial  displacement 

on  both  sides  of  the  symmetric  plane  of  the  fuselage.  The 
results  are  shown  in  Figure  (3-4). 

(5)  Under  torsional  moment,  the  distribution  of  the 
normal  stress  at  the  cutout  (between  frame  ^3  and  frame  ^5)  with 
the  effect  of  the  frame  elasticity  taken  into  consideration  is 
shown  in  Figure  (3-5).  This  agrees  completely  with  the  testing 
results  of  an  open  tube  under  torsion. 
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Figure  3-1.  Longitudinal  Displacement  of  Fuselage  Cross 
section  under  Symmetric  Loading. 

1  -  frame 


Figure  3.2.  Torsion  of  Fuselage  under  Symmetric  Loading 

1  -  calculated  value;  2  -  experimental  value. 

3  -  frame  number. 


Table  3.1.  Frame  33  Rotation  Angle 
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